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CHAPTER 1 


1. (ii) 
@-ywaety=[kt+(-yl@+y =xaty+Cyet+y) 
=x(x+y)-—b@+y)] =x? +2y— [yx +7] 
=x 4rxy—y?ax? ~ y?, 
(iv) 


& —)@* tayt yy) =x? +xy+y7)- De +xyt 7) 
=xP4x2y 4 xy? — fx? toyt Y= - y. 
(v) 
(x — yet) 4 ptm 2y $b xy? 4 yr) 
= x(eP lg gt 2y 4 py? 4 yl) 
— [yp Qe! ty ep ryt? + yh] 
xp xtoly pee g2 yt 2 4 yt! 
— [xB—ly 4 xt 2y? 4. xy?) + yy 
=x? y", 


Using the notation of Chapter 2, this proof can be written as follows: 


n—-1 A-1 nl 
j=0 j=0 


j=0 

n—2 ; ; n—l ; : 
= x" +) oxi tyaricd _ pean +3" 

j=0 j=l 

n—2 n—2 
=x 4 Os ae on bs xhtl yn—-&+) ats y*| 

(letting k = j — 1) 

=x? y", 


A formal proof requires such a scheme, in which the expression (x”~! + xn y+ 


nal , . 
+++ xy"? + y"~1) is replaced by the inductively defined symbol $< x/y"~!, 
: J=0 
Along the way we have used several other manipulations which can, if necessary, 
be justified by inductive arguments. 


3. (iv) (a/b)(c/d) = (ab“')(ced~) = (ac)(b~'d7!) = (@c)(bd)™" (by Giii)) = 
(ac)/(bd). ; 
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(vi) If ab-! = cd-!, then (ab“')bd = (cd7')bd, or ad = be. Conversely, if 
ad = be, then (ad)d—'b™! = (be)d7!b, or ab! = cd. If ab™ = bae, 
then a? = b?, so by Problem 1(iii), a = b or a = —b. Conversely, if a = b, then 
a/b =b/a=1 andifa = —b, then a/b = b/a = -1. 


4. (ii) All x. 

fiv) x > 3o0rx <1. 

(vi) x > [-14+ V5]/2orx < [~-1- V5]/2. 
(viii) All x, since x? +x +1 = [x + (1/2)}? +3/4. 
(x) x>vV2orx < 2. 

(xii) x < 1. 


(xiv) x > lorx <-—1. 


5. (ii) b —a isin P, so —a — (—b) is in P. 
(iv) b —aisin P and c isin P, so c(b — a) = bc — ac isin P. 
(vi) Ifa > 1, then a > 0, so a” > a - 1, by part (iv). 


(viii) If a = 0 orc = 0, then ac = 0, but bd > 0, so ac < bd. Otherwise we have 
ac < be < bd by applying part (iv) twice. 


(x) Ifa < b were false, then either a = b or a > b. But ifa = b, then a? = b?, 
and if a > b > 0, then a? > b?, by part (ix). 


6. (a) From 0 < x < y and Problem 5(viii) we have x? < y? [as in Problem 5(ix)). 
Then from 0 < x < y and x? < y? we have x? < y?. We can continue in this way 
to prove that x” < y” form =2,3,... (a rigorous proof uses induction, covered in 
the next chapter). 


(b) IFO <x < y, then x” < y” by part (a). If x < y < 0, then 0 < —y < —x, so 
(—y)" < (—x)" by part (a); this means that —y” < —x" (since n is odd) and hence 
x” < y", Finally, if x <0 < y, then x” <0 < y" (since n is odd). Thus, in all 
cases, if x < y, then x” < y". 


(c) This follows immediately from part (b), since x < y would imply that x” < y", 
while y < x would imply that y” < x”. 


(d) Similarly, if m is even, then using part (a) instead of part (b) we see that if 
x,y > Oand x” = y”, then x = y. Moreover, if x, y < 0 and x” = y", then 
—x,—y > 0 and (—x)"” = (—y)", so again x = y. The only other possibility is 
that one of x and y is positive, the other negative. In this case x and —y are both 
positive or both negative. Moreover x” = (—y)", since n is even, so it follows from 
the previous cases that x = —y. 
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7. Ifa < b, then 
at+a a+b b+b 


aaa aaa gaa | 
If0 < a < b, then a? < ab by Problem 5(iv), so a < ab by Problem 5(x). 
Moreover, (a — b)? > 0, so 


a? + b* > 2ab, 
a* + 2ab + b* > 4ab, 
(a+b)? > 4ab, 


soa+b > 2Vab. Moreover, for all a, b we have (a — b)* > 0, and thus (a +b)? > 
4ab, which implies that a + b > 2Vab for a, b > 0. 


8. Two applications of P’12 show thatifa < bandc < d, thena+c < b+c < b+d, 
soa+te <b+d by P’11. In particular, if 0 < b and 0 < d, then0 < b+4d, 
which proves P11. It follows, in addition, that if a < 0, then —a > 0; forif —a < 0 
were true, then 0 = a + (—a) < 0, contradicting P’10. Consequently, any number 
a satisfies precisely one of the conditions a = 0, a > 0, a < 0, the last being 
equivalent to —-a > 0. This proves P10. Finally, P’13 shows that if 0 < @ and 
0 <c, then 0 < ac, which proves P12. : 


9. Gi) |a|+ |b| —|a+ dl. 
(iv) x? —2xy4+ y?. 


10. Gi) x-1 ifx>1; 
l-x ifQ0<x <1; 
l+x if-l<x<0; 

—-l-x ifx<-l. 

(iv) 

aifa>O0; 
3a ifa <0. 


11. (ii) -—5 < x < 11. 

(iv) x < 1 or x > 2 (the distance from x to 1 plus the distance from x to 2 equals 
1 precisely when 1 < x < 2). 

(vi) No x. 

(viii) If x > 1 or x < —2, then the condition becomes (x — 1)(x + 2) = 3, or 
x? +x —5 = 0, for which the solutions are (—1 + V21)/2 and (-1 — ¥21)/2. 
Since the first is > 1 and the second is < —2, both are solutions to the equation 
|x — 1] - |x +2] = 3. For —2 < x < 1 the condition becomes (1 — x)( +2) =3 
or x? +x +1=0, which has no solutions. 
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12. (ii) |1/x! - |x| = |G/x)- x] (by @) = [1] = 1, so [1/x] = 1/Ix]. 

(iv) |x — y| = |x + (—y)| S xl +] — yl = lei + lyl. 

(vi) Interchanging x and y in part (v) gives |y| — |x| < |x — y|. Combining this 
with part (v) yields |(|x] — |y])| < |x — yl. 


13. Ifx < y, then |y -—x| =y—x,soxtytly—x] =x+y+y—x =2y, 
which is 2max(x, y). Interchanging x and y proves the formula when x > y, and 
the same type of argument works for min(x, y). Also 


max(x, y, Z) = max(x, max(y, z)) 


yret ly ytzt+ly—2l = 
2 2 
2 
_lyrzltytzt+2xt+ ly tet ly — 2] — 22] 
oe 


xf 


14. (a) Ifa > 0, then |a| = a = —(—a) = |—al, since —a < 0. The equality is 
proved for a < 0 by replacing a by —a. 


(b) If |a| < 5, then clearly b > 0. Now |a| < b means that a < bifa > 0, and 
surely a < b ifa < 0. Similarly, |a| < b means —a < b, and hence —b < a, if 
a <0, and surely —b <a ifa>0.So-—b<a<b. 

Conversely, if —b < a < b, then Ja] = a < b if a > 0, while |a| = —a < bif 
a<0. 


(c) From —|a| <a < |a] and —|b] < b < |b| it follows that 
~(Ja| + |b) a+b < lal +l, 
so |a + b| < |a| + IDI. 


15. If x 4 y, then 
3 


2 2_* ‘ 
se as ad 


— 7 
= 
Problem 6(b) shows that the quotient on the right is always positive (since x 7—y> > 0 
ifx—y > Oand x? — y? < 0 ifx—y < 0). Moreover, ifx = y + 0, then 
x? + xy + y? = 3x? > 0. The other inequality is proved similarly, using the 
factorization for x° — y°. 


16. (a) If 
P+y = (x + y)? =x? -+2xy+y*, 


then xy = 0, sox =Oory=0. If 
e+y=(xt yl =x? 4 3x7y 4 3xy? 4+ y’, 
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then 3xy(x + y) = 0, sox =Oory=Oorx =-y. 
(b) The first equation implies that 
4x? + 8xy +4y* > 0. 


Suppose that we also had 
4x? + 6xy +4y? <0. 


Subtracting the second from the first would give 2xy > 0. If neither x nor y is 0, 
this means that we must have 2xy > 0; but this implies that 4x? + 6xy + y? > 0,a 
contradiction. 

Moreover, it is clear that if one of x and y is 0, but not the other, then we also 
have 4x? + 6xy + 4y? > 0. 


(c) If 
xttytaaty)t xt + 4ae3y + 6x2 y? + dey? + y4, 


then 
0 = 4x3 y + 6x? y? + dry? = xy(4x? + 6xy + 4y?), 


sox = O or y = 0, or 4x? + 6xy + 4y? = 0. But by part (b), the last equation. 
implies that x and y are both 0. Thus we must always have x = 0 or y = 0. 
(d) If 
Pty =(xtyP =x + 5x4y + 10x53 y? + 10x? y? + Sxyt + y?, 
then 
0 = S5x4y4+ 10x37 y? + 10x?y? + Sxy4 
= Sxy(x? + 2x*y + 2xy? + y), 


so xy = Oor 
x3 4+2x*y + 2xy? + y? =0. 


Subtracting this equation from 
(x+y) = 2x3 + 3x?y + 3xy? + ¥ 


we obtain 
ty =x yt+xy? =xyty). 


So either x+y = 0 or (x+y)? = xy; the latter conditionimplies that x?-+xy+y? = 
0, so x = 0 or y = 0 by Problem 15. Thus x =O or y=Oorx =~—y. 


17. (a) Since 
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the smallest possible value is 23/8, when (x — 3/4)? = 0, or x = 3/4. 
(b) We have 


3\7 9 
v= 30-4 297 + dy +2 = ( -3) +20y+ D?— 3, 


so the smallest possible value is —9/4, when x = 3/2 and y = —1. 


(c) For each y we have 
x* + Axy + 5y? —4x —6y +7 =x? +4(y — Dx +5y?—6y47 
= [x + 2(y — DP + Sy? — 6y +7 — 4 — 1)? 
=[x+2(y- DP + (y+1)? +2, 


so the smallest possible value is 2, when y = —1 and x = —2(y —1) = 4. 


18. (a) is a straightforward check. 
(b) We have 


b\? b? pb 
Ptox+e=(1+3) +(e-F) 20-9: 


but c — b?/4 > 0, so x? + bx +c > 0 for all x. 


(c) Apply part (b) with y for b and y? for c: we have b? — 4c = y? — 4y? <0 for 
y £0, sox? +xy + y? > 0 for all x, if y 4 0 (and surely x? + xy + y? > 0 for all 
x £0if y=0). 


(d) o must satisfy (ay)? — 4y” < 0, or a? < 4, or a] < 2. 
(e) Since 
2 2 2 
x? +be+-e= re + ae Spee 
2 4} ~~ 4 


and since x? + bx +c has the value c — b?/4 when x = —b/2, the minimum value 
is ¢c — b?/4. Since 


axt+ox-e=a(st4 2x45), 


the minimum value is 


19. (a) The proofs when x; = Ay; and x2 = Ay2, or y, = yo = O, are straightfor- 
ward. If there is no such A, then the equation 


(91? + y2”) — 2A + x2y2) + Orr? + 12) = 0 
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has xo solution A, so by Problem 18(a) we must have 


ES + =a) A(x? + y17) 
2 gd a 
(1? + yo?) (y1? + ya?) 
which yields the Schwarz inequality. 


(b) We have 2xy < x?+ y?, since 0 < (x — y)* = x* — 2xy + y”. Thus 


(1) 2x11 - x7 4 yi? 
[612 + xp? fy12 + yp? Or? +2) (1? + yn)’ 
(2) 2x2y2 x2" yo? 


ae et 
V x12 + x22 912 + yp? ~ G1? +427) (1? + 2?) 
addition yields 

2(x1y1 + X2y2) 


—————S— <2. 
V x1? + x0? Vy? + yr? 


(c) The equality is a straightforward computation. Since (xi y2 — x2y1)? > 0, the 
Schwarz inequality follows immediately. 


(d) The proof in part (a) already yields the desired result. 
In part (b), equality holds only if it holds in (1) and (2). Since 2xy = x? + y? 
only when 0 = (x — y)”, ie., x = y, this means that 


Xj - Yi 
Vx +422 Vy? + yo? 
So we can choose 4 = fx)? + x2 // yi? + y?. : 
In part (c), equality holds only when x;y2 — x21 = 0. One possibility is y) = 
y2 = 0. If y) AO, then x, = (x1/y1)y1 and also x1 = (1/y1)y2; similarly, if 
yo = 0, then A = x2/yo. 


for x = 1, 2, 


20, 21, 22. See Chapter 5. 


23. According to Problem 21, we have |x/y — xo/yo| < if 


: : & 
eae <nin (some) 


1 1 é 
ie ge 
y yo! 2(\xol +1) 
and the latter is true, according to Problem 22, if 


_ {lyol elyol” ) 
IY po < min (OF 


and 
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24. (a) For k = 1 the equation reads a; + a2 = a; + a. If the equation holds for 
k, then 
(@) +++ + Qe41) + Geye = [Gi +++ + ax) + ae41) + ate 
= (4) +++ + ax) + Get +ag42) = by Pl 
= Ate ag + Get + aK42) 
since the equation holds for k 
= A Pb ago 
by the definition of a, +++-+ ax4o. 


(b) For k = 1 the equation reduces to the definition of a; +---+ ay. If the equation 
is true for some k < n, then 
(@y ++ + Gear) + Geta +++ + Gn) 
= (fai + +++ + ag) + e41) + Gate +++ + an) 
by part (a) 
= (41 +--+ + ae) + Gert + Gite +++ +4n)) 
by Pl 
= G1 tes + ak) + Geo + +++ + Gn) 
by the definition of a@z4.) +++-+4n 
Say +--+ +ay by assumption. 


(c) The proof is by “complete induction” on k (see Chapter 2). The assertion is 
clear for k = 1. Assume that it is true for all / < k. Then 


S(Q1,..., 4%) = S'(a1,..., 7) +5" (Gigi, ..., ae) 
= (ay +++ baz) + (Qygi +++ tag) by assumption 
=a, +:-++az by part (b). 


25. P2, P3, P4, P6, P7, P8 are obvious from a glance at the tables. There are eight 
cases for Pl, and even this number can be reduced: because P2 is true, it is clear 
thata + (b+c) = (@t+b)+c ifa, b, orc is 0, so only the caseea =b=c=1 
must be checked. Similarly for P5. Finally, P9 is true for a = 0, since 0: b = 0 for 
all 6, and for a = 1, since 1- b = b for all b. 


CHAPTER 2 


1. (ii) Since 13 = 1, the formula is true for n = 1. Suppose that the formula is 
true for k. Then 


(tebe + [e+ 1)? = (+e +e? 420 4-- +E +1 4+ 41? 


“et Day Y+k+1? 


= P+ +P 4 E42? +b) 467 42k +1) 
=B4-4+h 4640), 
so the formula is true for k + 1. 


=1+--+h +2 


2. (ii) 


YS Qi- 1? =P +37 4---+-Qn-1P 

isl 
= [17 +2? +-+-+ Qn)7] — [27 +47 +6 +4---+ Qn)?] 
= [17 +27 4...-+ (2n)?] — 41? +274 37 +---4+ (n)7] 
_ 2nQn+1)4nt+1) — 4a@t+1@n+1) 


6 6 
_ 2nQn + Il4n+1—-2@+1)) 
rT 
_ adn + 1)@n — 1) 
= alae Gace 
3. (a) 
n n\ | n} n!} 
j :) * (;) ~ k-Yin-k+D! + HG»! 
kn! (n+1—k)n! 


“kKin+t1—k! | k(n+1—h)! 


(n+1nt ee 
e } 


~kln+1—k! 


(b) Clearly (;) is a natural number. Suppose that () is a natural number for all 


Pp <n. Since 
Ur )=(2)+G) ese 
Pp pai p 


ea 


‘ a) is also a natural 


it follows that (= is a natural number for all p < n, while 


number. So ) is a natural number for all p <n-+-1. 


BP 
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(c) There are n(n — 1)---(2 —k +1) k-tuples of distinct integers each chosen 
from 1,...,, since the first can be picked in m ways, the next in nm — 1 ways, 
etc. Now each set of exactly & integers can be arranged in k! k-tuples, so there are 
n(n —1)---(2 —k + 1)/k! = (f) such sets. 


(d) The binomial theorem is clear for n = 1. Suppose that 
i] 
@+by'=>> (“Jars bi. 
joo 
a n ee 
toy = (a+ byatoy =a +0) (“ato 
i=0 


Pil n 
= > (“arts + > (‘Jantar 
jo j=o 
n n+l 
= ("Jere Et > ( iB anttip! 
j mwa 


j=0 


Then 


(we have replaced j by j — 1 in the second sum) 
n-+1 


=) C jee b! by part (a), 
joo \ J 

so the binomial theorem is true for n + 1. 

© @ ? 


v=aey=))(*). 


j=0 
(ii) ; 
0-4-1" = ED ("). 
j=0 : 


(iii) Subtracting (ii) from (i) we obtain 


257 (7) = 2", 


Todd 
(iv) Add (i) and (ii). 


4, (a) Since 
(+21 +x)" = +2)" 


EOr EG EC 


k=0 j=0 


we have 
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But the coefficient of x’ on the left is clearly 


> ()("4) 


one term of the sum occurring for each pair k, j =1 —k. 


(b) Let m,! = n in part (a) [note that (7) = (,",)]. 


6. Gi) From 
(k+ 1 —& = 5k44+10K° 4+ 10k7+5k +1 k=1,...,0 


we obtain 
ins nt—1=s(Yre) +10( do”) +10( 30”) +5(Doe) +0, 
‘k—-1 ke=1 
SO 
Ta ia fda Ay ee see 
k=1 5 
se nm oon 
5 5°27 3, ~ 30° 
(iv) From 
ee rec Ape F 
ke (k+1)? kk +1)? po Sere 
we obtain 


n 


1 2k +1 
— @ tip ~ ae 


7. The proof is by complete induction on p. The statement is true for p = 1, since 


2 
Pen MED an 


Suppose that the statement is true for all natural numbers < p. The binomial theorem 
yields the equations 
(k+1)?t! — P+! = (p + 1)k? 4 terms involving lower powers of k. 
Adding for k = 1,...,”, we obtain 
(n+ 1)?*1 
p+l 


n n 
= > + terms involving yor forr <p. 
k=1 k=1 
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n 
By assumption, we can write each }° k" as an expression involving powers n* with 
k=1 
Ss < p. It follows that 


>. —— + _ ae 
> k ---———. + terms involving powers of n less thatn p + 1. 


10. Suppose A contains 1, and that A contains # + 1 if it contains n. If A does not 
contain all natural numbers, then the set B of natural numbers not in A is not @. 
So B has a smallest member np. Now no # 1, since A contains 1, so we can write 
No = (to — 1) + 1, where vg — 1 is a natural number. Now no — 1 is not in B, so 
no — 1 isin A. By hypothesis, 9 must be in A, so ng is not in B, a contradiction. 
(By the way, the assertion that a natural number n 4 1 can be writtenn = m+ 1 
for some other natural number m, can itself be proved by induction.) 


11. Clearly 1 isin B. Ifk isin B, then 1,...,% are allin A, sok +1 is in A, so 
1,...,4+1 arein A, sok+1 isin B. By (ordinary) induction, B = N, so also 
A=N., 


14. (a) If /2 + /6 were rational, then (V2 + J/6 y would certainly be rational. 
So 8+2V12 = 8+4V/3 would be rational, so 73 would be rational, which is false. 


(b) Similarly, if /2+/3 were rational, then its square 5 + 2/6 would be rational, 
so 76 would be rational, which is false. 


15. (a) The assertion is true for m = 1. If it is true for m, then 

(p+ J/g)" = (p+ Jaya + bJq) = (ap +bq) + @+ pb)./G, 
and ap + bq and a + bp are rational. 
(b) The assertion is true for m = 1. If it is true for m, then 

(p— J/g)" = (p — fa la — b/g) = (ap + bq) — (a + pb) JG, 
whereas (p + /q)"*! = (ap + bq) + (a + pb)./@ by part (a). 


16. (a) The inequality (m + 2n)*/(m +n)? > 2 is equivalent to 
m? + 4mn + 4n? > 2m? + 4mn + 2n?, 
or simply 2n? > m?. 
The second inequality is equivalent to 
n?[(m + 2n)? — 2m +n)°] < (2n? — m?)(m +n)’, 


or 
n?(2n? — m*) < (2n? — m?)(n? + [2mn + m*)}), 
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or 
0 < (2n? — m?)(2mn + m?). 


(b) Reverse all inequality signs in the solution for part (a). 


(c) Let my = m+ 2n and n; =m +n, and then choose 


m =m, +2n, = 3m+4n, 
nism + ny =2m4+3n. 


17. (a) Suppose that every number < 7 can be written as a product of primes. If 
n > 1 is not a prime, then n = ab for a, b < n. By assumption, a and b are each 
products of primes, son = ab is also. 


(b) If /n = a/b, then nb* = a?, so the factorization into primes of nb? and of 
a” must be the same. Now every prime appears an even number of times in the 
factorization of a”, and of b?, so the same must be true of the factorization of 7z- 


This implies that n is a square. 


(c) Repeat the same argument, using the fact that every prime occurs a multiple of - 
k times in a* and b*. 


(d) If pi,..., pn were the only primes, then (p, - p2--+ Pn) + 1 could not be a. 
prime, since it is larger than all of them (and is not 1), so it must be divisible by 

a prime. But pi,..., pn clearly do not divide it, a contradiction. (Although this 

is a proof by contradiction, it can be used to obtain some positive information: If, 
Pi,..-, Pn are the first n primes, then the (2 + 1)* prime is < (p1 « po+++ pn) +1. 
It is not necessarily true, however, that the number (p; - po--- Pn) + 1 is a prime; 
for example, (2.3-5-7-+11-13)+1 = 30,031 = 59 - 509.) 


18. (a) Suppose x = p/q where p and gq are natural numbers with no common 


factor. Then 
1 n-1 


cat nt Gay t+ a0 =0, 
So 
(*) p" + Gn-1p""'g +++ ++ aq" = 0. 


Now if g 4 +1, then g has some prime number as a factor. This prime factor divides 
every term of (*) other than p”, so it must divide p” also. Therefore it divides p, a 
contradiction. So g = +1, which means that x is an integer. 


(b) If 
x=V6-V2- V3, 
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then 
x? =64 (V2+ V3)" —2V6(v2 + V3) 
= 114+2V6[1— (V2 + V3)], 
sO 
(x? — 11)? = 241 — (V2 + V3)]? 

= 24[1+ (V2 + ¥3)° —2(V2+ V3)] 

= 24[6 + 2(V6 — /2—V/3)] 

+ 24[6 + 2x]. 


It follows from part (a) that either x is irrational or else x is an integer. But it is easy 


to check that 
0<724+V¥3-V6<1 


(the inequalities /6 < J/2+ V3 and J2+/3 <1+ V6 are easily checked by 
squaring them), so x is not an integer. 


(c) Writing the various powers of x = 27/6+23/¢ in terms of the powers of n = 21/6, 
we obtain the following table for the coefficients. 


7? nt n? n? nt n> 
x 
xl 
x 
x 
ad 2 8 12 #8 
~ |40 40 20 4 2 10 
x 12 24 60 80 60 24 

We can then find numbers a, ..., @s such that 


x® +-asx° + agx’ + a3x? + anx* +aix +a) =0 
by solving the equations ap + 2a2 + 2a3 + 40as + 12 = 0, etc. It turns out that 
x° — 6x* — 4x3 + 12x? — 24x —-4=0. 


Part (a) implies that either x is irrational or else x is an integer, and it is easy to 
see that x is not an integer, because 1.4 < /2 < 1.5 and 1.2 < */2 < 1.3, so 
2.6<V2+ /2 <28. 

This is one of those problems where a little learning, though perhaps a dangerous 
thing, could save a lot of work: The proper equation for x can also be found by 
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noting that J/2+ 2 clearly satisfies the equation 
[(« - v2)" — 2] - [x + v2)? - 2] =0; 
when the left side is multiplied out we obtain 
(@ —2)94+4-2:[(x~ V2)? + 4+-¥2)*] 
=(x- ay? +4—2- [2x + 12x] (the odd powers of x cancel out) 
= x° — 6x4 — 4x3 + 12x? — 24x — 4, 


Of course, this method depends on the observation that the equation forx = /2++/2 
should also have —/2 + */2 as a root (a hint as to why this should be true will be 
found in Problem 25-8), 


(4) -(54) 

fe A 
="2=h 

Lanls\ Pixs 

3 “oD ofS. 


the assertion is true for n = 1 and n = 2, Now suppose that the assertion is true for 
all k <n, where n > 3. Then it is true, in particular, for» — 1 and n — 2, so 


20. Since 


Qn = An—| + An-2 


14/5 n—2 1-5 n—2 14.45 n—1 1/5 n—-1 
2 oN 2 TY 9 ~\ 2 


V5 


eo 
7 2 2 n 


V5 


ay (s4) 


a 


“LE 
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21. (a) As before, the proof is trivial if all y; = 0 or if there is some number A with 
x; = Ay; for all i, Otherwise, 


n 
0< [Ay - xy 


i=l 


n n n 
=}? 2 v?) —24 oy x1) + pS 
i=l i=! i=1 


so Problem 1-18 again gives the result. 


(b) Using 2xy < x? + y? with 


=, y= 
n n 
ey x;? oy yi? 
i=] i=1 
we obtain 
2X; Yi x yi? 
(1) ce a. ue 4 
ee py yi2 »» Xi > Yi 
Adding we obtain 


n n 
>. Axi yi sae Ee 
is i=l i=1 
Wena a ae 
ee ee ee 


i 
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(c) This is the most interesting proof—it depends on the equality 


n n n 2 
ye) v= (> xt] + Gin — ayy. 
i=1 i=1 


i=1 i<j 


To check this equality, note that 


n n n 
ye : > y= yxy? + Soy? 
i=1 1 i=1 


iz ij 
nr 2 n 
(> xt) = Sei)? + >> xiyxjy;. 
i=1 i=1 ixj 
The difference is 
Yi @i?y7? — xivixiyy) = DO? 9? + xP yi? — xi yixjys) 
fj i<j 
= So Giy — xy)". 
i<j 


If equality holds in the Schwarz inequality, then all x;y; = x;y;. If some y; # 0, 
say y; ~ 0, then x; = zy for alli, so we can let A = x1/y1. 
yl 


22. (a) We have to prove that 
An(@i + a2 — An) = a1a2 
or 


0 > An? — (a +.a2)An + a1€2 
= (Ap — @1)(An — G2), 


which is indeed true, since a; < Ay < a2. If fact, we actually have 2a) > aap. 
This shows that G, < Gp, the geometric mean of &, G,..., Gn, while the 


arithmetic mean A, is the same as An. So it suffices to prove that Gn < Ay = An. 
In other words, we can assume that one of the numbers (namely 4) actually equals 
the arithmetic mean. But now we can repeat this process and see that it suffices to 
prove the inequality when two of the numbers equal the arithmetic mean. Continuing 
enough times, it suffices to prove the inequality when all numbers are equal, in which 
case it is clearly true, and in fact, is an equality. This is clearly the only case where 


we have equality, since at the very first stage we get G, < G, if some a; # Ay. 
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(b) We know that G, < A, when n = 2!. Suppose that G < A, forn = 2* and let 
~ m= 2k+! = 2n. Then 


Gm = Va1+ ++ Gn = yf a1 +++ Gn X/On41 +++ Om 
am 41 +++@n + 4/An+1 ++ "Gm 


using G2 < A2 


~ 2 
abe bdn | dna totam 

< = 7 by assumption 
a t:-++am 


2n 


(c) Applying (b) to these 2” numbers yields, for k = 2” —n, 


ep oe, aes 7 
(a, +++Gn)(An)* < eed 


nAn +kAn 7" . 
= [a = (An), 


so 
@y+++Gn < (An) —* = (An). 


23. Since a"*! = g”.a =a"-q!, the first equation is true for m = 1. Suppose that 
attm — g”.q™, Then 


git@+) — g@tm)t1 _ pntm . 7 by definition 
— (a” x a’) ‘a 
=a"™.(a™-a) 


=a". gmt by definition, 


so the first equation is true for m + 1. 
Since (a”)! = a” = q”"', the second equation is true for m = 1. Suppose that 
(a")" = qa", Then 


Gy t= @")" <a" by definition 

= git, gt 
= qumtn by (i) 
— ghmt)) 
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24. Since 


1-@+e)=b+e by definition 
=1-b+1-c by definition, 


the first result is true fora = 1. Suppose thata- (b+c) =a-b+a-c forall b 
and c. Then 


(a+1)-O@+o0=a-(b+o4+(6+4+0) by definition 
=(a:b+a-c)+(b+c) 
=(a-b+b)+ (@-c+e) by Pl and P4 
=(a+1)-b+@4+1)-c by definition. 


The equation a - 1 = a is true for a = 1 by definition. Suppose that a- 1 = a. 
Then 


(a+1)-l=a-14+1-1 by definition 
=a-+l, 


For b = 1, the equation a - b = b -a follows from a- 1 = a, which has just been 
proved, and 1 - a = a, which is true by definition. Suppose that a - b = b- a. Then 


a-(b+)=a-b+a-l 
=a-bt+a 
=b-a+a 
=(b+])-a by definition. 


25. (a) (i) is clear. 
(ii) This is clear, because 1 is positive, and if k is positive, then k + 1 is positive. 


(iti) Clearly 1 is in this set. If condition (2) failed for this set, then there would be 
some k in the set with k-+ 1 = 1/2. But this is false, since k = —1/2 is not positive. 


(iv) This set contains 4 but not 4+ 1. 
(v) Since 1 is in A and B, also 1 is in C, If k is in C, then k is in both A and B, so 
k+lisin A and B,sok+JisinC. 
(b) (i) 1 is a natural number because 1 is in every inductive set, by definition of 


inductive sets. 


(ii) If & is a natural number, then & is in every inductive set. So k + 1 is in every 
inductive set. So k + 1 is a natural number. 
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26. If there is only n = 1 ring, it can clearly be moved onto spindle 3 in 1 = 2! —1 
moves. Assume the result for k rings. Then given k + 1 rings, 


(a) move the top & rings onto spindle 2 in gf =4 moves, 
(b) move the bottom ring onto spindie 3, 


(c) move the top k rings back onto spindle 3 in 2* — 1 moves. 


This takes 2(2* —1)-+-1 = 2*+!—1 moves. If 2* —1 moves is the minimum possible 
for k rings, then 2*+! — 1 is the minimum for k+ 1 rings, since the bottom ring can’t 
be moved at all until the top & rings are moved somewhere, taking at least 2 — 1 
moves, the bottom ring has to be moved to spindle 3, taking at least 1 move, and 
then the other rings have to be placed on top of it, taking at least another 2* — 1 
moves. 


27. Everyone resigned on the seventeenth luncheon meeting. 

The reasoning is as follows (for the sake of sanity, “he or she” shall be rendered 
as “he” throughout). First suppose there were only 2 professors, Prof. A and Prof. B, 
each knowing of the error in the other’s work, but unaware of any error in his own. 
Then neither is surprised by Prof. X’s statement, but each expects the other to be 
surprised, and to resign at the first luncheon meeting next year, When this doesn’t 
happen, each (being a mathematics professor capable of logical deduction) realizes 
that this can only be because he has also made an error. So at the next meeting, both 
resign. 

Next consider the case of 3 professors, Profs. A, B and C, Prof. C knows that 
Prof. A is aware of an error in Prof. B’s work (either because Prof. A found the error 
and informed him, or because he found the error and informed Prof. A). Similarly, he 
knows that Prof. B knows that there is an error in Prof. A’s work. But Prof. C thinks 
he has made no errors, so as far as he is concerned, the situation vis-a-vis Profs. A 
and B is precisely that analyzed in the previous paragraph (Prof. C is assuming, of 
course, that no one believes an error to exist when one doesn’t). So Prof. C expects 
both Prof. A and Prof. B to resign at the second meeting. Of course, Profs. A and B 
similarly expect the other two to resign at the second meeting. When no one resigns, 
everyone realizes that he has made an error, so all resign at the third meeting. 

Now you can turn this into a proof by induction (can’t you?). 


28. Again it is a good idea to start with the case when the department consists only of 
Profs. A and B. Now, of course, both professors know that some one has published 
an incorrect result, but Prof. A thinks that Prof. B doesn’t know, and vice-versa. 
Once Prof. X makes his announcement, Prof. A knows that Prof. B knows. And 
that’s why he expects Prof. B to resign at the next meeting. 

In the case of three professors, the situation is more complicated. Each knows that 
some one has made an error, and moreover each knows that the others know—for 
example, Prof. C knows that Prof. A knows, since he and Prof. A have discussed 
the error in Prof. B’s work, and he knows similarly that Prof. B knows. But Prof. C 
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doesn’t think that Prof. A knows that Prof. B knows. So Prof. X’s announcement 
changes things: now Prof. C knows that Prof. A knows that Prof. B knows. 

Well, you can see what happens in general. This seems to prove that statements 
like “A knew that B knew that C knew that... ” actually make sense. 
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1. Gi) x/(x + 1) (for x 4 0, ~1). 
(iv) 1/1 +x+ y) forx + y AI). 
(vi) For all c, since f(c - 0) = f (0). 


2. (ii) Rational y between —1 and 1, and all y with |y| > 1. 
(iv) All w withO < w <1. 


3. (ii) {x : -1 <x <1}. 
(iv) {-1, 1}. 


4, (ii) sin? y. 
(iv) sint?, 


5. (ii) so P. 

{iv) Sos. 

(vi) so(P+PoS). 

(vill) PoSos+tsoS+Poso(S+s). 


6. (a) Let 
[]o — xj) 
ap 

fix) = 2 —__. 

| [ei — xj) 
j=l 
jf 

(b) Let 


f@) =a fie) 
i=1 


7. (a) If the degree of f is 1, then f is of the form 
f(x) =ex +d =c(x ~a)+(d+ac), 


22 
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so we can let g(x) = c and b = d+ac. Suppose that the result is true for polynomials 
of degree < k. If f has degree K+ 1, then f has the form 


F(x) = apg x! +... 4 ayx tag. 


Now the polynomial function h(x) = f (x) —ax41(x —a)*+! has degree < k, so we 
can write 

F%) — Gey — a)! = @ —a)g(x) +, 
or 

f@) = @ —a)lg@) tani — ay") +d, 


which is the required form. 

(b) By part (a), we can write f(x) = (x — a)g(x) +b. Then 
0= f@ =@-a)g@)+b=5, 

so f(x) = (x —a)g(x). 


(c) Suppose f has n roots a1,...,@,. Then by part (b) we can write f(x) = 
(x — a)gi(x) where the degree of g1(x) is n — 1. Now 


= f (a2) = (@2 — 41) g1(@), 
SO 21(a2) = 0, since a # a,. Thus we can write 
F(x) = @& — a1) — aa) go(x), 
where the degree of go is n — 2. Continuing in this way, we find that 
F() = (& — a) (% — a2) ++ — an )e 


for some number c # 0. It is clear that f(a) # 0 ifa 4 a),..., a. So f can have 
at most n roots. 


(d) If f@&) = @ — 1)@ — 2)---@ — nv), then f has n roots. If n is even, then 
f(x) = x" +1 has no roots. Ifn is odd, then f(x) = x” has only one root, namely 0. 


o( Seite 
x= f(f@)) = TREY. ae 
of )+a 

cx+d 


8. If 


for all x, then 
(ac + cd)x* + (d? —a*)x-—ab—bd=0  forallx, 
so 
ac+cd =0, 
ab + bd =0, 
d*~a*=0. 
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It follows thata = d or a = —d. One possibility is a = d = 0, in which case 
f() = b/(cx), which satisfies f(f()) = x for all x 4 0. Ifa = d £ 0, then 
b=c=0,s0 f(x) = x. The third possibility is a +d = 0, so that f@) = 
(ax + b)/(cx — a), which satisfies f(f(x)) = x for all x 4 a/c, provided that we 
also have f(x) 4 a/c for x # a/c, which means that 


ax+b oa 
cx —a a c 
or a? + be £0. 
9, (a) 
Cang =Ca+ Cp, 
Cr-a =1—-Ca, 


Caugp =Ca+Czp—Ca-Cp. 


(b) Let A = {x : fx) = 1}. 
(c) f = f? if and only if f(x) = 0 or 1 for all x; so part (b) may be applied. 


10. (a) Those functions f satisfying f(x) > 0 for all x. 
(b) Those functions f with f(x) 4 0 for all x. 
(c) Those functions b and c satisfying (b(t))* — 4c(t) > 0 for all t. 


(d) b(t) must = 0 whenever a(t) = 0. If a(t) 4 0 for all ¢, then there is a unique 
such function, namely x(t) = —b(t)/a(t). If a(t) = b(t) = 0 for some ¢, then x(t) 
can be chosen arbitrarily, so there are infinitely many such x. 


11. (d) Let H(1), H(2), H(13), H(36), H(/3) and H(47) have the values already 
prescribed, and let H(x}) = 0 for x # 1,2, 13, 36, 7/3, 47. Since, in particular, 
H(0) = 0, the equation H(H(x)) = H(x) holds for all x. 

(e) Let H(1) = 7, H(7) = 7, H(17) = 18, H(18) = 18, and A(x) = 0 for 
x #£1,7,17, 18. . 


13. (a) Let 


na) =< L@+LCM gy _ f@ =f), 
2 2 
(b) If f = E + O, where E is even and O is odd, then 
f(x) = E(x) + O}), 
f(—x) = E(x) — Of). 


Solving, we obtain the above expressions for E(x) and O(x). 
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14. max(f, g) = (f+ e+ /f — gl)/2; min(f,g) = (f +g —If — gl)/2. (See 
Problem 1-13.) 


15. (a) f = max(f, 0) + min(f, 0) because 
f(x) = max(f (x), 0) + min(f (x), 0) for all x, 
the equation a = max(a, 0) + min(@, 0) holding for all numbers a. 
(b) For each x, choose numbers g(x), h(x) > 0 with f(x) = g(x) — h(x). Since 


we can choose each pair g(x) and A(x) in infinitely many ways, there are infinitely 
many such functions g and A. 


16. (a) The result is true form = 1. If f(x1 +--++xn) = Fr) +++ fn) for 
all x1, ..., Xn, then 


PGi +--+ X41) = fer + e+ + Xn] + xna1) 
= fy tes xn) + £Ona1) 
= fQ1) +---+ fn) + f Gn41)- 


(b) Let e = f(1). Now for any natural number n, 
fn) = f@t- ct) =fM+--+fM =n. 
n times n times 
Since 
f(x) + fO) = fx +0) = fF), 
it follows that f(0) = 0. Then since 
f(x) + f(—x) = fe + (-x)) = FO) = 0, 
it follows that f(—x) = —f (x). In particular, for any natural number n, 


f(—n) = —f(@) = —en = c(—n). 


Moreover, 
1 1 1 
= Sins se ee a (es Hp= 
{7 )+ +#(<) is +.) SM =e, 
n times n times 
so 
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Finally, any rational number can be written m/n for m a natural number, and n an 
integer; and 


/E)=1 (Gees) -1Qees 


am tumes m times 


1 
= mce--=—Cc- 
n 


17. (a) Since f(@) = f(a-1) = f@)- fC) and f@) £ 0 for some a,we have 
fQ) =1. 

(b) According to Problem 16, f(x) = f(1)x = x for all rational x. 

(c) If c > 0, then c = d? for some d, so f(c) = f(d*) = (f(@)? = 0. Moreover, 
we cannot have f(c) = 0, since this would imply that 


f@) =f(c- ~) =f-f(5) =0  foralla. 


(d) If x > y, then x — y > 0, so f(x) — f(y) > 0, by part (c). 
(e) Suppose that f(x) > x for some x. Choose a rational number r with x <r < 
f(x). Then, by parts (b) and (d), 

f@)< f) =r < FQ), 


a contradiction. Similarly, it is impossible that f(x) < x. (There is a minor detail 
here which requires justification. See Problem 8-5.) 


18. If either f = 0 or g = O holds, and also either h = 0 or k = O, then the 
equation certainly holds. If not, then there is some x with f(x) 4 0, and some y 
with g(y) 4 0. Then 0 4 f(x)g(y) = h(x)k(y), so we also have h(x) ~ 0 and 
k(y) 4 0. Letting a = h(x)/f (x), we have g(y’) = wk(y’) for all y’. Moreover a = 
g(y)/k(y), so we also have h(x’) = af (x’) for all y’. Moreover a = g(y)/k(y), 
so we also have A(x’) = of (x’) for all x’. Thus we have g = wk andh = af for 
some number a + 0. 


19. (a) @ If f(x) + g(y) = xy for all x and y, then, in particular, 
f@)+¢0)=0 for all x. 
So f(x) = —g(0) for all x, and 
—g0)+a(y)=xy forall y; 
setting x = 0 we obtain g(y) = g(0). So we must have 
0 = —g(0) + g(0) = xy for all x and y, 


which is absurd. 
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(ii) Setting y = 0, we obtain f(x) = x/g(0). Similarly, setting x = 0, we obtain 


&(y) = y/fO). So 
x 


af 
gO) f(0) 
Choosing y = 0 we obtain x = 0 for all x, which is absurd. 


=x+y for all x and y. 


(b) Let f and g be the same constant function. (Arguments similar to those used in 
part (a) show that these are the only possible choices.) 


20. (a) Let f(x) = x. 


(b) For every natural number 7 we have 
"% 
k k-1 
Deak (x+ a -31) ae («+ ——ly - x) 


k=1 
k k-J 
§ (s+ 2p—x)-7 (x4 4y-a1) 


n 
=a 
k=1 


n 
1 
s ) 50 ~ x) 
k=1 


_ xP 
a 
Therefore f(y) = f(x) for all x and y. 


IfO) — F@) = 


22, (a) If f(x) = f(y), then gx) = A(f(x)) = ACF (Y)) = 80). 


(b) If z = f(x), define h(z) = g(x). This definition makes sense, because if 
z= f(x’), then g(x) = g(x’) by part (a). For z not of the form f(x), define h 
any old way (or leave it undefined). Then for all x in the domain of f we have 


g(x) = h(f @)). 

23. (a) Suppose x # y. Then g(x) = g(y) would imply that x = f(g(x)) = 
f(g(y)) = y, a contradiction, 

(b) b = f(g(b)), so leta = g(b). 

24. (a) The hypothesis can be stated as follows: If g(x) = g(y), then x = y. The 
conclusion now follows from Problem 22(b), applied to g and J. 

(b) For each x, choose some number a such that x = f(a). Call this number g(x). 


Then f(g(x)) =x = J(x) for all x. 


25. It suffices to find a function f such that f(x) # f(y) if x # y, but such that 
not every number is of the form f(x), because by Problem 24(a) there will be a 
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function g with go f = I, and by Problem 23(b) there will not be a function g with 
fog=ZJ. One such function is 
x, x <0 


fey y x>0; 
no number between 0 and 1 is of the form f(x). 


26. hofog=ho(fog)=hol =h,andalsohofog=(hof)og =Iog=g. 


27. (a) The condition f og = go f means that g(x) + 1 = g(x + 1) for all x. 
There are many such g. In fact, g can be defined arbitrarily for 0 < x < 1, and its 
values for other x determined from this equation. 


(b) If f(x) =c forall x, then fog = gof ifandonlyife = f(g(x)) = g(f@) = 
g(x), ie, ¢ = g(c). 

(ec) If fog = go f for all g, then in particular this is true for all constant functions 
g(x) = c. It follows from part (b) that f(c) = for all c. 


28. (a) is a straightforward check. 


(b) Let f be a function with f(x) = 0 for some x, but not all x. Then f 4 0, but 
there is clearly no function g with f(x) - g(x) = 1 for all x. 


(c) Let f and g be the two functions which are 0 except at xp and x;, with f(xo) = 1, 
Ff @i) = 0 and g(xo) = 0, g(x) = 1. Neither is 0, so f or —f would have to be in 
P, and likewise g or -g. But (£f)(+g) = 0, which contradicts P12. 


(d) P’11, P’12 and P’13 are true. P’10 is false; although at most one of the condi- 
tions holds, it is not necessarily true that at least one holds. For example, if f(x) > 0 
for some x and < 0 for other x, then neither f = 0, f <0, nor0 < f is true. 


(e) The first inequality is not necessarily true. In fact, if h(x) = —x, then f < g 
actually implies that h o f > ho g. The second inequality is true, since f(h(x)) < 
g(h(x)) for all x. 
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1. @ (2,4) 


0 1 2 3 4 

ii) [2, 4] 

= oe 
(iii) (@ -—2,a+ 6) 
(iv) (—¥3/2, —/1/2) U (1/2, V3/2). 

—f/3/2 -1 —./1/2 0 Jij2 1 ¥3/2 
(v) (—2, 2). 

+ +} 


(vi) @ifa <0; 
Rifa>1; 


(-00, —/(1/a) — 1] U[,/(1/a) — 1, 00) if0 <a <1. 


OOOO YY}! HAR _>w_-"iqcr 
jaa 0 Ja/a)—1 


(vii) (—oo, 1] U [1, oo). 


(viii) (—1, 1) U (2, «&). 


-1 0 1 2 


29 
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2. (a) Since 0 < x < b, we have 0 < x/b < 1, and x = (x/b) - b; so choose 
t = x/b. Clearly t represents the ratio in which x divides the interval [0, b]. The 
midpoint of [0, b] is b/2. 


(b) If x is in [@, b], so that 
ax<x<b, 


then 


O<x-a<b-a, 


so that x —a is in [0, b— a]. It follows from part (a) that for some t withO <t <1 
we have 


x—-a=t(b-a) 


or 
x=attb-a=(1—-Nat+tb. 


The midpoint of [a, b] is 


b-a a+b 
at ee 
The point 1/3 of the way from a to b is 
reer 
a in 
(c) and (d) are clear. 
3. @ (ii) 


sR 
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(iti) (iv) 


he : E bs Hess ! ae 
eet Wty ee et 
: : ae Hi 
i 
i Ts : eee a 
: Beaune uy 


4 i 
oe a 
a z : bee A 
= : tee oa 
re Sika esi 
yf ze is 
= J Se : ue He al 
(v) (vi) 
a 
ie ia eee 
< pene es 
i — me 
y-x Eat a en Bass 
i x +y = 1 
S eee cS 
i 2 
cet xty=-1 
a eel ae aN 
gosh 


(vii) (viii) 
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(x) 


4. (i) (ii) 
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(vi) (vii) x? -2x+ y? = (e—1*+y?-1 
(viii) 
5. (i) 


et 
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(iii) (iv) 


8. (a) The angle PO Q is a right angle if and only if (PQ)? = (PO)* + (OQ). 


Pe (I,m) 


This means that 


(m—n)? =m? +14+n7+4+1, 


which is equivalent to —2mn = 2, or mn = —1. This proves the result when 
b =c =0. The general case follows from this special case, since perpendicularity 
depends only on the slope. 


(b) If B A Oand B’ £ 0, these straight lines are the graphs of 
f(x) = (-A/B)x — C/A, 
a(x) = (-A'/B)x — C/A; 

so, by part (a), the lines are perpendicular if and only if 


-4)(-$)=+ 
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which is equivalent to AA‘ -++- BB’ = 0. If B = 0 (and consequently A # 0), then 
the first line is vertical, so the second is perpendicular to it if and only if A’ = 0, 
which happens precisely when AA’ + BB’ = 0. Similarly if B’ = 0. 


9. (a) This inequality is equivalent to the squared inequality, 


(x1 + yn)? + (eo + yn)? < (x1? $307) + On? + yn”) + AV 1? + x02? + yn”, 


which is easily seen to be equivalent to the Schwarz inequality. 


(b) In part (a), replace 


x, by x2-4%, 


X2 by yo-y, 
yi by x3—%, 
yo by y3—yo 


Geometrically, this inequality says that the length of one side of a triangle is less 
than the sum of the lengths of the other two. (Notice that the additional information 
about the Schwarz inequality which was presented in Problem 1-19(d) shows that 
< can be replaced by < in the triangle inequality except when (x1, y1), (x2, y2) and 
(x3, y3) lie on a straight line.) 


(x3, y3) 


v (x3 — x2)? + (93 — y2)* 
V (x3 — x1)* + 03 — 91)” 


(x2, y2) 


(x1, 91) V (x2 — x1)? + 62 — 1)? 


10. (The following figures do not indicate any particular points, since they were 
drawn using the method of Chapter 11, rather than by plotting points.) 
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(i) This function is odd. Gi) This function is odd. 


(ii) This function is even. (iv) This function is even. 


11. (i) The graph of f is symmetric with respect to the vertical axis. 
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(ii) The graph of f is symmetric with respect to the origin, Equivalently, the part 
of the graph to the left of the vertical axis is obtained by reflecting first through the 
vertical axis, and then through the horizontal axis. 


{iii} The graph of f lies above or on the horizontal axis. 


(iv) The graph of f repeats the part between 0 and a over and over. 


eG NG. 
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12. When n is odd, the domain of f is R, but when z is even, the domain of f is 
[0, oo). 


FQ) = Vx 


own 
“o 
- 
“o 
- 
-_— 


F(x) = Vx 


- 
- 
tie 

an. 


= 
-- 
-- 
- 
none 
~ 
-- 
-- 


13. The graphs of f(x) = |x| and f(x) = | sinx] contain “corners”. 


(a) 


f(x) = |x| {@=2? 


(b) 


f() = |sinx| 


a ee 
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14, (i) The graph of g is the graph of f moved up c units. 


(ii) The graph of g is the graph of f moved over c units to the left (if c > 0). 


g ‘e 


(iii) The height of the graph of f is multiplied by a factor of c everywhere. If c = 0, 
this means that g = 0; if c > 0, distances from the horizontal are increased in the 
same direction; if c < 0, distances are increased, but directions are changed. 
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(iv) The graph of f is compressed by a factor of c ifc > 0; ifc < 0, the compression 
is combined with reflection through the vertical axis. If c = 0, then g is a constant 
function, g(x) = f (0). 


g(x) = f (2x) 


(v) “Everything that happens far out happens near 0, and vice versa”, amply illus- 
trated by the graph of g(x) = sin(1/x). 


(vi) The graph of g consists of the part of the graph to the right of the vertical axis, 
together with its reflection through the vertical axis. 


(vii) The graph of g is obtained by flipping up any parts of the graph of f which 
lie below the horizontal axis. 
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(viii) The graph of g is obtained by “cutting off” the part of the graph of f which 
lies below the horizontal axis. 


Asad get 


(ix) The graph of g is obtained by “cutting off” the part of the graph of f which 
lies above the horizontal axis. 


(x) The graph of g is obtained by “cutting off” the part of the graph of f which lies 
below the horizontal line at height 1. 


15. Since 


b 
fs) =x tox bema(x?4 2445) 


-«|(+m) +G-2)| 
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the graph looks like the figure below. 


16, Suppose C = 0, so that we have the equation 
Ax’ + Bx + Dy+E=0. 


If D ¥ 0, this is equivalent to 
A B E 


2 
P= Op Ce 

so the set of all (x, y) satisfying this equation is the same as the graph of f(x) = 
(—A/D)x? —(B/D)x —(E/D), which is a parabola, by Problem 15. [If D = 0, we 
have the equation Ax? + Bx + E = 0, (A 4 0), which may have zero, one or two 
solutions for x; in this case the set of all (x, y) satisfying the equation is either 9, 
one straight line, or two parallel straight lines.] Similarly, if A = 0, then we again 
have a parabola [compare Problem 5(i)]. When A, C 4 0 we can write the equation 


as 
BY\e Dye 
A — Cc —j) =F 
Gare + (»+32) 
for some F. 


When A =C > 0 we have a circle [compare page 65 of the text], unless F = 0, 
in which case we have a point (a “circle of radius 0”), or F < 0, in which case we 
have 9. In general, when A, C > 0 we have an ellipse not necessarily centered at the 
origin (or a point, or J). There is no need to consider separately the case A, C < 0, 
since we have the same situation, replacing F by —F. 
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When A and C have different signs we have a hyperbola for F 4 0 (which way 
it points depends on the signs of A, C and F). For F = 0 we have the equation 


which gives two intersecting lines (a “degenerate hyperbola”). 


17. @ 


(ii) 
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Gi) 


(iv) 


Chapter 4 


(v) 


(vi) Notice that the domain of f is {x : -1 <x <1 and x #0}. 


45 
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18. See pages 508 and 510 of the text. 


19. (i) Notice that different scales have been used on the two axes. 


(ii) The graph of f is similar to the graph in part (i), except that there are ten sets 
of ten steps between n andn + 1. 


(iii) The graph of f contains points in every interval of each of the horizontal lines 
at distance 0, 1, 2,... , above the horizontal axis. 


CaPOceDanDasEGaEAEEDaa Des HenAeshesSOsdeCeDeCeDeeDsoeesetesroscereoreesorsoseonseascoseescessouseesnecnevavesoaee 
Perr ree oe ee 
DEEDOTEAeEROE REDE DOREDELDSEEOCE DEE RELSENOS DROSS OSNESSETOUREOSEO SOD DOD EOS FER REERECL ECA DednECteCteateCnaetbareED 


eo eo 


(iv) The graph of f contains points in every interval of the horizontal axis and of 
the horizontal line at distance 1 above the horizontal axis, 


SOROerdannesaees nes secs seosssnsecereseecesoonsenecaseeseseoseaecenousnusnecnecnnonecastosaneas 
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(v) The figure below shows a (rough) picture of the part of the graph of f which 


lies over [6/10, 1]. 


97 


87 


67 
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(vi) The figure below shows a (rough) picture of the graph of f. Notice that different 
scales have been used on the two axes. 


20. See page 99 of the text. 


22. (a) The first part is a straightforward computation. By Problem 1-18, the min- 
imum of these numbers is 


2 (—2md — 2c)? — 4md? + 4d? + 4m?c? + 4c? — (4m?d? + 8med + 4c”) 


d? = 
haa 7a) 4(m? + 1) 
_ @+m'c?—2med _ (cm —dy 
7 m +1 m+ 


(b) The distance from (c,d) to the graph of f is the same as the distance from 
(c, d — b) to the graph of g(x) = mx. By part (a), this is 
jom —d+b| 
m+ 


23. (a) 


x’ = distance from (x, y) to the graph of f(x) = —x if (x, y) lies above 
this grpah (i.e., if x + y > 0), and the negative of this distance if 
x+y 50. 

y’ = distance from (x, y) to the graph of f(x) = x if (x, y) lies above 
this grpah (i.e., if x — y < 0), and the negative of this when 
x-y>0. 
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By Problem 22, these distances are given by 


eon pm a 
/2 V2 V2 
[diene 4 el a? 
/2 VfB af" 
from which the desired formulas follow. 
(b) Since 
gL 
Lae eA 
fe 2-2 
i 
pee ae 
2 2 2 


we have (x! //2)? — (y’//2)? = 1 if and only if 


= (G45) (G49) 
x2 y? xy x2 y 
agg ( 
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1. (a) The first formula is basically just the definition of sin@ and cos@. For the 
second formula, note that Rg (0, 1) makes an angle of 6 + 2/2 with the first axis, so 


Re (0, 1) = Ro+z/2(1, 0) = (cos(@ + 2/2), sin(@ + 2/2)) 
= (—sin@, cos 8). 


(b) Let the rotation Rg be applied to Figure 3 on page 76. Then v moves to Rg{v), 
and w moves to Rg(w). Moreover, the (dashed) lines parallel to v and w become 
lines parallel to Re(v) and Rg(w), respectively. This means that the intersection of 
those two lines, i.e., v + w, must move to the intersection of the two lines parallel 
to Re(v) and Re(w), ie., Re(v) + Re(w). This shows that 


Ro(u + w) = Re(v) + Ry (w). 


To prove the second equation, simply note that since a - w lies along the line through 
the origin and w, it follows that Rg (a - w) must lie along the line through the origin 
and Rg(w). Moreover, since the length of a- w is a times the length of w, the length 
of Re(a - w) must also be a times the length of Rg (w). 


(c) We have 


Ro(x, y) = Reo - (1,0) + y- @, 1)) 
= Rox - (1, 0)) + Rey - 0, D)) 
=x-+ Re(1,0) + y+ Re (0, 1) 
=x- (cos, sin@) + y - (—sin@, cos@) 
= (x cos 6, x sin9) + (—y sin@, ycos 9) 
= (xcos @ — ysin@, x sin@ + ycos@). 


(d) For @ = —7/4 we have 
(x’, y') = Re(x, y) = (« cos(—2/4) — y sin(—7/4), x sin(—2/4) + y(— cos 27/4). 
Substituting 


we get 
a "N=(Zrt ay -4a1+5y) 
Le a a 
and thus the desired formulas for x’ and y’. 
2. (a) If w satisfies this equation, then so do all multiples a - w. To solve 


vywy + w2w2 = 0, 


50 
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where v, and v2 are fixed, we can assign w; arbitrarily, and then obtain 
U{W 
v2 , 
Multiplying w; by a factor simply multiplies w2 by the same factor, so the solutions 
are precisely the multiples of the one we obtain for any particular w 1. 
This works provided v2 4 0. If vz = 0, so that v is a multiple of (1, 0), then it is 
easy to see that the possible w’s consist of all multiples of (0, 1), and vice-versa. 


w= 


(b) These are all straightforward computations from the definition. 


(c) Since v - v = v,? + vy’, this is obvious. The norm 


[lvl = Jv -v = Vv? + v2? 
is just the distance from v to the origin. 


(d) This is simply Problem 4-9: The squared inequality is equivalent to the Schwarz 
inequality (Problem 1-19); equality holds in this squared inequality only when v = 0 
or w = 0 or w =a-v for some a. For the original inequality it is then easy to see... 
that equality holds only when a > 0. : 


(e) We have 
lv -+ wl]? =@+tw)-wtw)=v-v+2v-wtw-ew 
lv — wl? = —w)>@—w) =v-v—-2v-wtwew. 
Subtracting the second from the first we get 


lv + wll? — |v — wll? = 4 -w). 


3. (a) We have 
Ro(v) - Re(w) = (vy, cos@ — v2 sin@, v; sin@ + ve cos @) - 
(w, cos§ — wz sind, w, sind + w2 cos 6) 
= vw) cos’ 6 + vy wy sin? 6 + vow» sin? + vyw2 cos? @ 
+ sind cos @[—v, w2 — wy v2 + vy we + wW1r2] 
= UW + 2W2 =v: w. 
(b) The formula for e - w is a straightforward calculation. For the vectors v = a - ¢ 
and u = b- w we then have, using Problem 2(b), 
vet =(a-e)+u=ma-(e-u) 
=a-(e-(b-w)) =a-(b- (e-w)) 
=ab-(e-w), 
which gives the formula 


v+w = |lul]- ||wl]-cosé 
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when v a multiple of (1,0). 
For the general case, choose ¢ to be the angle from the first axis to v, so that 
v = Rg(v’) for some v’ pointing along the first axis, and let w = Rg(w’). Since 
rotation doesn’t change lengths, we have 
lvl = lo’, [loll = [w'l; 
moreover, the angle 9’ between v’ and w’ is the same as the angle @ between uv 
and w. Then by part (a) we have 
veiw = Rgo(v') + Ry(w’) 

—— vy . w’ 

= |lv'|] - [lw‘l| cos 6” 

= ||»l| - wl] - cos @. 


4, Using the “point-slope” form (Problem 4-6) the line Z is the graph of 
w 
f@)=—@—u) +m. 
Ww) 


Solving f(x) = 0, we find the desired first coordinate of B, and thus the formula 
for the area of the parallelogram, which has that base and height wo. 


5. (a) For vp = 0 the formula for det reduces to v;w2, and v, (> 0) is the base of 
the parallelogram; the height is w2 (and hence the area is vj w2 = det) for w2 > 0, 
while the height is —w2 (and hence the area is —v,w2 = — det) for wz < 0. 


(b) 
det(Rev, Rew) = det((v cos 6 — v2 sin@, v; sin? + v2 cos 9), 
(w, cos @ — we sin @, w; sin@ + w2 cos 6)) 
= [v1 cos@ ~ v2 sind] - [wi sin@ + we cos 4)] 
— [v1 sin@ + v2 cos 6] - [w; cos @ — w2 sin 8] 

= V1 W2 — vow, = det(v, w). 
For any v and w, we can write v = Rg(v’) for some v’ that points along the positive 
horizontal axis; then w = Rg(w’) for some w’, and w lies above the horizontal axis 
when the rotation from v to w is counterclockwise, and below the axis when the 
rotation is clockwise. The area of the parallelogram spanned by v and w is the same 
as that spanned by v’ = Rg(v) and w’ = Rg(w), which by part (a) is therefore 
+ det(v’, w’), depending on whether the rotation is clockwise or counterclockwise. 
But we have just seen that this is + det(v, w). 


6. These are all straightforward computations from the definition. 
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7. As in Problem 3, we first check the formula when v is a multiple of (0, 1). Then 
choose $ so that v = Rg(v’) for some v’ pointing along the first axis, and let 
w = R¢(w’); we again have 

loll = ilo’, feet = Ios 
moreover, the angle 9’ between v’ and w’ is the same as the angle 6 between v 
and w. Then by the formula in Problem 5(b) we have 


det(v, w) = det(Rg(v’), Rg (w’)) 
= det(v’, w’) 
= |v’ - lw"] - sind’ 
= |lv|[ - |/w|] - sine. 
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1. The point (x, y, z) is in the cylinder if and only if 

Fa a ee Oe 
Choosing coordinates in the plane P as on page 81, we see that the points in the 
intersection of P and the cylinder are those satisfying 


(ax+pyrt+y* =C?, 


The possibilities are 8, a straight line, two parallel straight lines, or an ellipse (or 
circle). 


2. (a) Consider the plane containing the line L, from z to F; and the line L: it 
intersects the sphere S, in a circle C. Since S, is tangent to the plane P at Fj it 
follows that L, is tangent to C at F,, and LZ is also tangent to C. The desired result 
now follows from the fact that the two line segments tangent to a circle from an 
outside point have the same length. 


(b) Similarly, the length of the line from z to F2 is the length of the vertical line L’ 
from z to C2. But LZ and L’ together form a vertical straight line from the plane of 
C; to the plane of C2. Hence the distance from z to F; plus the distance from z to 
Fy is always exactly the distance between these two planes. 


3. The proof for (a) is similar to the proof of Problem 2, except that now the sum 
will always be the length of a straight line generator of the cone between the planes 
of the two circles. In case (b), the difference will be the length of a straight line 
generator through the vertex between the planes of the two circles (note that a point 
of the intersection with the top half of the cone will be above the equator C 1). 
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1. The points with polar coordinates (71, 6) and (r2, 62) are 
(71 cos @,, 7; sin O;) and (r2 COS 62, ro Sin Bz) 
and the distance d between them is given by 


a= (r2. cos 6; — 1, cos 01)? + (ro sin@2 — r, sin)" 
= r2(cos? 6) + sin? 62) + r1?(cos* 6 + sin? O;) 
— 2r,re[cos 6; cos 62 + sin 6, sin 62] 


= ry? +r? — rire cos(@, — 63). 


This is just the “law of cosines”. 


2. (i) For each point (x, y) on the graph of f, with 
x= f(@)cos 6, y= f@) sing 
we also have the point (x’, y’) with 


x’ = f(—6) cos(—@) = f(@)cos@ = x, 
y = f(-0)sin(-0) = —f(@)siné = ~y. 


The point (x’, y’) = (x, —y) is the reflection of (x, y) through the horizontal axis, 
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so the graph of f in polar coordinates is symmetric with respect to this axis. 


di) Similarly, if f is odd, then 


x’ = f(—€)cos(—@) = —f (6) cos 9 = —x, 
y’ = f (—6)sin(—0) = —f @)(— sin) = y. 


The point (x’, y’) = (—x, y) is the reflection of (x, y) through the vertical axis, so 
the graph of f in polar coordinates is symmetric with respect to the vertical axis. 


(—r cos(—#), —r sin(—6)) 
= (—rcos@,r sin @) 


(r cos @, r sin 6) 
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(iii) The graph of f in polar coordinates is symmetric with respect to the origin. 


3. (i) r = asin@ implies r? = ar sin@, so if (x, y) = (r cos6, r sin@), then x? + 
y? = ay, Or 2 a\2 a\2 
if (V5) =(5) 
so (x, y) lies on the circle of radius a/2 with center (0, 2/2). [Conversely, if (x, y). 
satisfies x? +- y? = ay and (r, @) are polar coordinates for (x, y), so that x = rcos@’ 
and y = rsin@, then r? = arsin@. This implies that r = asin@, except when 
r = 0. In this case we have the point (x, y) = (0, 0), which also lies on the graph 
of r = asin@, since it has polar coordinates r = 6 = 0.] 
(ii) If a = 0, we have the equation r = 0, which is the single point (0, 0). Suppose 
a #0. Nowr =asec@ = a/cos@ implies that 


reosé =a, 


so if (x, y) = (rcos@,rsin@), then ee 


and (x, y) lies on the vertical line through (@,0). Notice that we must exclude 
points with cos@ = 0, but they can’t be on this vertical line anyway, since a 4 0. 
[Conversely, if (r, @) are polar coordinates for a point (x, y) on this line, then 


a=rcosé, y=rsiné, 
and in particular r = a/ cos@ (cos@ # 0, since a £ 0).] 


(iii) Figure (a) shows the part of the graph from 6 = 0 to 6 = 1/2. Figure (b) shows 
the part from 6 = —7/2 to @ = 2/2. It is symmetric with respect to the horizontal 
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axis, since cos is even. Finally, Figure (c) shows the whole graph, a four-leaf clover. 
The graph appears to be symmetric under a rotation by 7/2, and hence, in particular, 
symmetric with respect to the vertical axis also. In fact, when the point with polar 
coordinate (cos 26, 9) is rotated by 7/2 we get the point with polar coordinates 


(cos 20, 0 + 1/2). 
This is the same as the point with polar coordinates 
(—cos26,6+2/2+4+ 2) 
and this point is also on the graph, since 
cos(2(6 + 2/2 + 7)) = cos(26 + =) 
= — cos 26, 


(c) 


Although Figure (c) shows @ going from —2/2 to 3/2, it could just as well show 
@ going from 0 to 27. Note that if we do not allow negative values for r, the graph 
will contain only the left and right leaves, 
(iv) Figure (a) shows the part of the graph from 6 = 0 to@ = 1/3. Figure (b) shows 
the part from @ = —z/3 to @ = 7/3. It is symmetric with respect to the horizontal 
axis, as before. Finally, Figure (c) shows the whole graph. It is symmetric under 
a rotation by 27/3, for if the point with polar coordinates (cos 36, @) is rotated by 
27/3 we get the point with polar coordinates 


(cos 30, 6 + 27/3) 
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and this is on the graph, since 


cos 36 = cos(3(@ + 27 /3)). 


Notice that in this case we will get the whole graph even if we allow only r > 0: 


9 = 2n/3 


n/2<0 <5n/6 


WF 
—7/6<0<27/6 
12/6<0 < 2/2 


6 =4n/3 


The proof of symmetry with respect to rotation through 27 /3 didn’t involve replacing 
@ by 6 +7, as in the previous example. 


(v) The graph is the same as in (iii). (However, now we obtain 4 leaves no matter 
what conventions we adopt about the sign of r, since r > 0 in any case.) 
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(vi) The graph has 6 leaves (each leaf in (iv) arises from an interval on whichr < 0 
as well as from one on which r > 0). 


4, (i) and (ii) have already been given. 


(iii) 
r? =r? cos20 = r7 cos? @ — r? sin? @ = x? — y” 


Se) 
(x? + y2)3/2 = x? — y?, 


5. As before, the distance r from (x, y) to O is given by 
(1) rmx? +y*, 
while the distance s to f is given by 

sx? = (x + 20a)? + y’. 


Now writing the condition 
r—s=2a 


as 
r—2a=s5 


and squaring, we get the same equation as before, 
(2) 4a” — 4ar +r? =x? + 4eax + 427a? + y’, 
so subtracting (1) from (2) again gives 

a-r=éx-+ ea, 
and thus 
(3) r=A-—ex, forA=(1—&%)a, 
and once again 


A 


4) " Teecosé. 


Chapter 4, Appendix 3 61 


It remains to consider the points satisfying 


S—r=2a, 
or 
r+2a=s 
Squaring we now obtain 
(2’) r? +4ar + 4a? = x? + 4eax + 4e7a? + y*. 


Subtracting (1) from (2’) gives 
a+tr=ex+ea, 
or 


r=(e?—-latex 
= —(A — &x), 


which is simply the negative of the r found previously; thus, the other branch of the 
hyperbola is obtained by choosing —A for A. 


6. The distance from the line to (x, y) is just 
a-x=a-—rcosé; 


thus our condition is 
r=a-—rcosé, 


or equivalently 
a=r(1+cos@). 


7. Squaring (3) and substituting x? + y* for r?, we get 
x? + y? = A? —2eAx + 67x?, 
which gives the desired equation, 
(1 — 6?)x? + y* = A? —2Aex. 


Problem 4-16 shows that this is a circle or ellipse when 1 — e? > 0 is positive, ice., 
when ¢ < 1 (remember that we have already specified « > 0), a hyperbola when 
1~—«? <0, ie., when ¢ > 1, and a parabola when 1 — e? = 0, i.e., when ¢ = 1. 
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8. (a) The graph is the heart-shaped curve shown below. (Hence the name 
“cardioid” = heart-shaped). 


(b) The point with polar coordinates (r, @) is also the point with polar coordinates 
(—r, @ +2). So the graph of r = 1 — sin = @ is also the graph of 


—r=1—sin@+7)=1+siné. 


(c) Since r = 1 — sin@ we have 
r>=r-—rsing 
or 


r+yaV¥xe+y—y. 


(Notice that if we start with r = —1 — sin@, then we obtain the same result since 
nowr <0,sor = —+/x? + y?.) 
The squared equation 


Pty? tyr ax? ty? 
might seem to have the extraneous solutions 
P+ y= —Jx? + y?— y, 
but for x 4 0 this has no solutions, for we have 
-y <lyl<v2e?+y, 


and hence 
—y-yx?+y <0. 
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9. (i) The graph is shown below (the dashed line is the cardioid r = 1 — sin). 


(iii) This graph has the same shape as (i): Since 
cos@ = —sin(@ — 2/2) 
we can write 
r=2—smn(@ —7/2) 
= 2(1 ~ } sin(@ — 2/2), 


which shows that the graph is twice as large as the curve in (i) and rotated 1/2 
counter-clockwise. 
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10. (a) 
a 
(b) Since 
r4 = 2a’r* cos 20 = 2a*r*(cos” 6 — sin* @) 
we obtain 


(x? + y?)* = 2a7(x? — y?). 


(c) If P = (x, y), then 
(dido)* = [(x — a)? +7] -[@ +a)? +97] 
=[(x -—a)x+a)P+ylae+ayrt+o-ayl+y* 
= (x? oe! a’y 4: y?[2x? ae 2a”) a y4 
et 992 gH 2x?y? i 2ay? + y4 
pa, (x? +y’y a 2a? (x? re. y?) fet 
so djd2 = a? if and only if 


(x? ++ y*)? = 2a2(x? — y?), 


(d) For 6 < a we obtain two curves, inside the two portions of the lemniscate, as 
in the figure below. 
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For b > a we obtain a single curve surrounding the lemniscate. It happens to be 
indented for b < aV/2. 


b>avV2 


1. @ 
_ #-1 0 
Lad x+1 ae Te 
(iii) 
x2-8 27-8 
piso 3a 
W) x" — yy" y? — x" 
lim = lim ee ae by (iv). 
you x—-y yor y-x 
2. (i) 
lave, (lL-Vvx)(l+/x) 
lim = hn — 
x>l 1-x xl (1—x)(1+/x) 
Sige a 
xsl (1—x)(1+J/x) 
= lim d sof 
“eo ite 2° 
(ii) 


(1—V1—x2)(1+ V1—x?) 


x~>0 x x->0 x(1+V14+<x7) 
: 1—(1—x?) : x 
= lim ———— = lim -——— . = 0. 
AO x (14+ V1 4x2) 7914 V1—x? 


(iii) 


3. Gi) 7 = 12. As in the text, we have 
|x? — 4] < ¢ for |x —2| < 6 = min(e/2-2+1, 1) = min(e/5, 1) 
so that 
[x2 ~4] < = for |x — 2| < 3 = min(e/10, 1), 
and we also have 
\5x — 10] = 5|x ~ 2] < ; for |x — 2| < ¢/10. 
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So for |x — 2| < 5 we have 


Ix? + 5x — 12| = |(x? ~ 4) + (5x — 10)| < = + =e. 


= 
2 
(iv) 1 = a4. The text shows that 
jx? — a? < « for |x —a| < 6; = min(e/(2|a| +1), 1). 

In particular, this means that 

|x* — a*| = |(x?)? — (a)? < ¢ for |x? — a?| < 8) = min(e/(2|a/? + 1), D, 
and the first equation show that this holds for 

|x —a| < min(6,/Qja|+1), 1). 


Of course, we could then stick the value of 5, into this formula to get a more con- 
fusing looking formula directly in terms of e. 


(vi) 7 = 0. We have 
{2 — sin? | > 2 — | sin? x| 


>1, since |sin?x| <1, 


so 
Lf) ~o1< BL 
so we can take 6 = e. 
(viii) 1 = 1. We have 
x-1 
ve = FoF <1 


so we can take 6 = min(e, 1) (stipulating |x — 1| < 1 is just necessary to make sure 
that ./x will be defined). 


4. (i) (ii) (iii) All numbers a which are not integers. 
(iv) Alla, 

(v) Alla witha 4 0 and a # 1/n for any integer n. 
(vi) All a with |a| < 1 and a # 1/n for any integer n. 


5. (a) @) Alla not of the form n + k/10 for integers n and k. 

(ii) All @ not of the form n + k/100 for integers n and k. 

(iii), (iv) No a. 

(v) All numbers a whose decimal expansion does not end 7999.... 


(b) The answers are the same as in part (a) (although the description of the numbers 
in terms of their new “decimal expansions” may be different). 
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6. (ii) We need 


‘ é é 
| f(x) = 2| < mim (1 aan) and g(x) = A| < (2) +1’ 
so we need 
: 2 
0 <|x —2| < min (sie (eee + min(1, ¢/10), [min(1, 2/0) 
= 36. 
(iv) We need 
1 1 é aa & 
g@) i 2 ee (: 2q1/4l+ .) : 
so we need 
0 < |x-2| 
8 2 4 f tmin(1, 22/5)]? ; 
< min [ms (2 XDD rs 5) , sin (mere ) + min(1, 2/5) 
= 6. 


7. Let f(x) = J|x| witha = 0 and! = 0. Then for e < 1 we have |,/|x| —0| <« 
when 0 < |x — 0] < e7; but if 0 < |x — 0] < ¢7/2, it does not follow that 
|/ xl - 0| < ¢/2 (instead we must let 0 < |x — 0| < (€/2)?). 


8. (a) Yes. For example, if g = 1 — f, then jim [f(x) + g(x)] exists even if 
iim J (x) [and consequently iim g(x)] does not exist; and if g = 1/f where f(x) # 
0 for all x 4 a, then iim F(x)g(x) does exist even if iim, Ff () and Jim g(x) do 
not exist [for example, if f(x) = 1/(@@ — a) for x £0, and g(x) = x —a]. 

(b) Yes, since g = (f+g)—f. 

(c) No. (This is just another way of stating part (b).) 

(d) No. The argument analogous to part (b), that g = (f - g)/f, will not work if 


iim f() =0, and this is precisely the case in which one can find a counterexample. 


For example, let f(x) = x —a, and let g(x) = 0 for x rational and 1 for x irrational. 
Then Jim g(x) does not exist, but iim F(@)g@&) = 0, since | f (x) g(x)—0| < [f(x)]. 


11. Intuitively, this is true because we only have to consider x’s satisfying 0 < 
|x — a| < 4’, where we can pick 8’ < 6. In fact, if lim f(x) =1, and « > 0, there 
is a 6’ such that if 0 < |x — a| < 8’, then | f(x) —1| < ¢. Now there is also a 
6’ < 8 with this property (namely, min(6, 5’)). Since f(x) = g(x) for all x with 
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0 < |x —a| <6, we also have f(x) = g(x) for all x with O < |x —a| < 8’, so the 
conclusion | f(x) — 1] < € can just as well be written |g(x) — /| < e. This shows 
that jim ga)=l. 


12. (a) Intuitively, f(x) cannot be made close to a number > jim g(x) because 
F() < g(x) and g(x) is close to jim g(x). A rigorous proof is by contradiction. 
Suppose that / = jim f@) > lim g(x) =m. Lete =1—m > 0. Then there isa 
6 > 0 such that if 0 < |x —a| < 4, then |! — f(x)} < ¢/2 and |m — g(x)| < €/2. 


m g(x) f(x) I 
Thus for 0 < |x —a| < 6 we have 
é é 
g(x) <m+> OS < f(x), 
contradicting the hypothesis, 


(b) It suffices to assume that f(x) < g(x) for all x satisfying 0 < |x — a| < 8, for 
some 6 > 0, 


(c) No. For example, let f(x) = 0 and let g(x) = |x| for x 4 0, and g(0) = I. 
Then lim f(x) =0= lim g(x). 
x> x 


13. Intuitively, g is squeezed between f and h, which approach the same number:. 


Let 1 = lim f(x). Given e > 0, there is a § > 0 such that if0 < |x —a| < 4, then 
lh(x) —1| < e and | f(x) — 1! < e. Thus, if 0 < |x —a| < 6, then 


l—e < f(x) < g(x) <A) <I +e, 


so |g(x) —1| < e. 
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14. (a) We ought to have 
fg ON ie ie OS pa 
x0 Xx x20 «6bx x>0 bx yoo y 


The next to last equality can be justified as follows. If ¢ > 0 there isaéd > 0 
such that if 0 < |y| < 6, then | f(y)/y| < ¢. Then if 0 < |x| < ¢/|b|, we have 
0 < |bx| < ¢, so | f(bx)/bx| < e. 


(b) In this case, time fbx) f/x = iim f(0)/x does not exist, unless f(0) = 0. 
x x 


bl. 


(c} Part (a) shows that lim (sin 2x)/x = 2 lim (sin x)/x. We can also use the fol- 
I> x—> 
lowing computation: 


_ sin2x ,  2(sinx)(cos x) : . sinx . sinx 
lim = lim ———————- = 2 lim cos x lim —— = 2 lim ——. 
x70 =X x70 x x70 x20 X x30 X 


(Of course this method won’t work in general for im (sin bx)/x.) 
x 


15. @® 
in3 : 
sin >* 3 1im “* ~3e, by Problem 14. 
x>0 X x70 X 
(ii) 
sinax , sinax ., 
im — = lim ——.- lim ——— 
xo>0sinbx x30 x x30 sinbx 
=e 1 _@ 
7 bab 
(iii) 2 , 
2 
jin = in 
x70 x x0 x-0 X 
se sin’ 2x __ sin2x\? 2 
im 5 = { lim = 40°, 
x70 6X x70 Xx 
(y) 
1 —cosx . (l—cosx)(1 + cos x) ; sin* x 
lim ———- = lim -———_——. =: Lim ———_ 
x30 x? x30 x2(1 + cos x) x30 x2(1 + cos x) 
2 
Sid 
=a" 
(vi) sin? x 
tan?x+2x YX eos2x 
x30 x+x2 x0 +x 


ee (= _ sinx +2) jf 
x>0\ x  cos?x 
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(vii) 
ae x sinx wns x sinx(1 + cos x) _ 4. xsinx(1 + cos x) 
x201—cosx  x30(1—cosx)(1+cosx) x0 sin? x 
2 
~ 
(viii) 
. sine +h) — sinx . Sinx cosh +-cosx sinh — sinx 
lim, A > = im Aa 
h->0 h h—0 h 
. ,. (cosh—1) sinh 
= lim sinx ————— + cos x — 
h0 h h 
= acosx [we have jim pclae = 0 by (v)]. 
(ix) 
_ sinx?-1) |. (© +1)sin?~1) |) @& +1)sin(x? - 1) 
lim — A = im FSA _ = Firm 
xol x-1 xol (x +1)(x-1) xl x2-—1 
_ sin(x* — 1) 
es rs 
. sink ; ; 
= 2 lim ~-— [same reasoning as in Problem 14(a)] 
hoo Ah 
= 2a. 
(x) 
_ x°(3+sinx) _ = 3+sinx = 3 
x0 (x+sinx)? — x0 (: e ane ~ (+a)? 
(xi) 


3 
im 2? — 1)? sin ( : ) =o [since | sin1/(x — 1)*] < 1 for all x 4 0]. 
x1 x-—l1 


16. (a) Intuitively, if f(x) is close to /, then | f(x)| is close to |2|. In fact, given 
é < 0 there is a 5 > O such that if0 < |x —a| < 6, then | f(x) —1| < «. But 
[1f@) - [1 | < |f@) - 1 < & (by Problem 1-12(vi)). 


(b) This follows from (a) and Theorem 2, since 


max(f, g) = PETE sl 
mint j,¢) = fte=lf =e 


2 
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18. Pictorially, this means that f is bounded in any interval around a. 


Choose 6 > 0 so that |f(x) —?7| < 1 forO < |x —a| < 6 (we are picking e = 1). 
Then! —1< f(x) </+1,s0 we can let M = max((/ + 1], |/ — 1). 


19. For any 5 > 0 we have f(x) = 0 for some x satisfying 0 < |x —a| < 8 
(namely, irrational x with 0 < |x —a| < 6) and also f(x) = 1 for some x satisfying 
0 < |x —a| < 5 (namely, rational x with 0 < |x — a] < 6). This means that we 
cannot have | f(x) —1| < 1/2 for all x no matter what / is. (There is a slight bit of 
cheating here; see Problem 8-5.) 


20. Consider, for simplicity, the case a > 0. The basic idea is that since f(x) is 
close to a for all rational x close to a, and close to —a for all irrational x close to a, 
we cannot have f(x) close to any fixed number. To make this idea work, we note 
that for any 6 > 0 there are x with 0 < |x — a| < 6 and f(x) > a/2 as well as x 
with 0 < |x —a] < dé and f(x) < —a/2. Since the distance between a/2 and —a/2 
is a, this means that we cannot have | f(x) —/| < a for all such x, no matter what J 
is. 
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21. (a) Follows from (b), since | sin1/x] < 1 for all x (4 0). 


(b) If > 0 is such that |g(x)| < ¢/M for all x withO < |x| < 5, then |g(x)h(x)| < 
& for all such x. 


22. If iim F(x) does exist, then it is clear that lim[ f@) + g(x)] does not exist 
whenever lim g(x) does not exist [this was Problem 8(b) and (c)]. On the other 
hand, if lim f (x) does not exist, choose g = —f; then lim, g(x) does not exist, but 
iim Lf (x) + g(x)] does exist. 


23, (a) If lim f(x)g(x) existed, then lim g(x) = lim f(x)g(x)/f (x) would also 
. x70 x30 x0 
exist. 


(b) Clearly, if lim f()g(x) exists, then lim 1 8%) = 0. 
x0 x30 


(c) In case (1) of the hint, we clearly cannot have lim F(x) = 0, so by assumption 
the limit does not exist at all. Let g = 1/f. Since it is Snot true that lim, |f (x) =o, 
it follows that if lim g(x) exists, then jim g(x) 4 0. But this would imply that 
im f(@) exists, so lim g(x) does not exist. On the other hand, lim, f@)g() clearly 


<> : 
exists. In case (2), choose x, as in the hint. Define g(x) = 0 for x # xy, and 
g(x) = 1 for x =x,. Then lim g(x) does not exist, but lim, f@e)= 
x x73 


24. Given ¢ > 0, pick n with 1/n < e and let 5 be the minimum distance from 


@ to all points in Aj,..., An (except a itself if @ is one of these points). Then 
0 < [x—a| <4 implies that x is notin Ai,..., An, 80 f(x) =O or1/m form > n, 
so | f(x)| <e. 


26. (a) Although lim 1/x = 1 is true, it is not true that for all 5 > 0 there is an 
xt 
€ > 0 with |1/x — 1| < e for0 < |x —1| < 8. In fact, if § = 1, there is no suche, 
since 1/x can be arbitrarily large for 0 < |x — 1| < 1. 
Moreover, any bounded function f automatically satisfies the condition, whether 
Jim F(x) =1 is true or not. 


(b) If f is a constant function, f(x) = c, this condition does not hold, since | f (x) — 
c| < 1 certainly does not imply that 0 < |x —a| <6 for any 6. 

Moreover, the function f(x) = x, for example, satisfies this condition no matter 
what a and / are. 


27. (i), Gi), Gii), (iv) Both one-sided limits exist for all a. 
(v) Both one-sided limits exist for a 4 0 and neither exits for a = 0. 
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(vi) Both one-sided limits exist for all a with |a| < 1; moreover, lima f(@) and 
x17 


lim f(x) exist. 
xt 


28. (a) (i), (ii) Both one-sided limits exist for all a. 
(iii), (iv) Neither one-sided limit exists for any a. 
(v) Both one-sided limits exists for all a. 


(vi) Both one-sided limits exist for all a whose decimal expansion contains at least 
one 1; in addition, the right-hand limit exists for all a whose decimal expansion 
contains no 1’s, but which end in 0999... . 


(b) The answers are the same as in part (a). 


31, 


a 


Let? = lim f(x) andm = lim f(x). Since m —1 > 0, there is ad > 0 so that 
x>a7 x>at 


Ife) <2 when a—8 <x <a, 
If(y) —m| < mn when a<y<a+6é, 
This implies that 
fa) <14 am- 7S < f(y). 
The converse is false, as shown by f(t) = t¢ and any a. It is only possible to conclude 


that lim f(x) < lim f(x). 
x >a~ xat 


32. If x 4 0, then 


a — 
Gyx" +--+ +a ay : err f() 


bX" eee by bm 0 g(x) 
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Ifm <n, then lim f(x) =a, but lim g(x) = 0. Thisimplies that lim f(x)/g(x) 
X-F> COO x>>OO Poor 02) 
does not exist—otherwise we would have 
lim, f(x) = [lim f@)/g)] - Clim, g()] = 0. 


If m > n, we write 
ap ao 


QyX" best a9 _ gman tt mf) 
bmnx™ eset by bo g(x) 
" ba tee 


Then lim f(x) = 0 if m > n, and a, ifm = n, while lim g(x) = bm. So 
P X3>OO . X00 
dim, F@)/8) = Oifm > n, and a,/by ifm =n. 


33. (i) 
sin? x 
x + sin’ x . 
are 5x +6 - x00 6 
x 5 + 9 
x 
_l 
= 
ii) 
_ xsinx : 
lim a -sinx 
x00 x2 + x00 ss) 
= 0, since |sinx| < 1.— 
(ii 


Vx2+x—x)\ (f/x? +x+%x 
lim Vx? +x—x= lim ed aed Ee ia J 
X—>>CO X00 /y24 44% 
x 
= lin —— 
x00 p24 44x 
I 
= in —— 
x00 1 
ji+—+1 
x 
1 
> 
(iv) The limit 
x2(1+sin?x) |, 1+ sin? x 
TT SSO Se a Ae 
x>oo (x + sinx)? = =) 
1+ 
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: 2 
: : sInx ; staek 
does not exist, since (: + ae) —> 1 but 1+ sin? x does not approach a limit as 
x 


xX> OH, 


35. @ 
ims 0; 
x>00 Xx 
since |sinx| < 1 for all x. 
(ii) 
sin : 
1 re sin 
lim xsin— = lim —* = lim by Problem 34 
x00 x x20 1 x>0t X 
x 


36. jim F(x) = [means that forall ¢ > 0 there is some N such that | f(x)—/| < 
X->—-CO 

for some x < N. 

(a) The answer is the same as when x — oo (Problem 32). 


(b) Ifi = Jim, F(x), then for every ¢ > 0 there is some N such that | f(x) —/| <e 
forx > N. Nowifx < —N, then—x > N,so|f(—x)—l| < e. So jim fx) = 
1, 


(ec) Ifi = im F (x), then for every ¢ > 0 there is some N such that | f(x)—l] <é 


for x < N, and we can assume that VN <0. Now is 1/N < x <0, then 1/x < N, 
so |f(1/x) -—1| <«. 


37. 
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(a) Given N > 0, letd = LVN. Then 0 < |x—3| < 4 implies that (x—3)* < 1/N, 
so 1/(x — 3)? > N. 


(b) Given N > 0, so that 1/N > 0, choose 6 > 0 such that |g(x)| < ¢/N for 
0 < |x —a| <4. Then 0 < |x —a| < 6 implies that | f(x)/g(x)| > ¢-(N/e) = 


38. (a) tim, f(x) = c© means that for all N there is a 6 > 0 such that, for all x, 


ifa<x nea 44, then f(x) > N. 
lim f(@) = oo means that for all N there is a § > O such that, for all x, if 
x >QT 


a-3<x <a, then f(x) > WN. 
It is also possible to define 


im, f@) = 
jim f() = —00, 
lim f@=- 
lim f(x) =— 
Jim, I(x) = —00, 


lim, £6) = - 


(b) Given N > 0, choose 6 = 1/N. If 0 < x <6, then 1/x > N. 


(c) If lim | f(1/x) = oo, then for all N there is some M such that f(1/x) < N 
for x > M. Choose M > 0. If 0 < x < 1/M, then x > M, so f(x) > N. Thus 
li f(«) = oo. The reverse direction is similar. 

x 


39. (i 
4 7 
O47. # TES 
im ——— = —— — =~. 
x70 7x2 -x+1 x00 1 1 
1 a 
x x 


(ii) lim x(1 + sin? x) = 00, since 1 < 1+ sin? x <2 forall x. 
X00 
(iii) lim x sin? x does not exist, since sin? x oscillates between 0 and 1. 
x-CO 
(iv) 
: 2.1 . 1 
lim x“sin— = lim x-xsin-— =o, 
X00 x: x>OO x 


since lim x sinl/x = «a, by Problem 35(ii). 
X70 
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(¥) 
idea eee ee ee) 
i tae 


ds Vx? + 2x +x 


2x 


li 
FOO x? Ax +x 


(vi) 
x(Vx4+2—JSx)(Vx +24 7%) 


lim x(V7x +2—/x) = lim 
x00 ( ) x00 /x+2+./x 


2x 
= in ——~—~ 
900 f/x + 2+ /x 
(vii) 


40. (a) The figure below shows one side of the n-gon, subtending an angle of 2z/n. 
Angle BOC is thus z/n, so BC = rsin(z/n), and AC = 2rsin(z/n). So the 
whole perimeter is 2rn sin(z/7n). 


A 


(b) As x becomes very large this approaches 
lim 2rx sin (=) = lim Ore sin (=) 
X00 x x7 via x 


= 2nra, 
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where a = jim Gin x) /x, by Problem 35(ii). [Since you know that the perimeter 


should approach the circumference of the circle, which is 2xr, you can guess that 
lim, (sinx)/x = 1, when x is in radians.] 
xo 


41. (a) If we had c!/" > 1+ ¢, then we would have 
c~1 


c> (ite) >1+ne or n< 


by (the trivial case of) Bernoulli’s inequality, Problem 2-19, showing that1 < ?/c < 
1+ eforn > (ce —1)/e. (This is really a somewhat different kind of “limit at 
infinity’—which we will study specifically in Chapter 22—since we are only con- 
sidering those large x that are natural numbers; actually, we will also be able to say 
that Jim, c'/* = 1, once we have a suitable definition of such powers, in Chapter 18.) 


42, How do we know that Va? —«e and Va?+<« exist!? In Chapter 7 we prove 
(Theorem 8) that every positive number has a square root, but the proof of this 
theorem uses the fact that f(x) = x? is continuous, which is essentially what we 
are trying to prove. In fact, the existence of square roots is essentially equivalent to 
the continuity of f—compare Problem 8-8. 
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“4. (ii) No F, since lim |x|/x does not exist. 
x= 


(iv) No F, since F(a) would have to be 0 for irrational a, and then F is not con- 
tinuous at a is a is rational. 


2. Problem 4-17: 

(i), (ii), Gili) All points except integers. 

(iv) All points. 

(v) All points except 0 and 1/n for integers n. 

(vi) All points in (—1, 1) except 0 (where it is not defined) and 1/7 for integers n. 
Problem 4-19: 

(i) All points not of the form n + k/10 for integers & and n. 

(ii) All points not of the form n + k/100 for integers k and n. 

(iii), (iv) No points. 

(v) All points whose decimal expansion does not end 7999... . 


(vi) All points whose decimal expansion contains at least one 1. 


3. (a) Clearly iim Jf =0, since |A| < d implies that | f(2)—f (0)| = | f(A)| < 4. 


(b) Let f(x) = 0 for x irrational, and f(x) = x for x rational. 


(ec) Notice that | f(0)| < |g(0)! = 0, so f(0) = 0. Since g is continuous at 0, for 
every € > 0 there is a 6 > 0 such that |g(#) — g(0)| = |g(h)| < « for [h] < 5. Thus, 
if |A| < 4, then | f(A) — f)| =|f(@)| < Ig) < e. So jim FM) =0= f(0). 


4. Let f(x) = 1 for x rational, and f(x) = —1 for x irrational. 


5. Let f(x) =a for x irrational, and f(x) = x for x rational. 
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6. (a) Define f as follows (see the solution to Problem 4-17(vi)): 


0, x <0 
1 
—=, O<x<l 
f@)= E 
x 
2, x>l 
(b) Let 
-l, x <0 
J 0 <1 
T47? <*458 
f@)= E 
x 
2, x>1 


7. Note that f(x +0) = f(@) + f (0), so f(0) = 0. Now 
jim f(a +h) — f(@) = jim f@ + fH) - f@ 
= jm F(h) 
= jim f@) — fQ)=0, 


since f is continuous at 0. 
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8. Since (f + @)(a) 4 0, Theorem 3 implies that f + @ is non-zero in some open; 


interval containing a. 


9. (a) This is just a restatement of the definition: If the condition did not hold, then 
for every ¢ > 0 we would have | f(x) — f(a)| < & < 2e for all x sufficiently close 
to a, ie., for all x satisfying |x — a| < 6 for some 6 > O. If this were true for all e, 


then f would be continuous at a. 
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(b) If neither of these conditions held, then for every ¢ > 0 there would be 61, 52 > 0 
such that f(x) > f(a) —e for |x —a| < 6, and f(x) < f@ +e for |x—a| < 4. If 
|x —a| < 6 = min(d, 49), then f(a)—e < f(x) < f(@)t+e,sol|f@)—f@| <e. 
Since this would be true for all ¢ > 0, it would follow that f is continuous at a. 
10. (a) 

lim |f|(x) = jim Fo| by Problem 5-16 

xa xX7a 

= |f@)| =!fI@). 

(b) The formulas for £ and O in the solution to Problem 3-13 show that Z and O 


are continuous if f is. 


(c) This follows from part (a), since 


max(f, g)= tS tiy st 
miathiey= frsclfaa 


(d) Let g = max(/f, 0) and A = — min(f, 0). 


11. 1/g = fog and f is continuous at g(a) if g(a) 4 0. So by Theorem 2, 1/g is 
continuous at a if g(a) 4 0. 


12. (a) Clearly G is continuous at a, since G(a) = 1 = lim g(x) = lim G(x). So 
xa ua 
f oG is continuous at a by Theorem 2, Thus 


IO = f(E@) = Fo G)@) = lim (Ff o G)@) = lim F(e@)). 


(b) Let g@) =i+x-—a and 
0, xl 
1, x=l. 


f0) = 


Then lim g(x) = 1 so f (lim g@)) = f() = 1; bat g(x) # 1 for x # a, 50 
Jim f(g()) = lim 0 = 0. 


13. (a) Since f is continuous on [a, b] the limits lim f(t) and lim f(t) exist. 
tat f->b- 
Let 
lim f(t), x<a 
teat 
gx) = 4 Ff), a<x<b 
lim f(t), b<x. 


t>b- 
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(b) Let f(x) = 1/@ — a). 

14. (a) The limit lim f(a+t) exists, and equals f(a} = g(a) = A(a), since 
Fase fa@tn= jim s@ +t) = g(a), 
jim. f@t+to= jim. h(a +t) =hAfa). 


(b) f is continuous at c by (a), and at any x 4 c in [a, b], since f agrees with either 
g or h in some interval around x. 


15. Choose 6 so that whenever |x — a] < 6 we have | f(x) — f(a)| < ¢/2. Then if 
|x—a| < d and |y—a| < 5, we have | f(x)—f(y)| < |f@)-F @lHFO)-F@I < 
é/2+8/2=8. 


16. If f is continuous on [a, b] and f(a) > 0, then there is some 6 > 0 such that 
for all x, ifa <x <x+6, then | f(x) — f(@)| < f(@). This last inequality a 
that f(x) > 0. The proof for f(b) > 0 is similar. - 
17. (a) No in the first case; yes in the second. 
(b) We have 
iim gn= jim FQ) since g(x) = f(x) forx 4a. 
= g(a) by definition of g(a). 


(ec) g(x) = 0 for all x. 
(d) Since g(a) = lim f(y), by definition, it follows that for any ¢ > 0 there is a 
5 > O such that | f(y) — g(a)| < ¢ for |y —a| < 6. This means that 
g@)—e< fy) <s@te 
for |y —a| <6. So if |x — a] < 6, we have 
g@)—é = lim f(y) <ga@)te, 


which shows that |g(x) — g(a)| < ¢ for all x satisfying |x — a| < 6. Thus g is 
continuous at a. 


CHAPTER 7 


1. (ii) Bounded above and below; no maximum or minimum value. 

(iv) Bounded below but not above; minimum value 0. 

The answer to (v) appears in the Answers to Selected Problems, but is given here as 
preparation for (vi). 

(v) Bounded above and below. If a < —1/2, thena < —a—1,s0 f(x) = a+2 for 
all x in (—a —1,a+1), soa +2 is the maximum and minimum value. If —1/2 < 
a <0, then f has the minimum value a”, and if a > 0, then f has the minimum 
value 0. Sincea+2 > (a+1)* only for (-1—/5)/2 <a < (-14+V5)/2, when 
a > —1/2 the function f has a maximum value only fora < (-1 +75 ) /2 (the 
maximum value being a + 2). 


(vi) Bounded above and below. Ifa < —1/2 then f has the minimum and maximum 
value 3/2. If a > 0, then f has the minimum value 0, and the maximum value 
max(a?,a +2). If —1/2 < a < 0, then f has the maximum value 3/2 and no 
minimum value, 


(viii) Bounded above and below; maximum value 1; no minimum value. 


(x) Bounded above and below; maximum value 0; the maximum value is a if a is 
rational, and there is no maximum value if a is irrational. 


(xii) Bounded above and below; minimum value 0; maximum value [a]. 


2. (ii) n = —5, since f(—5) = 2(-5) +1 <0 < f(—4). 
(iv) n = 0 since both roots of f(x) = 0 lie in [0, 1]. 


3. (ii) If f(x) =sinx —x +1, then f(O) > 0 and f(2) = (sin2) —1 <0. 


4. (a) Let / = (2 —k)/2 and let 
f@) =" +4+1)@—-D@—-2)---@—2®. 


(b) If f has roots a,,..., a, with multiplicities m,,..., m,, so thatk = m,+---+ 
my, then 
ff) = -—a)™---@ —a,)" g(x) 


where g is a polynomial function of degree n — (nm, +---+m,) =n —k with no 
roots. It follows from Theorem 9 that n — k is even. 


6. If not, then f takes on both positive and negative values, so f would have the 


value 0 somewhere in (—1, 1), which is impossible, since ¥1— x? + 0 for x in 
(—1, 1). 
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8. If not, then f(x) = g(x) for some x and f(y) = —g(y) for some y. But f is 
either always positive or always negative, since f (x) 4 0 forall x. So g(x) and g(y) 
have different signs. This implies that g(z) = 0 for some z, which is impossible, 


since 0 4 f(z) = +¢(z). 


9. (a) f(x) > 0 for all x 4 a. For if xo > a is the point with f(x) > 0, and if 
f(x) <0 for some x > a, then f(z) = 0 for some z in the interval between xp and 
x; since z # a, this contradicts the hypothesis. The proof for x < a is similar. 


(b) f(x) > 0 for all x > a, and f(x) < 0 for all x < a [the proof is essentially the 
same as for part (a)]. 


(c) For y £0, let f(x) = x9 4+ x?y + xy? + y? (to be very explicit we could write 
Fy instead of f). Since 


4_ 44 
fos  forx xy 

A~A—y Fei 
FQ) =4y* #0 


we have f(x) = 0 only when x = —y. “ 

Say that y > 0. Then f(y) = 4y? > 0, while f(—2y) = —Sy? < 0. It follows’. 
from part (b) that f(x) > 0 for x > —y and f(x) < 0 forx < —y. Similarly, if. 
y <0, so that y < 0 < —2y, then f(y) < 0 while f(—2y) > 0, so again f(x) > 0 
for x > —y and f(x) < 0 forx < —y. In short, x34 x?y + xy? + y? > 0 for 
x+y>Oand<Oforx+y<0O. 


12. (a) Use the proof in the solution to Problem 11, but applied to f and —/. 


(b) Apply the same proof to f and g. 


13. (a) No, f is not continuous on [—1, 1]. If a < b are two points in [—1, 1] 
with a,b > 0 ora, b < 0, then f takes every value between f(a) and f(b) on the 
interval [a, b] since f is continuous on [a, b]. On the other hand, if a < 0 < b, then 
f takes on all values between —1 and 1 on [a, b], so f certainly takes on all values 
between f(a) and f(b). The same argument works for a = 0 or b = 0 (because 
f() was defined to be in [—1, 1]). 


(b) If f were not continuous at a, then (by Problem 6-9(b)) for some ¢ > 0 there 
would be x arbitrarily close to a with f(x) > f(a) +e or f(x) < f(a) —-e, 
say the first. We can even assume that there are such x’s arbitrarily close to a and 
> a, or else arbitrarily close to a and < a, say the first. Pick some x > a@ with 
I) > f(a) +e. By the Intermediate Value Theorem, there is x’ between a and x 
with f(x’) < f(a)+¢. But there is also y between a and x’ with f(y) > f(a)+e. 
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By the Intermediate Value Theorem, f takes on the value f(a) ++ ¢ between x and 
x’ and also between x’ and y, contradicting the hypothesis. 


(c) As in (b), choose x; > a with f(x,) > f(@)+e. Then choose x; between a and 
x, with f (x}) < f(a)+e. Then choose x2 between a and x} with f(x2) > f(a)+e 
and x4, between a and x2 with f(x4) < f(a) +e. Etc. Then f takes on the value 
f(@) +6 on each interval [x/,, x,], contradicting the hypothesis. 


14. (a) This is obvious since |cf|(x) = |e] - | f(&x)| for all x in [0, 1]. 


(b) We have 
lf + gl@) =1f@) + g@) Ss |f@)| + le@)| SI FIG) + [gl@). 
If | f + g| has its maximum value at x9, then 


If + ell =|f + 3l@o) < lf1@0) + lgl@o) < IF + llgll- 


If f and g are the two functions shown below, then 


IF = fel=lf+ell=1, 
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so || f+gl! # iif ll+llg|l. (Notice that this happens even though we have | f+g](x) = 
lf IG) + |g|(x) for all x.) 


(c) Apply part (b) with f replaced by h — g and g replaced by g — f. 


15. (a) Choose b > 0 so that |@(b)/b"| < 1/2. Then 
a) b” 
>—>0. 


bn 2 


Similarly, if a < 0 and |@(a)/a?| < 1/2, then a" + O(a) < a"/2 <0. So x" 4. 
(x) = 0 for some x in [a, b]. 


(b) Choose a > 0 such that a” > 26(0) and such that |¢(x)/x"| < 1/2 for |x| > a. 
Then for |x| > @ we have , 


b" + $(b) =b" (1+ 


x" + $(x) =x" ¢ 4 o) RE Ee TA 
x” 2 2 


so the minimum of x” + (x) for x in [—a, a] is the minimum for all x. 


16. (a) Consider the value f(xo) for some particular x9 in (a, b). The hypotheses 
imply that there is an ¢ > 0 so that f(x) > f (xo) forall x witheithera <x <a+te 
or b—e¢ < x < b. Then the minimum of f on the closed interval [a + ¢, b — €] is 
is also the minimum on all of (a, b) (since the minimum on that closed interval is 
certainly < f (xo), and thus also < f(x) for all the other x in (a, b), i-e., for all x 
with eithera <x <a+eorb—eé <x <b). 


(b) The proofs are basically the same. For example, for the case (—o0, b) the hy- 
potheses imply that there is a (small) number ¢ and a (large negative) number N 
such that f(x) > f(x) for all x with either x < N orb —e < x < b. Then the 
minimum of f on [N, b — ¢] will also be the minimum on all of (—oo, b). 


17. If 
f(x) =x" + ay_ix” | +--+ +a, 
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let 
M = max(1, 2n]ay-}|, ..., 21]ao|). 

Then for all x with |x| > M we have 

1 an-1 ag 

—-<j[+—-+4...4— 

5 = + 7 sbeec- 7 
so as vi 

— |yt “n—-l ~ ot n 
lfc = [xt (1+ +--+ SB) > arya, 


Ifb > M satisfies |b"| > 2 (0), then | f(x)| = | f(0)| for |x| = b. So the minimum 

value of | f(x)| on [—d, b] is the minimum value on R. (Naturally this problem can 

be generalized exactly as in Problem 15: If ¢ is continuous and lim | o(x)/x” =0= 
x 


3 jim | $(*) /x", then there is some number y such that |y” + d(y)| < |x” + O(x)| 
for all x.) 


18. Pick b > 0 so that f(x) < f(0) for |x| > b. Then the maximum of f on 
[—b, b] is also the maximum on R. 


—b 


19. (a) Apply Theorem 3 to the (continuous) function 
dz) =V(f@)+@—x)?, 
which gives the distance from (x, 0) to (z, f(z)), for z in [a, b]. 
(b) If f(x) = x on (a, D), then no point of the graph is nearest to the point (a, a). 
(c) Clearly the function d of part (a) satisfies iim, dzZ=xo= im) d(z), since 


d(z) = |z —x|. Choose c > 0 so that d(z) > d(0) for |z| > c. Then the minimum 
of d on [—c, c] will be the minimum of d on R. 


(d) By definition, g(x) = ¥(f(z))? + (¢ — x)? for some z in [a, b]. Now 
Vf@Yr+@-yP <VF@OYr+@—-—x?+\z-y| forall z. 


So g(y), the minimum of all ./ (f(z))* + (z — y)?, is less than or equal to [z—y|+ the 
minimum of all / (f(z))? + (z — x)*, whichis g(x)+|y—x|. Since |g(y)—g(x)| < 
|y — x| it follows that g is continuous (given ¢ > 0, let 5 = «). 
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(e) Apply Theorem 3 to the continuous function g on [a, b]. 


20. (a) Ifthe continuous function g satisfied g(x) 4 0 for all x, then either g(x) > 0 
for all x or g(x) < 0 for all x, ie., either f(x) > f(x+1/n) or f(x) < f(x+1/n) 
for all x. In the first case, for example, we would have 


FfO) > fU/n) > fFQR/n) > --- > fa/n) = fF), 


contradicting the hypothesis that f(0) = f (1). 
(b) The picture below illustrates such a function f when 1/4 < a < 1/3. 
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In general, if 1/@+1) <a < 1/n, define f arbitrarily on [0, a], subject only 
to the condition that f(0) = 0, f(@) > 0, and f(1 — na) = —nf(a). Since 
1/(n+-1) < a < 1/n, the numbers 0, 1—na, and a are all distinct, so this is possible. 
Then define f on [ka, (k+1)a] by f(ka+x) = f(x) +ka. In particular, we have 
fC) = fma+d—na)) =na+ f(1—na) = 0, but f(x +a)— f(@ = f@ >0 


for all x. 

21. (a) If f(a) = f(b) fora < b, then we cannot have f(x,) > f(a) and f(x) < 
F (a) for some x1, x2 in [a, b], since this would imply that f(x) = f(a) for some 
x between x; and x2, so that f would take on the value f(a) three times. So either 
J) > f@ for all x in (a, b), or else f(x) < f(@) for all x in (@, b), say the first. 


Pick any x9 in (a, b). 
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The Intermediate Value Theorem implies that f takes on all values between f(a) 
and f (x9) in the interval [a@, xo] and also in the interval [xo, b]. So we cannot have 
F@) > f@ for x < aorx > b, since this would imply that f takes on these 
values yet a third time (on [x, a] or [b, x]}. So f is actually bounded above on R 
(since it is bounded on [a, b]), which means that f does not take on every value. 


(b) Moreover, even if we allowed the situation where f did not take on all values, 
it would still be true that f actually has a maximum value M on R (the maximum 
on [a, b] will be the maximum on R). Now f must take on this maximum value 
twice, say at xo and x}. Picka<x<B<x1</y. 


If m is the maximum of f(@), f(8), f(y), then f takes on all values between m 
and M on each interval [q, xo], [xo, 8], [8, x1] and [71, y], which is impossible. 


Chapter 7 91 


(c) The following picture, for n = 5, will indicate the general case. 


(d) Pick x) <--+- <x, with f(x) =-+- = f(x,) =a. In each interval (x;, x;+1), 
either f > a or f < a. Since n is even, there are an odd number, n — 1, of such 
intervals, so either f > a in more than half of them, or f < a in more than half of 
them. Thus f > a in at least n/2 of them, or f < a in at least n/2 of them, say 
the first. Then f takes on all values slightly larger than a at least twice in at least’ 
n/2 intervals. This shows that f cannot take on these values any where else, so f” 
is bounded above. (Moreover, the same sort of argument as in part (c) shows that f' 
would have to take on values slightly less that the maximum value at least 2” times.) 


CHAPTER 8 


1. (ii) 1 is the greatest element and —1 is the least element. 
(iv) 0 is the least element, and the least upper bound is /2, which is not in the set. 
(vi) Since {x : x? +x+1 <0} = ([-1-~<V5]/2, [-1+ V5]/2), the greatest 


lower bound is [-1 —/5 ] if 2 and the least upper bound is [-1 +/S5 ] / 2; neither 
belongs to the set. 


(viii) 1 — 1/2 is the greatest element, and the greatest lower bound is —1, which is 
not in the set. 


2. (b) Since A is bounded below, B 4 @. Since A # Q, there is some x in A. Then 
any y > x is not an upper bound for A, so no such y is in B, so B is bounded above. 
Let a = sup B. Then & is automatically > any lower bound for A, so it suffices to 
prove that aw is a lower bound for A. Now if @ were not a lower bound for A, then 
there would be some x in A with x < a. Since q is the east upper bound of B, this 
would mean that there is some y in B with x < y < a. But this is impossible, since 
x < y means that y is not a lower bound for A, so y would not be in B. 


3. (a) No. For example, the functions f shown below have no second smallest x 
with f(x) = 0. 


Since b — a +x varies between b and a as x varies between a and b, the function 
g(x) = f(b +a —xy) satisfies g(a) = f(b) > 0 and g(b) = f(@) < 0. So there is 
a smallest y with g(y) = 0. Then x = b—a+y is the largest x with f(x) = 0. 


(b) Clearly B + @, since a is in B; in fact, there is some 6 > 0 such that B contains 
all points x satisfying a < x < a+, by Problem 6-16, since f is continuous on 
[a, b] and f(x) < 0. Similarly, b is an upper bound for B, and, in fact, there is a 
6 > 0 such that all points x satisfying b — 6 < x < b are upper bounds for A; this 
also follows from Problem 6-16, since f is continuous on [a, b] and f(b) > 0. 

Let a = supA. Then a <a < b. Suppose f(a) < 0. By Theorem 6-3, there is a 
6 > Osuch that f(@) < 0 fora —d <x <a@+6. This would mean that a + 6/2 is 
in A, a contradiction. Similarly, suppose f(@) > 0. Then there is a 6 > O such that 
f(x) > Ofora—6 <x <a+6. But then a — 6/2 would also be an upper bound 
for B, contradicting the fact that a is the least upper bound. So f(a) = 0. 
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This @ is the greatest x in [a, b] with f(x) = 0. The sets A and B are different 
for the function shown below. 


4. (a) Let c be the largest x in [a, xo] with f(x) = 0 and d the smallest x in [xo, bl: 
with f(x) =0. 


(b) Let c be the largest x in [a, b] with f(x) = f(a), and let d be the smallest x in 
[c, b] with f(x) = f(b). 


6. (a) By definition of continuity, we have f(a) = Tim Ff) for all a, so it suffices 
to prove that lim f() = 0 (knowing that the limit / exists). Now given ¢ > 0, there 


X->a 
is ad > O such that | f(x) —/] < « for all x satisfying 0 < |x — a] < 6. Since A is 
dense, there is a number x in A satisfying 0 < |x — a] < 6; so |O—/] < &. Since 
this is true for all ¢ > 0, it follows that 1 = 0. 


(b) Apply part (a) to f — g. 


(c) As in part (b), it obviously suffices to show that if f is continuous and f(x) > 0 
for all numbers x in A, then f(x) > 0 for all x. Now there is a 5 > O such that, for 


94 Chapter 8 


all x, if 0 < |x —aj < 4, then | f(x) —| < |J|/2. This implies that f(x) < 1+ [|/2; 
if 1 < 0, it would follow that f(x) < 0, which would be false for those x in A which 
satisfy 0 < |x —a| <6. 

It is not possible to replace > by > throughout. For example, if f(x) = |x|, then 
f(x) > 0 for all x in the dense set {x : x 4 0}, but it is not true that f(x) > 0 for 
all x. 


7. According to Problem 3-16, we have f(x) = ex for all rational x (where c = 
F(1)). Since f is continuous, it follows from Problem 6 that f(x) = cx for all x 
(apply Problem 6 to f and g(x) = cx). 


8. (a) The set {f(x) : x < a} is bounded above (by f(@)); let a = sup{f(x) : 
x <a}. Then lim f(x) = @. Given any ¢ > 0, there is some f(x) forx <a 


x— 
with f(x) > @ — &, since @ is the least upper bound of {f(x) : x < a}. Let 
6=a-—x.Ifa-8 <y <a, thenx < y < a,so f(x) < f(y). This means that 
a> f(y) > a—6, so surely |f(y) —a@| <e. 
The proof that lim = inf{ f(x): x > a} is similar. 
x-at 
(b) It is clear from part (a) that 
lim f(x) < f@ < lim f(). 
xa~ x—at 
If jim F(x) exists, it follows that 
lim f(x) = lim f(*) < f@) < lim, f(x) = lim f(), 
xa x-a7~ x—oat xa 
so iim f@) = f(@). Thus f is continuous at a, so f cannot have a removable 
discontinuity at a. 
(c) If f is not continuous at some point a, then 


sup{ f(x) :x <a}= im f() < jim, F@) =inf{f@) : x > a}. 


It follows that f(x} cannot have any value ae Jim, f@) and im, F(), ex- 


cept f(a), so f cannot satisfy the Intermediate Value “Theorem. 


9, (a) is obvious for [|] [|], since |cf|(x) = lel - |, f (| for all x in [0, 1]. 


(b) We have | f + g|(x) < |f]@) + |g|(@) for all x in [0, 1]. Since |l| f + glll is 
sup{| f + g|(x) : x in [0, 1]}, there is some XQ in [0, 1] with 

lf + glll-if + gl@o) <e, 
which implies that 


lf + alll — []f1@o) + lgl@o)] <«. 
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Since | f|(xo) < Ill fIll and |g}(xo) < Illg|ll, it follows that 

If + gill — [IAI + Ilgllt] < ¢. 
Since this is true for every ¢ > 0, it follows that ||| f + glll < Ill FIll + Illglll- 
(c) follows from (b), just as in Problem 7-14. 


11. (a) We have ay41 < a,/2" < a,/n. Choose n so that 1/n < e¢/ay. Then 
Qnt1< &. 


(b) Let R; be the area of region number i in the following figure. 


We must show that 
Ro < 5(Ri + Ro), 


or 
Ro < Ri. 


This is clear, since Ro < Ro +R3 = Rj. 


(c) Apply part (a) witha, = area of the circle minus the area of an inscribed regular 
polygon with 2”+! sides; part (b) says that dn41 < a,/2. 


(d) Let r; and rz be the radii of the two circles C, and Co, and let A; be the area of 
the region bounded by C;. We know that there are numbers 6), 52 > 0 such that 


for any numbers B,, Bz with |A; — B;| < 5;. By part (c) there are numbers n; such 
that the area of a regular polygon, with n; sides, inscribed in C; differs from A; by 
less than 6;. Let P; be the area of a regular polygon inscribed in C; with max(71, n2) 
sides. Then 


A) Pi 
—i- — < 1 
Ar P 

so 


e-5 
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Since this is true for each ¢ > 0, it follows that A,/A2 = r,7/ 12”. 


14. (a) For each n and m we have a, < bm, because a, < Gnim < bnam < bm. 
It follows from Problem 12 that sup{a, : n in N} < inf{b, : n in N}. Let x be any 
number between these two numbers. Then a, < x < by, for all n, so x is inevery Jy. 


(b) Let J, = (0, 1/n). 


15, Let c be in each J,. If f(c) < 0, then there is some 5 > 0 such that f(x) < 0 
for all x in [a, b] with |x —c| < 6. Choose n with 1/2” < 8. Since c is in J,, which 
has total length 1/2”, it follows that all points x of I, satisfy |x — c| < 6. This 
contradicts the fact that f changes sign on J,. Similarly, we cannot have f(c) > 0. 
So f(c) =0. 


16, Let c be in each 7,. Since f is continuous at c, there is a 8 > 0 such that f 
is bounded on the set of all points in [0, 1] satisfying {x — c| < 5. Choose n with 
1/2” < §. Since c is in J), all points x of J, satisfy |x — c[ < 6. This contradicts 
the fact that f is not bounded on /,,. 


17. (a) @) Ifx isin A thenx <a.Soy<x<a,soy <a,soyisin A. 
di) w — Lis in A. 
(iii) @ + 1 is not in A. 


(iv) If x is in A, then x < a. Let x’ = (x +@)/2. Then x < x’ <a, sox’ isin A. 


(b) According to (iii) there is some y with y not in A. If y < x, then x cannot be 
in A, because (i) would imply that y is in A. Thus y is an upper bound for A, and 
A #0 by (ii), so sup A exists. Given x in A, choose x’ in A withx < x’, by (iv). 
Then x < x’ < supA, sox < sup A. Conversely, if x < sup A, then there is some 
yin A with x < y. Hence x is in A, by (i). 
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18. (a) 
Almost upper bounds Almost lower bounds 

(i) Alla > 0. Alla <0. 

Gi) Alla > 0. Alla <0. 

iii) Alla > 0. Alla <0. 

(iv) Alla > V2. Alla <0. 

{v) None. None. 

(vi) Alla > [-1+¥5]/2. Alla <[-1+ ¥5]/2. 
(vii) Alla > 0. Alla < [-1+75]/2. 
(viii) Alle > 1. Alla < —1. 


(b) Every upper bound for A is surely an almost upper bound, so B 4 %. No lower 
bound for A can possibly be an almost lower bound (since A is infinite), so B is 
bounded below by any lower bound for A. 

c. (i), (ii), (iii) 0. 

(iv) V2. 

(v) Does not exist. 

(vi) [-1+ V5 ]/2. 

(vii) 0. 

(vili) 1. 

(d) lim A = supC, where C is the set of all almost lower bounds. 

(i), (ii), (iii) (iv) 0. 

(v) Does not exist. 

(vi) [-1+ ¥5]/2. 

(vii) [-1+ V5] /2. 


(viii) —1. 


19, (a) If x is an almost lower bound of A, and y is an almost upper bound, then 
there are only finitely many numbers in A which are < x or > y. Since A is infinite, 
it follows that we must have x < y. Thus (Problem 12) lim A < lim A. 


(b) This is clear, since lim A < q@ for any almost upper bound a, and @ = sup A is 
an almost upper bound. 


(c) If limA < sup, there is some almost upper bound x of A with x < sup A, 
So there are only finitely many numbers of A which are greater than x (and there 
is at least one, since x < sup A). The largest of these finitely many elements is the 
largest element of A. 
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(d) Reverse the inequalities in the arguments for parts (b) and (c). 


20. (a) Notice that we must have f(x) < f(supA), because f is continuous at 
sup A and there are points y arbitrarily close to sup A with f(x) < f(y). (A simple 
é-6 argument is being suppressed.) Now suppose that sup A < b. Then f(b) < 
F(). Moreover, sup A is a shadow point, so there is some z > supA with f(z) > 
f(sup A) > f(x). We cannot have z < b, for this would mean that z is in A. So 
z>band f(b) < f(x) < f(z), contradicting the fact that b is not a shadow point. 


(b) Since f is continuous at a, and f(x) < f(b) for all x in (@, db), it follows that 
f() < f() (either by a simple e-5 argument, or using Problem 6, if you prefer). 


(c) If f(a) < f(b), then a would be a shadow point, so f(a) = f(b). 
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1, (a) For y > x we have, by the Mean Value Theorem, 
y% —x% = (y — x)aee! x<&<y. 


So for w > 1 we have 
y® —x* > ax ly — x). 


Since x*—! is unbounded on [0, 00), we cannot make y* —x® < e simply by making 
y — x less than any fixed 6. So f is not uniformly continuous on [0, 00) fora > 1. 
For 0 < @ < 1 we have to be a little more careful. We have 


y® —x* <ay*"'(y — x) 
<a(y — x) for y > 1. 
which at least shows that f is uniformly continuous on [1, 00). Since it is also 
uniformly continuous on [0, 1] by the Theorem, it follows that it is uniformly con- 
tinuous on [0, 00). (The argument for this is a simple corollary of the Lemma [with 
¢ = 00].) 


(b) f(x) = sin(1/x) 


(c) Just let f have portions with larger and larger slopes: 


2. (a) Given ¢ > 0, choose 6 > O such that, for all x and y in A, 
if |x — y| < 4, then | f(x) — fO)I, Ig@) — gQ)| < €/2. 
Then also 
If + g)(x) — (f + 8)y)| <6. 


(b) Choose M > 0 so that | f (x)|, |g(x)| < M for all x in A. Given ¢ > 0, choose 
6 > 0 such that, for all x and y in A, 


é & 
if |x — y| < 6, then |/f(x) — FO), lg) -— eg) < Ve 
Then also 
If@e@) — fO)8O)| = 1 f@)Me@) - sO) + sOOLF@) -— FO] 
é 
Sop og 
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(c) Let f(x) = x and g(x) = sinx, both uniformly continuous on [0, 00). The 
product is not uniformly continuous on [0, co), since there will be places where the 
graph is growing arbitrarily fast. 


(d) Given ¢ > 0, choose e’ > 0 such that, for all a and £ in B, 
if | — B| <e’, then |g(a) — g(f)| <e. 
Then choose 6 > 0 such that, for all x and y in A, 
if |x — y| < 4, then |f(x) — f(y)| < e’. 
It follows that 


if |x — y| < 4, then |g(f(x)) — g(f())| <e. 


3. Given e > 0, suppose f is not ¢-good on [a, b]. Then, by the Lemma, either 
f is not e-good on [a, (a + b)/2] or f is not e-good on [(a + b)/2, b]. Let I; be 
one of the halves on which f is not e-good. Now bisect J), and let J; be a half on 
which f is not ¢-good. Etc. Let xo be a point in all Z,. Choose > 0 such that, 
if |x — x9] < 8, then | f(x) — f(xo)| < ¢/2. It follows that if |x — xo| < 6 and 
ly — xo] < 4, then |f() — fQ)| <4, ie. f is e-good on (%9 — ¢,%9 + €). But 
some /, is contained in this interval, a contradiction. 


4. Choose 6 > 0 such that, if x and y are in [a, b] and |y — x| < 6, then | f(y) — 
F(x)| < e. Let K = [(b — a)/6]+ 1. Then for any point x in [a, b], there is a 
sequence 


a = dQ, Qi, G2, ...,Ak =X 
with k < K and [a;4; — a;| < 6. It follows that 


f(r) —- f@1<e 
lf(a2)— fla)| <e 


\f@&) — f@-1)| <e 
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which implies that 

\f(*) — f@|< Ke 
and hence 

lf@)| < f(@)+Ke 


for all x in [a, 6]. 
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1. (b) The following figure illustrates the tangent lines to the graph of f(x) = 1/x. 


2. (b) The following figure illustrates the tangent lines to the graph of f (x) = 1/x ?. 
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6. (a) The picture below indicates the relation between f’ and (f +c)’. 


(b) The figure below indicates the relation between f’ and (cf)’. 
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8. (a) The figure below indicates the relation between f’ and g’ if g(x) = f(x+c). 


12. (a) a’(t) = L(@(t)) (the velocity at time ¢ should be the velocity allowed at the 
point a(t), where the car is located). 


(b) The hypothesis means that b(t) = a(t — 1). Thus 
b(t) =a'(t -—1) = Liat — 1) =L(b@)). 


(c) Suppose b(t) = a(t)—c. Then b’(t) = a’(t) = L(a(t)), whereas b’(t) should be 
L(b(t)) = L(a) —c). So B travels at the speed limit if the function L is periodic, 
with period c. 


13. The limit 
lim h(at+ “ — h(a) 


t>0 
exists, because 
ha@th—h@ _ | s@ti—-s@ 


lim 
t>0t t t>0+ t 

= right-hand derivative of g, 
iy ONY 2 a SOTO) 
t30- gets 


= right-hand Rote of f, 


and these two limits are equal. 


14, 
' ed a FO) _ oy 
FO= oa a ae ay h 
Now ; Riad 
f®) . irrationa 
h yo h rational, 
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so jim f@/h=0. 


15. (a) Notice that f(0) = 0. Since [f(h)/h| < h2/|h| < |hl, it follows that 
lim f(A)/h =O, ie., f'O) =0. 


(b) If g(0) = 0 and g’(0) = 0, then f’(0) = 0: For, |f(A)/h] < |g(h)/hi = 
Ite (A)—g(0))/h I, which can be made as small as desired, by choosing / sufficiently 
small, since g’(0) = 0. 


16. Since |f(0)| < [0/%, we have f(0) = 0. Now |f(A)/h| < [n|*—!, and 
fim |h[e~" = 0, since a > 1, so jim f(h)/h =0. Thus f’(0) = 0. 
> —> 


17. |f(h)/h| = |h|P-'; since B — 1 < 0, the number |h|-! becomes large as h 
approaches 0, so jim FS (h)/h does not exist. 


an. 


18. Since f is not continuous at a if a is rational, f is also not differentiable at. 

rational a. If a = m.a,a2a3... is irrational and A is rational, then a +A is irrational, 

so ffa+h)— f@ = 0. Butifh = —0.00...0an;;an42..., thena +h = 

m.a\2...a,000..., 80 f(a-+h) > 10~", while |h| < 107”, so we have |[f (a +” 

h)—f (a) h| > 1. Thus [f(a+h)—f(@)]/h is 0 for arbitrarily small / and also has 

absolute value > 1 for arbitrarily small #. It follows that lim [ fath)—f@l/r 
> 


cannot exist. 


19, (a} Fort > 0 we have 
fat+n-f@ _ sati—-s@ _ h@tth-hk@ 
t = t “? ft 
since f(a) = g(a) = h(a). The left and right sides approach f’(a) = h’(a) as 
t —> 0t, so the middle term must also approach this limit. For ¢ < 0 we have the 
inequalities reversed, which shows that as t + O7 the middle term again approaches 


f'@ = h'@). 


(b) A counterexample without the condition f(a) = g(a) = h(a) is shown below. 


2 


h 
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20. (a) 
d=f@)-f@@-a-f@ 
= x4 —4a3(x —a)— a’ 
= x* —4q3x + 3a‘ 
= (x — a)(x? + ax? + a*x — 3a’) 
=(%-ayx- ay(x? + 2ax + 3a”). 
(b) f(@) — f@) clearly has a as a root, so f(x) — f@) is divisible by x — a by 


Problem 3-7. This means that [f (x) — f(@)]/(@ — a) is a polynomial function, so 
d(x)/(x — a) is the polynomial function 


h(a) = LO fe) _ #'@). 


Then iim h(x) = 0 by the definition of . (a). This implies that h(a) = 0, since 


the (polynomial) function hf is continuous. So d(x)/(x — a) has a as a root, so 
d(x)/(x — a) is divisible by (x — a), i.e., d(x) is divisible by (x — a)?. 


22. (a) 
Hex. wt Rh) FE) F(x —h) — fF) F(x) — f(% —h) 
Se gS Se 
So 
tim FEA PEND 5 | ti LO FAY FO) a ia nen] 
h>0 2h 2 | hoo h h0 h 
= f'(x). 

(b) 
Fath)-fa@—-k) oA Lath) —FR) kK f@)-fe-*) 

h+k ~h+k h h+k k , 


Since [f(x +h) — f(x)]/h and [f(*) — f(« —4)]/k are close to f’(x) when A and 
k are sufficiently small, this would seem to imply that 


feth-fe-b h 
ae ne lose t —— + — "(x). 
nok is close to arr f@M=f'®) 
However, some care is required to carry this argument out, for the following reason. 
If h/(h +k) were very large, then 
A fe th)— f@) 
h+k h 
could differ from hf’(x)/(h +k) by a large amount, even if [f(x +h) — f(x)]/h 


differed from f’(x) by only a small amount. It will be essential to use the fact that 
both # and k are positive; otherwise h/(h+-k) could be made very large by choosing 
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k close to —h. In fact the result is false if h and k are allowed to have different signs 
even when h + k = 0 is not allowed. The proper argument is as follows. If ¢ > 0 
there is a 6 > O such that for 0 < h < 5 and0 < k <6 we have 

h)— 


h 
< pitt Meat AG ae) Ze =e f'@) <2. 


Since h, k > 0, we can multiply these inequalities by h/(h +k) and by k/(h +k), 


respectively. Upon adding we obtain 


f@t+h) — f(x —k) h k / 
Gt) 


oe ee 
Wak hE nek 
h k 
<s(pp +p) 


or 
— L@th)~fe- ! 
Rk — ff) <6. 


This proves the required limit. 


— f'(—x), by Problem 8(b). But also g(x) = 


23. If g(x) = f(—x) then g’(x) = 
f'(), so f'(x) = —f"(—x). 


F(x), so g’(x) = 


108 Chapter 9 


24. If g(x) = f(—x), then g’(x) = —f’(—x). But also g(x) = —f (x), so g’(x) = 
—f'(x), so f(x) = f(x). 


25. f™ is even if k is even and f is even, or if k is odd and f is odd; f ™ is odd 
in the other two cases. 


26. (ii) f(x) = 20x. 
(iv) f"(x) = 20(x — 3). 


27. Proof by induction on k. The result is true for k = 0. If 
| 


Wry) — nk 
Sn (X) ae ip ; 
then 
Hy — MOH net 
cy EES 
- n} n—(k+1) 
[In —(K +1)]! 
28. (a) Since 
x, x>0 
fa) = —-x*, x <0, 
we have 
3x? x>0 6x, x>0 
/ = ’ u = 
foy=| os x <0 fe) ee x <0. 


Moreover, f’(0) = f”(0) = 0. But f’’(0) does not exist. 
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(b) The same sort of reasoning shows that 


fx df aes. 20 . = (aces x>0 
r= |, x<0 i) —12x?, x <0 
24x x>0 
Whey __ : 
f ga | x <0 


and that f’(0) = f”(0) = f’”(0) = 0, but that f(O) does not exist. 


29. Clearly f(x) = ni/(n — k)Ix"* for 0 < k <n—1andx > 0, while 
f(x) = 0 forall k if x < 0. From these formulas it is easy to see that f(0) =0 
for 0 < k <n—1. In particular, f@-) (x) = n!x for x > 0, and f° (x) = 0 for 
x <0. So f™(0) does not exist, since fim, nth /h=n', while im 0/h=0. 


30. (ii) means that f(a) = —1/a? if f(x) = 1/x. 
(iv) means that g’(a) = cf’(a) if g(x) = cf (x). 
(vi) means that f’(a”) = 3a‘ if f(x) = x3. 

(viii) means that g’(b) = cf’(cb) if g(x) = f (ex). 
(x) means that f(a) = k!(2)a"~* if f(x) =x". 
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2. (ii) cos x ++ 2x cos x?. 
(iv) cos(sinx) - cos x. 
(vi) ; : 
x cos(cos x){— sin x) — sin(cos x) 
x? : 


(viii) cos(cos(sin x)) - (— sin(sin x)) - cos x. 


2. (ii) 3 sin?(x? + sin x) - cos(x? + sinx)x) - (2x + cos x). 


(iv) 


x (cos x7)3x? + x3 sinx? - 3x? 
S so 
(= x ) cos? x3 
(vi) 312(cos x)3!"-! . (— sin x). 
(viii) 3 sin(sin?(sin x)) - cos(sin?(sin x)) - 2 sin(sinx) - cos(sin x) - cos x. 
(x) 
cos(sin(sin(sin(sin x)))) - cos(sin(sin(sin x))) - cos(sin(sin x)) - cos(sin x) - cos x. 
(xii) 
5? +x)? +x) +x)*- 1+ 4%? +x)? +2) {1 +3? +x) [1 + 2x]}. 
(xiv) 
cos(6 cos(6 sin(6 cos 6x))) -6(— sin(6 sin(6 cos 6x)) - 6 cos(6 cos 6x) - 6(— sin 6x) - 6. 


(xvi) 
= E 20+ a 
(x + sin x)? 
2 2 
Pa a 

x+sinx 

(xviii) 

* 
cos | —————————___ x 


é x 
x — $in , 
x —Ssinx 


: x x x — sinx —x[1 —cos x] 
x — sin - —x|1—cos - en ae ai Cane 
x — sinx x—sinx (x — sinx) 
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3. See page 310 of the text. 


4, Gi) cos(sin x). 
(iv) 0. 


5. (ii) (2x). 
(iv) 17-17. 


6. Gi) f"(r) = g(x - g@)) -g@). 
(iv) f’@) = g'(x)(@ —a) + g(x). 
(vi) f’(x) = g(x — 3)?) - 2% — 3). 
8. If the two circles have radii r,(t) < r2(t) at time t, with corresponding areas 
Aj(t) = ar;(t)*, then 
xra(t)? —ar(t)* = 9x, 
Ab(t) = 10x. 


Consequently, 
10x — 2711 (t)r} (t) = 0. 


Now the smaller circle has area 167 when r;(t) = 4, so at this time r}(t) = 5/4. 
The circumference C(t) = 2zr;(f) thus satisfies C’(t) = 2xrj(t) = 52/2 at this’ 
time. 
9. Let (a(t), 0) be the position of A at time ¢. Then at the time in question we have 
a(t) =5, a’(t) =3. 
If (b (t), -V3 b(t)) is the position of B at time ¢, then its distance from the origin is 
Vb)? + 3b(0)? = —2b(¢) 

and its speed is —2b’(t). At the time in question we have 

b(t) = —3/2, b'(t) = 2. 
The distance d(t) between A and B satisfies 

d(ty’ = [a(t) —b@))P + 300), 
so at the time in question 

d(t) = (5+ 3)’ +3(3) =7. 
Moreover, 

2d(t)d'(t) = 2[a(t) — b(¢)] - [a"(¢) — b’(t)] + 6b'@)b'(t). 
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Substituting the values found for a(t), b(t), a’(t), b’(t) and d(t) at the time in 
question, we obtain d’(t) = 2. 


10. Gi) Ko f)’(0) =k (FO) - f’O) =0. 


11. By definition 
0) = lim 2 
f) = lim 7 


eel g(x) sin via 


x20 x 
Now 
kim gt) _ km g(x) — g(0) 
x>0 x x0 x 
= g'(0) =0. 


Since | sin1/x| < 1, it follows that f’(0) = 0 (as in Problem 5-21). 


13. (a) The Chain Rule and Problem 9-3 imply that 


1 
i ) = —___. 
an 2V1 — x2 


x 


J1—x2. 


—2x 


(b) The tangent line through (a, vil—- a?) is the graph of 


g(x) =— (a) + V1 


So if f(x) = g(x), then 


a [a Oa (eee YY; TD 


1-4 
Squaring yields 
1-x’ = il a a oe 
1-a? 
Multiplying through by 1 - a, and multiplying out, everything reduces to 
—x? — q? = —2ax, 


i.e., (x — a)? = 0, so x =a. Notice that the same argument shows that g does not 
intersect the graph of f(x) = —V 1 —x?, which is the bottom half of the unit circle. 
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14. The graph of the function 


fe=bf1-% 


is the top half of the ellipse with consists of all points (x, y) satisfying 


Now 


The easiest way to solve this equation is to use the following trick. If we let x’ = x/a 
and c’ = c/a, then the equation becomes 


zs _—b(ca) c.g rr, 
(1) aes -—c)-a+by1—-(c')?, 


or simply 


V1~(@'? = eda ~c)+V1—(cy. 


The solution to Problem 13 shows that x’ = c’, sox =c. 
For the hyperbola, we consider 


2 
f@) =by 5-1. 


Then 


so if the tangent line through (c, b./c?/a? — 1) intersects the graph at x, then 
x? be Cc 
(2) by G1 = GO thy G1. 
a? 73 1 
a 


Squaring equations (1) and (2) produces the same result, so the solutions of (2) are 
also x =. 
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15. No. For example, g might be —f. If f(a) A O and f-g and f are differentiable 
at a, then g is differentiable at a. 


16. (a) Since f is differentiable at a, it is continuous at a. Since f(a) # 0, it 
follows that f(x) 4 0 for all x in an interval around a. So f =|f| or f =—|f[in 
this interval, so | f|’(a@) = f’(a) or |f |'(@) = —f'(a). It is also possible to use the 
Chain Rule, and Problem 9-3: | f| = / f2, so 
1 
|f\'@) = -2f @)F'(@) 
av f (x? 


— flty). f(x) 
= FO) cay 


(b) Let fQ@®) =x —- a. 


(c) This follows from part (a), since max(f, g) = [f+g+|f—g|]/2 and min(f, g) 
=([f+e—-lf—sl]/2. 


(d) Use the same example as in part (b), choosing g = 0. 


17. Let g(x) = x3 and f(x) = ¥/x. 


18. (a) g! =2ff". 


(b) g’ _ or". 


on ad 1 3 
(c) 2f’f" =f’ — ae Dividing by f’, we get f” = 2 OFF We don’t have to 
re re 1 ft+i1 
worry about dividing by 0, because (f’)° = f + fi = epee #0. 


19. (a) We have 


(f og)'(x) = f'(g(x)) - 3’) 
(f og)"(%) = f"(ge)) - 8'(x)? + f(g) - 2") 
(fogy"() =[f'"(e)) 9’) + 2F"(9(x)) - o'(x)g"(x)] 
+ EF" (ge) - g(x) g" (&) + F(x) - 8") ] 
= f(g (x) ey + 3F"(e&)) - '(a)e"(x) + f(g)" (x). 
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So 
(f og)” 3 (g =a" 
D fo} = SC CO pi a se PS 
Pos) = Croay 2 \ (fosy 
gens? 30" ee" 2" 3 (Cya-s ) 
“for ffeg gf 2\ fos * g 
_ fMoadg” , 3(ft og” 2" 3 a £y 
flog flog g 2 flog 
_3(f"28)s" 3 (f) 
flog 2\2’ 
=[ Fog 3H 28) 24 -3(€) 
[5 oN a fesl = ef Oe 
= [Df og]. g*+De. 
(b) We have 
try ex +d)—clax+b)  ad—be 
Fa= (cx + dy ~ (ex +d 
n _ _ 2c(ad — bc) 
POE = ays 
m,.. _ 9¢*(ad — be) 
= exe ae 
So 


f(x) 3 f(x) 2 im 6c2 3 ( —2¢ ) 
f'@) -3 (Fa) ~ (extd? 2\ex+d 
= 0. 


20. The proof is by induction on n. For n = 1, Leibnitz’s formula is Theorem 4. 
Suppose that for a certain n, Leibnitz’s formula is true for all numbers a such that 
f™@) and g™(@) exist. Suppose that f@+ (a) and g@*) (a) exist. Then f(x) 
and g(x) must exist for all x in some interval around a. So Leibnitz’s formula 
holds for all these x, that is, 


n 


(F-g)™e) = >> ({) ee «gh YG) 


k=0 
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for all x in some interval around a. Differentiating, and using Theorem 4, we find 
that 


n 


(f- ger = >> (j) (FO gOy'@) 


k=0 


=> (;) [POM aga) + fag" @] 
k=0 
n+l 


= + ee )FPa@ee (a) 
k=1 


+ eS Qi (a)g@t!-) (a) 
k= 


0 
n+l 


1 
ey. e re (ag) (a) _ by Problem 2-3(a). 
k=0 


21. The formulas 
(f og)'(x) = f’(g(x)) -8’(x) 
(f 0 g)"(x) = f" (ex) - 9x)’ + f’(e@)) - 9”() 
(f og) (x) = f'"(e(x)) 9’)? +3 fF" (ex) - o’(x)9"(x) + f(g )9"(x), 


lead to the following conjecture: If f™(g(a)) and g(@) exist, then also 
(f og) (a) exists and is a sum of terms of the form 


c+ [g'(a)™ +» [gay » fF (g(a), 


for some number c, nonnegative integers m11,..., m™,, and a natural number k < n. 
To prove this assertion by induction, note that it is true forn = 1 (witha =m ,= 
k = 1). Now suppose that for a certain n, this assertion is true for all numbers 
a such that f(g(a)) and g(a) exist. Suppose that f+) (g(a)) and g@* (a) 
exist. Then g(x) must exist for all k < n and all x in some interval around a, 
and f(y) must exist for all k <n and all y in some interval around g(a). Since 
g is continuous at a, this implies that f (g(x)) exists for all x in some interval 
around a. So the assertion is true for all these x, that is, (f og) is a sum of terms 
of the form 


e+ [g’(x)™ [eM ayy" - fP(e@), om, ...,m, 20, Lk <n. 
Consequently, (f o g)*(@) is a sum of terms of the form 
c+ malg'(ayy™ «+ [ga]. .-[g™ayy™ - fFP(g@)) me > 0 


or of the form 
e+ [g/(a)]™*! .. .[g™ ayy « FD (g@). 
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22. (a) We can choose 


aux? “aa aix" 
gx= ei S ae ea s +: ae . ere: 

for any number c. 

(b) Let 

box! 3x7? bx oe 
gx) = = = =) Sits Sees Ty 
(c) No, the derivative of f is 
by = 2b2 mdm 


, — n—1 ene —_— em Ol 
f (x) = NAnX + + ay x2 x3 xt . 


23. (a) Let g be a polynomial function of degree n — 1 with precisely n — 1 roots 
(as in Problem 3-7(d)); then g = f’ for some polynomial function f of degree n 
(Problem 22). 


(b) Proceed as in part (a), starting with a polynomial function g of degree n — 1. 
with no roots (notice that n — 1 is even). 


(c) We can proceed as in part (a), or simply note that f(x) = x” has the desired 
property. 


(d) Proceed as in part (a), starting with a polynomial function g of degree n — 1 
with & roots (this exists by Problem 7-4). 


24. (a) If a is a double root of f, so that f(x) = (x — a)? g(x), then f’(x) = 
(x — a)?g'(x) + 2(x — a)g(a), so f’(a) = 0. Conversely, if f(a) = 0 and f’(a) = 
O, then f(x) = (x ~— a)g(x) for some g and f’(x) = (x — a)g’(x) + g(x), so 
0 = f’(a) = g(a); thus g(x) = (x — a)h(x), so f(x) = (x — a)?A(X). 


(b) The only root of O = f’(x) = 2ax +b is x = —b/2a, so f has a double root 
if and only if 
b b* —b 
0= 7(-5;)=«(ga) +4(ar) +6 


or b? — 4ac = 0. Geometrically, this is precisely the condition that the graph of f 
touches the horizontal axis at the single point —b/2a (compare with Figure 22 in 
Problem 9-20). 


25. Since d’(x) = f'(x) — f’(a), we have d’(a) = 0. So a is a double root of d. 
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26. (a) Clearly f will have to be of the form 


n 
f(x) =[[@ -— x’ @x +d) 

j=l 

lft 
(because each x;, j # i is a double root, by Problem 24). It therefore suffices to 
show that a and b can be picked so that f(x;) = a; and f’(x;) = b;. If we write f 
in the form f(x) = g(x)(ax + 5), then we must solve 

[g(xi)xi] -@ + g(xj) -b = a; 
[e’(xa)xi + Bri) -a + 9'Qu) -b =D. 

These equations can always be solved because 


Le (xi)xi] - g’ (xi) — Le" Griz + 8 ad] 9 1) = Le i? #0. 
(b) Let f; be the function constructed in part (a), and let f = fy +---+ fh. 


27. (a) If g(a) and g(b) had different signs, then g(x) would be 0 for some x 
in (a, b), which implies that f(x) = 0, contradicting the fact that a and b are 
consecutive roots. 
(b) We have 
F'(x) = (& — b)g (x) + & — a)g(x) + (& — a) (x — b)g’(x), 
so 
f'@ =@—-Dbeg@), 
f'(b) = (b — a)g(b). 


Since g(a) and g(b) have the same sign, f’(a) and f’(b) have different signs. So 
tf’ (x) =0 for some x in (a, b), since f’ is a continuous function. 


(c) Since 
f'(x) = mx — a)" — by" g(x) + @& — a)™n(x — by" g(x) 
+ (x —a)"(x — b)"g'(x), 


Chapter 10 119 


we have 
h(a) = m(a — b)g(a), 
hb) = nb —a)g), 


so h(a) and h(b) have different signs, so A(x) = 0 for some x in (a, Bb), which 
implies that f’(x) = 0. 


28. 
f'(0) = m 2 (h) — : fO) 
. "hgh =0 
= iy h 
a jim ath) = g(0), since g is continuous at 0. 
29, Let f 
(x) 
gax=i og *79 
f'O), x=0. 
Then f(x) = xg(x) for all x, and 
— #0) = lim 22 TIO _ 1; 
g(0) = f'@) = lim ————— = lim g@), 


so g is continuous at 0. 


30. The proof is by induction on k. For k = 1 we have 


f'@) = nx"! 
= (-1)! ae for x £0. 
Suppose that 
f(x) = (-1)* “= o Snop 
= cane” TET 9 a for x £0. 
Then 


—k k—T)! 
fH = (= yes ell ee ton k-1 


=(- st lr a+ eae —n—(k+1) for x # 0. 
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31. If x = f(x)g(x), then 1 = f’(x)g(x) + f(x)g’(x). In particular, we have 
1 = f’(0)g(0) + f(0)g’(0) = 0, a contradiction. 


32, (a) Using Problem 30 and the Chain Rule, we obtain 


(n+k—TI)! 
! 


f(x) = (-1)* kD “(x—ay"* — forx #a. 


(b) Since 


1 1 1 1 
IO) ay =5(53 -=3): 
we obtain, using part (a), 


(-1l¥(n+k—-1! 


Tah oe eel cia 


fOR)= 


33, 34. The formulas 
1 
ao lh ie 
f@) =x" sin = 
/ m—1 os 1 m—2 1 
FG) = mx"™ sin - — x" cos -, 
x x 
3 


1 1 1 
f(x) = m(m — 1)x""? sin a mx" cos Pee (m — 2)x™-3 cos . 


—x™~ sin —, 
x 


1 1 1 
= m(m — 1)x"—? sin — + (2 — 2m)x"™— 3 cos — — x" sin —, 
x x x 
1 1 
f(x) = m(m — 1)(m — 2)x™ sin > mn — 1)x™~* cos = 
1 1 
+ (m — 3)(2 —2m)x™~* cos - + (2 —2m)x™—- sin - 
1 1 
—(m — 4)x™- sin — + x™-® cos —, 
% x 
suggest the following conjecture: If f(x) = x™ sin1/x, for x 4 0, then 
1 
Ff) =ax™* sin : 
1 
2k—1 xn 2k sin = k even 


1 1 
mol ot m—l 
+ ) —+b —j|t 
(ax sin 1x cos ) 


1 
l=k+1 x-2k cog —, kk odd 
x 
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for certain numbers a, a;, by. Once this conjecture is made, it is easy to check it by 
induction. In fact, differentiating the first term yields 


1 1 
a(m — k)x™-Y gin — — ax™- E12) cg —, 
x ‘x 
2k-+1 
and the second half of this expression can be incorporatedinthe sum } > appearing 
l=k42 


in the desired expression for f “+! (x). Similarly, differentiating the last term yields 


1 1 
+(m — 2k)x™-@ktD gin ae x™-2K+) cog = k even (k + 1 odd) 


1 I 
“(m — 2k)x™-CkK+D cog e x26) sin => k odd (k + 1 even) 


2k+1 
and the first half of each expression can be incorporated in the sum }° . Finally, 
t=k+2 
2k-1 . 
each term appearing in the sum }° yield upon differentiation two terms that can 
l=k--1 
2k-+1 
be incorporated in the new sum }> . 
l=k+-2 


It follows, in particular, that if m = 2n, then f (x) always has a factor of at 
least x? for k <n (while the remaining factor is bounded in an interval around 0). 
So if we define f(0)} = 0, then 


hon we, LM -FO 
FO) = jig 
= Jim a =0, since f (h) has a factor of at least h?; 
—> 


consequently, if 2 <n, then 
_ f’'h) — f'O) 
it _ 
FON 
i 
ee Oe 


0, since f’(h) has a factor of at least h?; 
hoo A 


consequently, if 3 < n, then f’”(0) = 0, etc. This argument (which is really 
another inductive argument) shows that f/(0) = --- = f(0) = 0. On the other 
hand, f ) (x) is a sum of terms which do have a factor of at least x?, together with 
sin 1/x or cos 1/x, so f™ is not continuous at 0. 

If m = 2n +1, then f () always has a factor of at least x? for k <n, so f’(0) = 
+= f™ =0, but f(x) is a sum of terms which do have a factor of at least x2, 
together with +x cos 1/x or 4x sin1/x. It follows that f is continuous, but not 
differentiable, at 0. 
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ra ae (cos y) - (— sin x) = cos(cos x) « (— sin x). 


(iv) 
dz = dz dv du 
dx dv du dx 
= (cos v)(— sin u)(cos x) = cos(cos(sin x)) - (— sin(sin x)) - cos x. 
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1. Gi) f/x) = 5x4 +1=0 forno x; 
f(-YD=-1, fd) =3; 


maximum = 3, minimum = ~1. 
: (5x4 +1) . 
(iv) f’@) = Grae le = 0 for no x; 


F(-1/2) = 32/15, FQ) = 1/3; 

maximum = 32/15, minimum = 1/3. 
(Notice that g(x) = x° + x +1 is increasing, since g/(x) = 5x4 +1 > 0 forall x; 
since g(—1/2) = 15/32 > 0, this shows that g(x) # 0 for all x in [—1/2, 1], so f 
is differentiable on [—1/2, 1].) 


(vi) f is not bounded above or below on [0, 5]. 


2. (i) —4/3 is a local maximum point, and 2 is a local minimum point. 
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(ii) No local maximum or minimum points. 


(iii) 0 is a local minimum point, and there are no local maximum points. 
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(iv) No local maximum or minimum points. In the figure below, a is the unique 
root of x°++x-+1=0. 


(v) -i-+ V2 is a local maximum point, and —1 — /2 is a local minimum point. 


14+72 
2 


-1- 72 


“ 
A 
mt EY 
MM uu 
x & 
3 ri 
iS) os 
ar 
I la, Ped 
a | er 
oo ae | 
Waray 
role a 
|) @e 
. oS Og 
a “i 
oe =A Ii i 
oO > DA 
23 3c 
a a 
-~ 
eo S 
a “ 
= Lae] 


V 


A 
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x x 


f'(x) =0 forx = V6, f'(x) > Oforx > Y6andx <0; 
f@) =0 forx = =5/3, 


(iii) f is even; 
rey — 24(K2 — 1) —2xx? 2x 
f'@) = —@aoth? Gon? 
f'(x) =0 forx =0, f’(x) <0 forx > 0, f’(x) > 0 otherwise; 
f@) =0. 


fore ooo - + -- 
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(iv) f is even, f(x) > 0 for all x; 
ide ie 2X: 
IQ = C+x22 
f'@) =0forx =0, f’(x) > Oforx <0, f’(x) < 0 otherwise; 
FO=1. 


4, (b) Suppose x and y are points in [aj;-1, a;] and [a;, aj+1], respectively, with 
|x — a;| =|y — jl. 


Then 


ly-al=|x—al[+|y—x]| fori<j—1, 
ly-aj|=|x—a|—ly—x| fori>j+. 


So 


FO) = Ff) +ly— 2] 1G -D-@—- I 
= f(x) + ly — x] - {27 —n — I}. 


This shows that f decreases until it reaches the “middlemost a;” and then increases. 
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The minimum occurs at @(q+1)/2 if n is odd and on the whole interval [4 n/2, @n/2+1] 
if n is even. 


pe fe 


(c} We have 
1 1 
fa Pee ey 
1 1 
f@)= TAs iano O<x<a 
1 + 1 
Tors AH, 
l+x Il+x-a . 
so 
: + : x<O 
(l—x)? (1+a—x)?’ 
—1 1 
/ 
=+ — ~+— —~. 0 
FF) (+a? d+anay <x<a 
—l al 
ac<x. 


(+x)? (+x —a)?’ 
Thus f is increasing on (—oo, 0] and decreasing on [a, 00), so the maximum of f 
on [0, a] is the maximum on R. If f’(x) = 0 for x in (0, a), then 


(1+x)? —(1+a—x)* =0, 


whose only solution is x = 4/2. Since 


a 4 2+4 
f (5) =s50 <i TIO= FO, 


the maximum value is (2+ a)/(1 +a). 


5. (ii) All irrational x are local minimum points, and all rational x are local maxi- 
mum points. 

(iv) All 1/n for in N are local maximum points, and all other x are local minimum 
points. 
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6. If we had f(a) > f(x) for some x > a, then by the Intermediate Value Theorem 
we would have f(x) > f(y) > f(x) for some y in [a, x], contradicting the fact that 
f is increasing on (a, b). We can also rule out the possibility that f(a) = f(x): If 
that were the case, then since f is increasing on (a, b) we would have f(y) < f(x) 
for some y < x, and thus f(a) = f(x) > f(y), and we have already shown that 
f@) > f(y) cannot happen. Similarly, we can’t have f(b) < f(x) forsomex < b. 


8. (a) The distance d(x) from (Xp, yo) to , f(x)) satisfies 
D(x) = [d(x)]? = (x — x0)? + (nx + b— yo)”, 
so the minimum occurs when 
0 = D(X) = 20% — xp) + 2m(mE + b — yo) 
or 
- x +m(yo — 5) 
x= ———————. 
1+ m? 


(b) The slope (mx ++ b — yo}/(% — xq) of the line from (x9, yo) to (4, m¥ +b) must 
satisfy 
mx +b— yo 
X- Xo 


m=-l 
which yields the same result. 


(ec) For b = 0 we have 
os 
1+m? 


hence 


Z— xp = OO m0) 
1+ m2 

mXq — Yo 

1+m? ° 


So the distance d from (x0, yo) to (¥, mx) is 


Jnr d So 
Vvi+m? 


The general case can now be solved as in Problem 4-22, to give 


mx — yo = 
1+ m? 


|mxo — yo + 5] 


Vi+m? 
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(d) For B # 0, this line is the graph of f(x) = (-A/B)x — C/B, so the distance 
A . Cc | 
B)*° Bl _ |Ao+ By + Cl 
A VA? + B2 
For B = 0 we have the line parallel to the y-axis through —C/A. The distance to 


(xo, Yo) is 
an (2O)| — x0 + CI 


which is the same result for B = 0. 


9, If g(x) = f(x)’, then 

g(x) =2f(@) fF"), 
so the critical points of g are those of f, together with the zeros of f (notice that g 
may be differentiable at points where f(x) = 0 even when f isn’t, e.g., f(x) = [x]). 


12. Let x be the height of the cone. The volume V(x) is given by 
V(x) = am ( q? — x2)? = F a2x — x). 
3 3 


So the volume is greatest when 


0=V(x) = 5a —~ 3x71, 


or x = a/¥3. For this x we have 


x {a a 
6) een (qa eeenact 
a=3(5 oA) 
_ 2733 
=e 
13. If , 
f@=ze+~ >) 
then 
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which has the minimum value for x = 1, with f(x) = 2. 


14. If x is the height of the trapezoid, then the area is 


LOT 
/ \ 


A(x) = (a+ Va? —x?)-x 


so the maximum occurs when 


2 
6a NGS a4s/ae = 


a2 — x2 


ava? — x? + a? — 2x? 


az — x2 
or 


a?(a? — x?) = (2x? — a’)? = 4x4 — 4x70? +04, 


so 
4x* = 3x7q?, 
_ Via 
= 
The area is 
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15. In the Figure below we have 


so the length of the dashed line is 


2p2 
VER + a+ F = Meee + ete = (1+ =) Vr+e. 


The maximum length of a ladder which can be carried horizontally around the comer 
is the minimum length of this dashed line. This occurs when 


0a ~ SVT (148) 


=(-S@? +0) 4x44]. : 


Vx? +B 


or 
ax? + ab? =x) +-ax’, 
i= q/3p2/3 
and the length is 
¢ + =) Japa +B = (B73 120) [eons 
= (ww +47)? 2 


16. If R(@) is the appropriate value of R for given 6, we have 


6 
—: R(@Y=A. 
5 (0) 


The perimeter for this @ will have value 
P(6) =@R(@) + 2R(6) 
= /2A6 +2)-97¥/. 
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So the minimum occurs when 


he. i » Bed 
0 = P'(6) =V2A Es ra 


6-2 
= V2A + Opa 


or @ = 2 radians, and R = VA. 


17. The vertex of the right angle will obviously be to the left of the center of the 
circle. If x is the distance from the center to the vertex, then the length L of A+ B 


is 
L(x) =atx+VJa? — x2 


so the maximum occurs when 


(ara 
v/a? — x2 
or 
@? — x? = x2, 
x=a/V2. 


The length is 


ean | er ere 
V2 2 


18. (i) Obviously walking all the way around will be the longest path. 
(ii) Let @ be the angle from the center to the point where he lands after rowing. 


B 


Then 
BC =6, AB=<V/2+2c086 (by the law of cosines). 
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The total time required is 


V¥2+2cosd 6 
Rey ee Ee 
2 4 
Now 
—sin@ 1 
0= 7/6) = ———————. + - 
2/2+2cos9 4 
when 
4sin@ =2/2+2cos6 => 16sin?6 =8+4+ 8cos8, 
thus 
2(1 — cos?6) = 1+cos@ =} 2cos*@ +cosé@ —1=0, 
hence 
cos@ = 3 or —1, 
Here cos @ = —1 for @ = 7, one of the endpoints of the interval [0, 7} that we must 


consider for 6, while cos@ = 5 for @ = %. We have 


T(0) = 1 hour, to row across 
T() = 2 + & hours 
T(x) = 7 hours, to walk around. 


Since 


V3, 2 7, V3 1 d)\y Zz 
Vtp> a Ge, Ff > mG — ig) =o) 


walking around is fastest. 


19, (a) If the radius of the circle is r, then the area of AAOB is 5 sind, and the 
combined areas of AAOB and ABOC is f (0) = 5[sin@ + sin(@ — 6)]. The has 
a maximum when f’(@) = 0, which means that cos @ — cos(a — @) = 0, hence 
6 =a/2. 


(b) Drawing the radii to the vertices of the n-gon, part (b) shows that any two 
neighboring triangles must have the same angle, since otherwise the area of the two 
could be increased by making the angles equal. 
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20. Ifx = BC and y = AB 


then we have 
ED=/x?-(@—x)?=V2ax—a? from AEDC 
a +(y-ED) = y? from AEE’ A, 
so 


a + (y — V20x — a?) =y 
—yvV 2ax —a?+ax =0 
y*Qax — a?) = ax 
5 ax? ann 


2 
2 

~ Qex—a2 2x —a@ 
The square of the length of the crease is 


ax? 2x3 


9x—a 2x—a’ 


xp yr axrt 
so the length is smallest when . 
0 = 6x*(2x — a) — 4x3 = 8x° — 6x7a = x7 (8x — 6c), 


or x = 3a/4. For this x the length is 
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22. 
n even | n odd 


23. (a) 1 is a local minimum point, and 2 is a local maximum point. The nature of 
the critical points —1 and 3 can be determined by the behavior of f(x) for large |x]: 


n even | n odd 


(b) No, for if 2 were the largest critical point, then f would have to be decreasing 
on (3, 00), since 2 is a local maximum point. 


24. Let f(x) = r(x)/s(x) for polynomial functions r and s. It is possible that r and 
5 have a common root a, but in this case r(x) = (x—a)ri(x) ands(x) = (x—a@)s1 (x) 
for certain polynomial functions r; and s; (Problem 3-7). This means that f(a) is 
undefined but that f(x) = r1(x)/si1(@x) for x 4 a (and s\(x) # 0). After factoring 
out all common linear factors of r and s, we find that the graph of f consists, except 
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for a finite number of points, of the graph of 


Gy ee ae 5 Pe) 

= Bin” + Dm arx™ +--+ bo g(x)’ 
where p and q have no common roots. The function g is defined at all points a 
except those with g(a) = 0 (of which there are at most m), Near such a point a 
the graph of g looks like (a), (b), (c), or (d), depending on the sign of p(a) and 
whether a is a local maximum or minimum point for g or whether g is increasing 
or decreasing in an interval around a. 


(a) 


(d) 


Since 
q(x)p'(x) — p(x)q’ (x) 


[a(x)I* 


and gp’ — pq’ is a polynomial function of degree at most m+n —1, there are at most 
m-- n local maximum and minimum points. On the intervals between these points 
and the points of discontinuity, g is either increasing or decreasing. The behavior of 
g(x) for large x or large negative x has been discussed in Problems 5-32 and 5-36. 


(x)= 


25. (a) This follows from Problem 3-7 and the fact that the difference of the two 
polynomial functions has degree at most max(m, n). 


(b) If m > n, let f; be a polynomial function which has m roots, and let f(x) = 
fi) + x” and g(x) = x". 
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26. The minimum of f + f’+ f’ +-+++ f™ occurs at a point where 0 = f’+ 
f’ +-+»+ f™ [the next term vanishing, since f has degree n]. Since f > 0, this 
means that the minimum occurs at a point where f + f+ f”+---+ f™ > 0. 


27. (a) The polynomial function f’, of degree n — 1, has x roots, and no multiple 
roots, since f”(x) 40 when f’(x) = 0. It follows from Problem 7-4 that n —1—k 
is even. 


(b) Since n — 1 —k is even, there is a polynomial function g of degree n — 1 
with exactly k roots. Let f be a polynomial function of degree n with f’ = g 
(Problem 10-22). 


(ec) Let 1 = ky + ky and let a; < aj_) < --+ < a be all the local maximum and 
minimum points. On the intervals between these points f is either decreasing or 
increasing. Since jim f(x) = 00, the function f must be increasing on (a1, 00). 
Thus a; must be a local minimum point. Consequently, f must be decreasing on 
(a2, a,), which shows that a2 must be a local maximum point. Continuing in this 
way we see that a, is a local minimum point if k is odd and a local maximum point 
if k is even. 


a3 a2 ay 


Now if n is even, then a; must be a local minimum point, since lim f(x) = 00. 
x—+>—-Cco 


Thus / must be odd, so a1, a3, ..., a; are the local minimum points, and a2, ..., aj—1 

are the local maximum points. Consequently ky = k, + 1. If is odd, then a; must 

be a local maximum point, since lim f(x) = —oo. The same sort of reasoning 
x7 -W 


then shows that k, = ko. 


(d) The hypotheses imply that n —1—(k, +k2) is even. Let! = [n -1—(k, +2)]/2, 
and choose a polynomial function f of degree n with f’ as in the hint. Since 
(1 +x?) > 0 for all x, it follows that f/(x) > 0 forx > ak, +k, and that the sign of 
f’ changes as we go from (aj-1, aj) to (a;-2, aj). Thus Oy +hys Bkythy—2) +++ are 
local minimum points and a, +4,-1, @&+-k—-3,--- ate local maximum points. 
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29. Note that f is increasing. If f(1/2) = 0, then f(3/4) > M/4, so certainly 
J > M/4 on the interval [3/4, 1]. On the other hand, if f(1/2) < 0, then f(1/4) < 
—M/4,so f < —M/4 on the interval [0, 1/4]. 


30. (a) Apply the Mean Value Theorem to f — g: If x > a, then 
fe) - 8@) _ f&) -8@) -If@-8@) 
x-a x-a 
= f'(y)-8'(y) _ for some y in (@, x) 
> 0. 
Since x — a > 0, it follows that f(~) — g(x) > 0. Similarly, if x —a@ < 0, then 


f@) < g(x). 


(b) An example is shown below. 


(c) An argument similar to that for part (a) shows that f(x) > g(x) for all x > a; 
more generally, (f — g)(Qy) = (f — g)(x) fora <x < y. If we had 0 = f(x) — 
g(xo) = (f — g)(%o), then since (f — g)(a) = 0, we would have to have (f — g) 
constant on [a,x]. But then we couldn’t have (f — g)’(x9) > 0. So we have 
(f — g)(xo) > 0, which then implies that (f — g)(x) > 0 for all x > xo. 


33. (a) The position at time t is 
((vcosw)t, —16t? + (vsina)t). 


If cosa = 0, so that the cannon ball is shot straight up, then these points all lie on 
a straight line. If cosa # 0, then the set of all such points is equal to the set of all 


points 
16t? 
t,-— + (tana)t }, 
vCOsa@ 


so the path of the cannon ball lies on the graph of 


= 2 
fx) = ius + (tana)x, 
VCOS & 


which is the graph of a parabola. 
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(b) The cannon ball hits the ground at time t > 0 when 
0 = —16t7 + (vsina)r, 
ort = (vsinaw)/16 (of course we consider only @ > 0). It has then traveled a 
horizontal distance of 
vsing 
16 
__ v*sina cosa 
7 16 , 
Now d(q) is a maximum at that a for which 


d(a) = (vcosa)- 


2 
0=d'(a) = gloos*a — sin* a], 


so tana = +1. Since only positive a are considered, @ is a 45° angle. 


34. (a) Such a function f is pictured below. As an explicit example we can take 
f(x) = (sinx”)/x. Then lim, f&) = 0, but 


2x? sinx? — sin x? 
2 


gg 
= 2 sin x? — S2* 
x2? 


PfR= 


so lim f’(x) does not exist. 
Pte.) 


(b) Let? = Jim, f'(x). Ifl < 0, then there would be some N such that | f’(x)—/| < 


|| /2 for x > N. This would imply that f’(x) > |I[/2. But that would imply, by the 
Mean Value Theorem, that 


—N)|I 
f(x) > f(N) + go for x > N, 
which would mean that lim f(x) does not exist. Similarly, lim /’(x) cannot be 
XO Peo ®*) 


< 0. 
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{c) Let i = Jim, f"(x). If i > 0, then, as in part (a), we have Jim f'@) a 
oo. Another application of the Mean Value Theorem shows that Jim. f@) =m, 
contradicting the hypothesis. Similarly, iim. Ff’ (x) cannot be < 0. 


35. On any interval where h(x) = f (x)/g(x) is defined, it is differentiable, and by 


hypothesis 
gx) F'@) — Fg’) 
h' (x) = > = 0, 
[g(x)/? ; 
so f/g is constant on that interval. So if f(a) = 0, then f(x) = 0 in an interval 
around a on which g # 0. 


36. We have 
you yx - 
Now 


fO) — fF @) 
yr-x 
and poe |x — y|"-! = 0, since n — 1 > 0. Consequently f’(x) = 0 for all x, so f 
x 


<|x— yl", 


is constant. 
37. (a) Since | f(x) — f(x +) < CAI", it follows that lim Ff@t+h) = f@). 
—> 


(b) Given ¢ > 0, choose 6 = (e/C)'/%, so that &* = ¢/C. Then for all x and y in 
the interval with |x — y| < 6 we have 


If@) - SO) SClx- yl <C-F=e. 


(c) If f is differentiable at x, then 


lim FQ) — FO) = f'@), 
yox yr-x 


so for all y in some interval around x we have 


[LO= FO peal cr, 
y-x 
hence 
i =f) <1+If'G@)l, 
y-x 


IfO) — f@)! <A +1f'@)DIy — 41, 


so we can choose C = 1+|f’(x)|. (Actually, we can choose C = ¢ + | f’(x)| for 
any € > 0.) The converse is not true, e.g., f(x) = |x|. 
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(d) No, because the derivative f’, and hence the required C, may not be bounded 
on [a, b]. For example, f(x) = x sin1/x? on [0, 1] (with £(0) = 0, as usual). 


(e) Same proof as Problem 36. 


38. Let 
ayxtt! 


n+1- 
Then f(0) = 0 and f(1) = 0 by hypothesis. Rolle’s Theorem implies that for some 
x in (0, 1) we have 


2 
P(e) = age + pt 


O= f'() =ag tax t---+ayx". 


39. If fm (%o) = finQv1) = O for xo < x in [0,1], then f,,’(x) = 0 for some x 
which is in (x9, x1), and hence satisfies 0 < x < 1. But 


fn’ (%) = 3x? — 3 = 3(x? — 1), 
so fm' (x) = 0 only for x = +1. 


40. Problem 7-11 shows that there is at least one x. Suppose there were two, x9 < 
x,. The Mean Value Theorem, applied to [xo, x1], would imply that 


f@= f (41) — fo) _ *17%0 _ 


x1 — Xo %1 — Xo 
for some x in [xo, x1], contradicting the hypothesis. 


1 


41. (a) The function f has at least two zeros, in fact at least two zeros in [—1, 1], 
since f(0) < 0 while f(+1) > 0. If f had more than two zeros, then f’ would 
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have at least two zeros. But 
f'() = 2x 4+ sinx 
is an increasing function, since 


f’"(@) =2+cosx>1 forall x. 


(b) The function f has at least two zeros since f(0) < 0 while f(+2) > 0. If f 
had more than two zeros, then {’ would have at least two zeros. But 


f'(*) = 2x —xcosx = x(2 —cosx) 
is 0 only for x = 0. 


(c) We have f(0) < 0, while f(x) will be > 0 for large enough |x], since [x sin x| 
is small compared to 2x? and | cos? x| < 1. In fact, writing 


f(x) = x(x —sinx) — cos’ x, 


and noting that 2x — sinx > 1 for x > 1, we see that f(x) > O for x > 1, and also 
for x < —1, since f is even. So f has at least two zeros in [—1, 1], and no zeros 
outside of [—1, 1]. If f had more than two zeros, then f’ would have two zeros in 
[—1, 1]. But 
f(x) = 4x — sinx — x cosx +2cosx sinx 
= 4x — sinx — xcosx + sin2x 
and this is increasing on [—1, 1], since 
f(x) =4-—2cosx +x sinx + 2cos 2x 


which is > 1 on [—1, 1], since x sinx > 0 on [—1, 1], while | cos x|, | cos 2x| < 1. 


42. (a) Suppose that f’(x) < 4 for all x in [0, 1/2]. Then, by the Mean Value 
Theorem, for all x in [0, 1/2] we have 
t _ ft 
re = f"(x’) for some x’ in [0, x] 
< 4, 


so f’(x) < 4x. If we set h(x) = 2x?, then £(0) = h(0) and f’(x) < A’(x), and it 
follows (Problem 30) that f(x) < A(x) on [0, 1/2], so that f(1/2) < 1/2. 

The same sort of analysis can be applied to f on [1/2, 1] to show that if f”(x) > 
—4 on [1/2, 1] then f(1/2) > 1/2. (Or one can consider the function g(x) = 
raja) 

We obviously can’t have both possibilities, so | f”(x)| > 4 on [0, 1]. 


(b) Note first that we cannot have f”(x) = 4 for0 < x < 1/2andalso f”(x) = —4 
for 1/2 < x < 1, since this would imply that f’(x) = 4x for 0 < x < 1/2 and 
F'@) = —4x for 1/2 < x < 1, in which case f”(1/2) would not exist. On the other 
hand, if we have f’(x) < 4 for all x in (0, 1/2) but f”(x) < 4 for at least one x, 
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then we have f’(xo) < 4xq for at least one x, and consequently f(x) < 2x? for all 
xX > Xo, so that f(1/2) < 1/2; if we also had f(x) > —4 for all x in (1/2, 1), then 
f(/2) > 1/2, a contradiction. 


43, If g(x) = f(xy), then 
g(x) = y- f(y) 
3 a i1_ a f'(x) 
=y ae Pa 
So there is a number c such that g(x) = f(x) +c forall x > 0. Now 
fM) =sM= f)+e=e, 
so g(x) = f(x) + f0). 


44. Suppose f(a) = f(b) = 0. If x is a local maximum point of f on [a, b], then 
f'(x) =0 and f’(x) < 0; from the equation 

Fx) + fee) — fx) =0 
we can conclude that f(x) < 0. Similarly, f cannot have a negative local minimum’ 
on (a, b). 


45. If f(x;) = 0 for x1 < x2 < +++ < Xn41, then f’(x) = 0 for some x in each of 
the n intervals (x;, xi+1). Consequently f”(x) = 0 for n — 1 numbers x, etc. (In 
other words, we are all set up for a proof by induction.) 


46. If x is one of the x;, then f(x) — P(x) = 0 = Q(x), so we can choose any Cz. 
Otherwise, let 


F(t) = Q@)[f@) — PO]—-— QOL) — P@)I. 
Then fori = 1,...,2 +1 we have 
F(x) = 0, since f(x;) — P; = 0 and O(~%;) =0 
and also 
F(x) =0. 
By Problem 45, we have F@+)(c) = 0 for some c in (a, b). That is, 
0= FCM) = Qa) FP —O-M@+ DIF@) — P@)l. 


48. This is a trivial consequence of the Mean Value Theorem because if we define 
lim fQ), x=a 


yoat 

a(x) = %4 fF), a<x<b 
lim f(y), x=85, 
yo b- 
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then g is continuous on [a, b] and differentiable on (a, b) and g’(x) = f’(x) for x 
in (@, b), so there is some x in (a, b) with 


b)-— 
f'(@) = g'(x) = &( ) (a) 


49. We have 
[f() — F@lg’(x) = f’@)Ig) — g(@)). 


If g’(x) = 0, then f’(x)[g(6) — g(@)] = 0. But this contradicts the assumption that 
g(b) # g(a), and the fact that f’(x) 4 0 (since g’(x) = 0). 


50. Let 

A(x) = f)g®) + g@)F@) — f@)g@). 
Then 

h(a) = h(b) = f@g), 
so by Rolle’s Theorem there is some x in (a, b) with 
0 = h'(x) = f'(x)g(b) + e'@)F@ — fe) — F@)g'@), 

or 

Fg) — 8)] = a’ @)UIF@) — F@). 


Since g’(x) # 0 for all x in (a,b), we also have g(b) # g(x) for x in (a, b) 
(otherwise Rolle’s Theorem, applied to the interval [x, b], would imply that g/(x) = 
0 for some x’ in (x, d).) 


53. Since g(0) = 0, and g is continuous at 0, we have lim g(x) = 0. Therefore, by 
x> 
l’H6pital’s Rule 


7/0) = tim 2 = tim 2 
"ge « 8@)—-2'O) 14,47 
~ in oy a Og 78 O= 5 


(The limit lim g'(x)/2x could also be found by 1’ Hépital’s Rule.) 
x 


54. (a) Use exactly the same proof as for 1’H6pital’s Rule, but consider only x in 
(a, a + 4) or in (a — 4, a), respectively. 


(b) Again the proof of I’H6pital’s Rule will work, almost verbatim. (It is tempt- 

ing to apply l’Hépital’s Rule to g/f: Since lim, 2'(x)/f'(x) = 0, it follows that 
x 

Jim &(x)/f (x) = 0. Unfortunately, this implies only that lim | f)/2g(x)| = 00.) 
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(c) Since lim f(1/x) = lim f(x) = 0 and lim g(1/x) = lim g(x) = 0, 
x30 xr>00 x20t x70 
part (a) implies that 
EOYs. 4 POO. S an. —U FO) 
v0 gz) age g(l/x > ~ xno —(1/a?)g°C/x) 
fe) 


—— =! 


~ eee giz) 
(d) Similar to part (c), using the case x > at of part (b) instead of part (a). 


55. (a) For any ¢ > 0 there is some a such that 
f'@) 
g'(x) 
This means, in particular, that g’(x) 4 0 for x > a; it follows that g(x) — g(a) #0 
for x > a (by Rolle’s Theorem). Therefore the Cauchy Mean Value Theorem can 
be written in the form 


f@)~-f@ _ f'@) 
g(x)~g@) g(x’) 
Since x’ > a, the desired inequality follows. 


li<e forx >a. 


for some x’ in (a, x). 


(b)} We have 
f@)_fM-f@ fe) g&@®)-8s@ 
g(x) gx)-s@ f@)-f@ g(x) . 
where f(x)— f (a) # 0, g(x) # 0 for large enough x, since Jim, f@= iim, &(x) 
= oo, These limits also imply that 
fee FO co te BOHEO a, 
x00 f(x)— f@ 0 g(x) 
It follows that f(x)/g(x) can be made as close to [f(x) — f(@]/[g(x) — g(a)] as 
desired by choosing x large enough. Together with part (a), this shows that 
LO) _ 
8{x) 


, 


Ll] < 2e for sufficiently large x. 


56. One other form of I’ H6pital’s Rule will be used in later problems: If iim FQ) 
a - . ; ; = ; J 

= jim g(%) = oo and lim f"@)/g') = 00, then lim f(x)/g(x) = 00. 
To prove this, apply Problem 55 to g/f: Since jim, g’(x)/f'(x) = 0, we have 
im, g(x)/f(x) = 0. This implies (as we remarked in the solution to Problem 54) 
that fm, | £(x)/g(x)| = co. Since Jim, f@= Jim, g(x) = &, we can conclude 
that lim f(«)/g() = 00. 
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57, No. For example, let a = 0, g(x) = x, and 


1 
x*sin—-, x40 
f@) = go oe 
0, x=0. 


58. The tangent line through (a, f(a)) is the graph of 
g(x) = f(a) — a) + f@) 
= f'(a)x + f@ —af'(a). 
If g(xo) = f (xo) for some xp a, then 
O= g(x) — f'@) = f’'@ — f'@) for some x in (a, x9) or (xo, a). 


This is impossible, since f’ is increasing. 


7 
1 
59. 2f'f"” = fi - af. Dividing by f’, we get f” = = — a at all points x 
f? 2 f? 
3-1] 
where f(x) 4 0. Since (f’)? = f 7, we have f’(x) = 0 only for f(x) = 1. 


But Theorem 7 (applied to f’) implies that the formula holds in this case also, with 
f"@)=h-1=-}. 
60. (a) Since a is a minimum point for f on [a, b], for all sufficiently small # > 0 
we have P 
fa+M-1@ , 5, 
h 
this implies that f’(a) = 0. The proof that f’(b) < 0 is similar. 


(b) Part (a) shows that we cannot have the minimum of f at a or at b, since we are 
assuming that f’(x) < 0 and f’(b) > 0. So the minimum occurs at some point x 
in (a, b). Then f’(x) =0. 
(c) Let g(x) = f(x) —cx. Then g’(a) = f’(a) —c < Oand g’(b) = f'(b)—c > 0. 
So by part (b), 0 = g’(x) = f’(x) —c for some x in (a, bd). 
61. (a) A simple modification of the proof of Theorem 7 shows that if lim , f'@) 
x7 a 
exists, then Pre 
at+h)-f@ 
] f a ] YN ee A . 
MOS Be ys ee) 
Similarly, if lim f’(x) exists, then lim /f’(x) = f’(a). So if both one-sided limits 
x-aQT xa 
existed, f’ would be continuous at a. 
(b) Suppose, for example, that lim f'(x) = 00. This means that f’(x) > f’(a)+1 
xa 


for all x > a@ sufficiently close to a. But by Darboux’s Theorem, if xo is such an 
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x, then f’ takes on all values between f’(a) and f’(xo) on the interval (a, xo), a 
contradiction. 


62. If f(a) # 0, then continuity of f implies that f = |f| or f = —|f| in some 
interval around a, so f is differentiable at a. If f(a) = 0, then a is a minimum 
point for | f|, so [f|/(a) = 0. This means that 


If@+A)l -lf@| 


0= lim 
h->0 h 
mn fa@thl + hy 
= oie 


This equation also says that f’(a) = 0 


63. (a) Let f@~) =x" +y"—(+y)". If f(%9) = 0 for some xp ¥ 0, then Rolle’s 
Theorem would imply that 


O= f'(x) =nx""! —n(x + yy"! for some x in (0, xo) or (x9, 0). 
But this means that x"~' = (x + y)""! for y # 0, which is impossible, since 
g(x) = x"! is increasing (n — 1 is odd). 


(b) Now we have f(0) = f(—y) = 0. If f were zero at three points a < b 2 
then Rolle’s Theorem could be applied to [a, b] and [b, c] to prove that there are 
two numbers x with 


O= f’(r) =x"! —n@t yy; 
but this equation holds only for x = —(x + y) (Problem 1-6). 


64. Since 
xf'(x) — f @) 


g(x)= m2 


it suffices to show that 
xf'(x) — f(x) > 0, 
or 
f'@> L@) for x > 0. 
x 
Now the Mean Value Theorem, applied to f on [0, x], shows that 
f@)  f@)—- Zo 


= = f'(x’) for some x’ in [0, x]. 
x x- 


< f'(x), since f’ is increasing. 


65. Let g(x) = (1+ x)" —(1+nx). Then g(0) = 0, but 
g(x) =n(1 +x)" =n. 
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Since n — 1 > 0 this means that 
g(x) <0 for-1<x <0, 
>0 for x > 0, 


Thus g(x) > O for -1 <x < QandO <x. 


66. (a) Ois actually a minimum on all of R, since f(0) = 0 and f(x) > 0 forall x. 


(b) 


h’ sin?(1/h) 
;- 


fO= jim 
and 
f'(h) = 4h} sin?(1/h) = 2h? sin(1/h)cos(1/h) fork £0. 
So 


3 ota ape 
116) Si en con) 
h->0 hk 
= 0, 


67. (a) Since f’ is continuous, f’(x) > 0 for all x in some interval around a, so f 
is increasing in this interval. 
(b) We have 
1 1 
g' (x) = 2x sin — — cos —. 
x x 
So g’(x) = 1 when cos 1/x = —1 (and consequently sin 1/x = 0), and g'(x) = —1 


when cos1/x = 1, 


(c) We have f’(x) = a+ '(x), so f’(x) > O when g’(x) = 1, and f’(x) < 0 when 
g(x) = —1. 


68. (a) We have 


2 sin 
gy = ae — cos y, 


so 
2y cos y ~ 2sin . 
<j SG * +siny. 
So if g’(y) = 0, then 
0 = 2ycos y — 2siny + y’ siny, 
or 
2siny — y*siny 


Ee Soi fi 
2y = (sin) ( 2y ). 


(1) cosy = 
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Hence 

Q) g) = EY —¢ »(*) 
=a 6 = 5) 
“en 2) 


(b) Moreover, from (1) we have 


2—y?\? 
1 — sin? y = cos? y = (sin? y) ( *). 
y 


2 
so % 
: 1 Ay 
0 Aaa = = 
a 2-y¥ 2° 44 y4’ 
+( 2y ) 
so, by (2), 
; 2+ 
lg@)| = |sinyI aS 
y 
__ yl 2+y _ 24+y¥ 
V4+yt [2yl  V4+y4 
(c} We have 


f'@) = 14 g(1/2). 
Now we clearly have g(y) < 0 for arbitrarily large y (since g(y) is practically 
— cos y for large y), so for arbitrarily large y we have 


2+ y? 


by part (b). Thus f’(x) < 0 for arbitrarily small x, while we also have f’(x) > 0 
for arbitrarily small x. 


(d) We have 


<—-l 


f'@) =a + g(1/x). 
For sufficiently large y we have g(y) > —a. So for sufficiently small x we have 


f'(x) > 0. 


69. (a) If the minimum of f on [b, 1] occurred at some c with b < c < 1, then 
Ff would clearly not be increasing at c, since we would have f(x) > f(c) for all 
x <c sufficiently close toc. Now if0 < a < b < 1, then the minimum of f on 
[a, l]isa, so f(a) < f(b). To obtain the strict inequality f(a) < f(b), pick some 
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a’ with a < a’ < b such that f(a’) > f(@) (this is possible since f is increasing 
at a); then f(a) < f(a’) < f(b). 
(b) Let w = sup Sp. If b < y < a, then there is some x in S, with y < x. Therefore 
f(y) = f(@). Moreover, since f is increasing at a, we have f(a) > f(x) for 
x < a sufficiently close to a, so f(a) > f(b). This shows that @ is actually 
in sup S,. Now if ~ < 1 there would be a 6 > O such that f(x) > f(a) for 
a <x <a@+6. This shows that all such x are in Sp, contradicting the fact that 
a = sup Sy. Sow = sup Sp = 1. So f(y) = fF) for all y = b. 
(c) For sufficiently small h we have 
flath) > f@ ifh > 0, 
fiath < f@ ifh <0. 
This implies that 
fa@t+h)— f@) 
—__—_—_—— > 0, 
h 
which implies that 


fa@th-f@, , 
oT 0. 


7] —; 
f@ = jim 


(d) Since f’(a) > 0, for sufficiently small A we have 


Le LO 
This implies that f(a +h) > f(a) fork > Oand f@+h) < f(a) forh <0. 


0. 


(e) Part (d) implies that f is increasing at @ for all a in [0, 1], so part (a) implies 
that f is increasing on [0, 1]. 


() Ife > 0, then g(a) = f’(a) +e =e > 0 for all a in [0, 1], so g is increasing 
on [0, 1] by part (e), so f(1) +e > f(O), or f(1) — FO) > —e. Similarly, 4 is 
increasing on [0, 1], soe—f (1) > —f(0), or f(1)—f (0) < e. Thus |f(1)—f(0)| < 
&. Since this is true for all e > 0, it follows that f(1) = f(0). (Of course, the same 
argument, applied to [a, b], for O < a < b < 1, shows that f(a) = f(d).) 


70. (a) Suppose f is not constant, so that f(a’) # f(b’) for some a’ < b’ in [a, b]. 
To be specific, say f(a’) < f(b’). By Problem 8-4(b), there are a’ < c <d <b’ 
with f(c) = f(a’) < f(b’) = f(d) and f(c) < f(x) < f(@) forall x in (¢, d). 
But then a’ is not a local maximum for f. 


(b) We can assume f(ao) < f(x) < f(bo) by Problem 8-4(b) [renaming c to be 
ay and d to be bo]. By Theorem 1 of the Appendix to Chapter 8 there is some k > 2 
such that 

f (bo) ~ F@o) — a 


IF@)- FO) <A fore yl 58 = “= 
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Let c; = a9 +i8. Since 

f (0) — f @o) 
2 

F (bo) — f (ao) 
2 


F(e1) — f@o) < 
Ff (bo) — f (k-1) < 


we must have 


f (bo) — f (ao) ° 
2 e 
Fer) < F(ck-1). 


ao cy Ck-1 bo 


Consequently there is some i with 1 <i < k ~ 1 such that f(cj) < f(cj41). Let 
Ci = a and cj4; = b). Then ag < a) < b, < bo and f(a,) < f(b,). Moreover, we 
can assume that f(a) < f(x) < f(bi) for all a; < x < b; [use Problem 8-4(b) 
again]. 

Continuing in this way, we find intervals [a,, b,] with an, < any: < Dns, < 
bn, and f(dn) < x < f(b,) for a, < x < by; moreover, we can assume that 
by — a, < 1/n. Now let x be in all [an, b,]. Then every interval around x contains 
some [ax, by], with fx) < fr) < f(x); hence x is not a local maximum or 
minimum. 


71. (a) The local strict maximum points are the rational numbers. 


(b) Let x be a point in all intervals J, = [a,, b,]. Since the points x, are chosen 
to be distinct, x = x, for at most one n. Since x is a local strict maximum point, 
there is a 6 > O such that x is a strict maximum point for f on (x —5,x +6), But 
I, is contained in (—x — 5, x + 8) for all sufficiently large n; choose such an n for 
which x 4 x,. Then f(x) > f(xy), since J, is contained in (x — 8, x +6), while 
Fn) > f(), since x is in Jy. 
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1. @) f’(«) = 6x —2 > Oforx > 1/3. 


f convex 


f concave 


inflection 
point 


Gi) f(x) = 20x3 +1 > 0 for x > —1/4/20. 


154 
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(iit) f(x) = 36x? — 48x + 12 = 12(3x? — 4x + 1) = 12(3x ~— 1)(x — 1) > O for 
x<1l/30rx > 1. 


f convex 


inflection point 


inflection point 


(iv) We have 


_ —G3 +x +2)?20x7 + (5x4 + 1205 +x + 1I)Gx4 +1) 
7 (x3 +x+1)4 

_ 2GP +x + DUGx4 + 1)? - 10x7@? +x +19] 

~ (x5 + x + 1)4 


[15x® — 10x? + 1]. 


f"(@) 


2 2 
~ @+x4 13 


To determine the sign of f”(x) it suffices to determine the sign of 
g(x) = 15x8 — 10x37 +1. 


Now 


g(x) = 120x? — 30x? = 30x?(4x5 — 1). 
So g/(x) = 0 for x = 0 orx = 3/1/4. We have g(0) = | and 
(VIP) = (Yi) [15.7 - 10] +1 

= (/1/4)° (=) +1 


<0, 
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since 1/4 > 4/25. So g attains it (negative) minimum value at </1/4. Moreover, 
since h(x) = 4x° — 1 is increasing, g’(x) > 0 forx > 4/1/4 and g’(x) < 0 for 
x < ¥/1/4. So g is decreasing on (—o0, {/1/4] and increasing on | ¥/1/4, 00). 


Consequently, g has two zeros, both in [0, 1], since g(1) > 0. It follows that if 
a is the unique root of x> + x +1 = 0, then f”’(x) <0 forx <a, but f"(x) > 0 
for all x > a except those x in a certain interval contained in (0, 1). Thus the graph 
of f is convex on (a, oo), except for a bump lying over some interval contained in 
(0, 1). 


inflection 


<> Points 
wee 


f convex 


Ff concave 


(v) We have 


_ @?+1)?(-2 — 2x) — (1 — 2x — x?)2@? + 1)2x 
7 (x? + 1)4 


[x? + 3x? — 3x —1] 


Fx) 

2 2 
= @ap — 1° +4x4+1) 
(x —[-2+ ¥3])(x ~[-2-v3]), 


a 2 

~ @ +05 
2 

“arnipe 
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so f"(x) > 0 for -2—- V3 <x <-24+ V3 andx > 1. 


inflection point 


concave . F 
f inflection point f convex 


(vi) 
"x) = (x? ~ 1)?(—2x) + (1 + x7)2@? — 1)2x 
o @= 1 
2 
= ee +3], 


so f"(x) > Oforx > land—-l<x <0. 


f convex 


f concave 
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2. If f(0) = 0, the graph looks like the following. 


3. According to Problem 4-2, the points in (x, y) are precisely those of the form 
tx +(1—1t)y for0 <¢t <1. Definition 2 thus shows that f is convex if and only if 


f(tx+(1—t)y) — f@) ‘ (OV =F) 
tx+(1—thy—x y-x 


which is equivalent to 


ftx + 1 — ty) < tf) + - 2) f(). 


4. (a} We have 
ge(tx+(—ty) <tg@)+d-fbegy) since g is convex, 
so 
F(gGx+U—-dy) < ftg@)+d-—Agoy) since f is increasing 
<tf(g(x))+Ud-1f(g0)) since f is convex. 
Thus, f o g is convex. 
(b) Let f(x) = 1+x?, x > O and g(x) = 1/x,x <0. 
(c}) We have 
(f ogy =(f'og)g’ 
(fog) =(f" ogg’? +(f' ogg”. 
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Since f”, g”, g’* > 0 it follows that (f og)” > Oif f’ > 0. 


5. (a) Since f is convex, f’ is increasing. If f’ isn’t either always negative or 
always positive, letc = sup{x : f’(x) < 0}. Then f’ < 0 to the left of c and 
f' > 0 to the right of c. [Actually, f’ will be continuous, see Problem 9; so ¢ can 
be described more simply as the zero of f’.] 


(b) For x < y consider 

(fog) ) = f'(g(x)) - 3’), 

(f o8)'(y) = f(g) - 8’(). 
Suppose first that g is increasing. Then 

0 < g/(x) < g'(y) __ since g is increasing and convex. 
Moreover, g(x) < g(y) implies that 
0< f’(g(x)) < f’(g(y)) since f is increasing and convex. 
It follows that 
f(g x) + 8"(x) < f(g) -8’0). 
Next suppose that g is decreasing. Then 
g(x) < g'(y) $0, 
and g(x) > g(y) implies that 
f'(g(x)) > f’(eQ)) = 0. 


It again follows that f’(g(x)) - g’(x) < f’(g(y)) - g’(y). 
Finally, suppose that g is decreasing to the left of c and increasing to the right 
ofc. ix < y<core <x < y, then we have already shown that f’(g(x))-g9’(x) < 


f'(gQ)) - 8'(y). If x << y, then 
F'(gx)) a’) < f’(g(c)) - 8’) < f’(e(y)) -8’0), 
so we still have f’(g(x)) « g’(x) < f’(g(y)) - g’(y). Thus, (f'o g)’ is increasing. 


(c) Lemma. Suppose f is convex on an interval and a < b are points in this interval. 
If f(a) < f(b), then f is increasing to the right of b; and if f(a) > f(b), then f 
is decreasing to the left of b. 
Proof: Consider the case f(a) < f(b) (the proof in the other case is similar or one 
can apply this first case to g(x) = f(—x)). 

If b < d, then the definition of convexity shows immediately that we cannot have 
f(a) <= f(b). Moreover, if b < d; < do, then the same argument shows (since we 
now know that f(b) < f(d;)) that f(di) < f(d2). Thus f is increasing on [b, 00). 


With the aid of this lemma we can now prove the theorem. Since f is not constant, 
there is some a < b with f(a) # f(b). We consider only the case f(a) < f(b). 
We already know from the lemma that f is increasing to the right of b. Suppose now 
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that the minimum of f on [a, b] occurs at some c in (a, b). Then f is decreasing to 
the left of a by the lemma. Moreover, if a’ is any number with a < a’ < c, then we 
must have f(a’) > f(c) Gif we had f(a’) = f(c), then f(x) < f(c) forx in (@’,c), 
contradicting the fact that c is the minimum point). So the lemma also implies that 
f is decreasing to the left of a’ for all such a’. This shows that f is decreasing to 
the left of c. Similarly, f is increasing to the right of c. 

On the other hand, suppose that the minimum of f on [a, b] occurs at a. The 
same sort of reasoning as before shows that f is increasing to the right of a. There 
are then two possibilities: 

It may happen that f(¢@) > f(a) for some d < a. Jn this case, the minimum of 
f on [d, a] occurs at some c with d < c < a. The same reasoning as before shows 
that f is decreasing to the left of ¢ and increasing to the right of c. 

Jt may also happen that f(d) < f(a) for alld < a. Then we may apply the 
results already proved (for a < b) to d < a: If the minimum of f ever occurs at 
a point c in (d, a), then f is decreasing to the left of c and increasing to the right 
of c, but if the minimum is always at d, then f is increasing to the right of @ for all 
d, so f is increasing. 


6. Choose x > 0 so that f(~) < f(0). The Mean Value Theorem implies that there 
is some Xo in (0, x) with f’(xo) < 0. If we had f’(y) < f'(xo) for all y > xo, then 
for all x > xp we would have 


f(x) — f (xo) < fo) — x0), 


which would imply that f(x) is eventually negative (since f'(xo) < 0). Therefore 
f'(xi) > f’ (xo) for some x; > xo. This implies that the minimum of f’ on [0, x1] 
occurs at some x in (0, x,). Then f”(x) = 0. 


Sty, 
3 
Kay 


7. (a) This follows from Problem 3 witht = 1/2. 


(b) The assertion is true for n = 1, i.e., k = 1/2. Suppose that for some n it is true 
for all x and y. If k = m/2"*" is in lowest terms, then m is odd. Consequently 
ky = (m — 1)/2"7! and ky = (m+ 1)/2"*' can be expressed in the form a/2”, 
so the assertion is true for k; and ky. Notice also that k = (k; + k2)/2. From the 
result for k, and k2, and the assertion for n = 1 applied to x’ = kix + (1 —k1)y and 
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y’ = kox + (1 — ka) y we obtain 

fkx ++(1—by) = f (=) < i +f 
< RFQ +0-WSO) , B/G) +0~b)FO) 
= kf (e) +(1- FO). 


(c) Let 0 <t < 1. For any é > 0 there is a number & of the form m/2” which is so 
close to ¢ that 
[f(kx + (1—k)y) — fx + (1 -t)y)| <e, 
[KF@) +0 - HF ON] - FFG) + (1-H FO))]| <e 
Then 
fix+(Q-Dy) < fr+(—by) +e 
<kf@)+0-k)fQ) +e 
<tf(x) + (1 —t(f(y) + 2. 
Thus ft¢x+ (1- t)y) < tf) + (1 — 2) f(y). The following diagram shows that 
if strict inequality holds for even one ¢, then it holds for all t (by applying the weak 


inequality to x and tx + (1 —t)y or to tx + (1 —f)y and y). But we have strict 
inequality for t of the form m/2", so we must have strict inequality for all t. 


the graph of f cannot 
lie above this line 


8. (a) Let xy and xg be the smallest and largest of the x;. Then 


Xe = Dp = < ya < 5 pre xp: 


i=1 i=1 


(b) Part (a), applied to p;/t,..., Pn—1/t, Shows that (1/t) pixi lies between the 


smallest and largest of x1,..., Xn—1, 80 it certainly lies herienti the smallest and 
largest of x1,...,%n. 
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(c) By induction on 7, starting with n = 2, where Jensen’s inequality reduces to 
Problem 3. For the inductive step, if it is true for » — 1 then by Problem 3 we have, 
since p, = 1—-t, 


OD pix) = r(: (1/t) )> pia + (1 - Nn) 
i=1 ix! 
n—1 


<tf (ss) +(1—t)f Gn) 


i=1 
n—-1l 
<t f(x) + Pn f Gn) 
i=1 


n 


=o pif Gi). 
i=1 


9. (a) As the proof of Theorem 1 shows, [f(a + h) — f(@)]/h is decreasing as 
h > 0T, so 


/ _ 4. 
JG) Maa h h 


This inf exists because each quotient [f(a +h) — f(a)]/h for h > 0 is greater than 
any one such quotient for h < 0. Similarly, 


f(a) = sup | FEF = LO) <0}. 


FORO int FERAL 24 > of. 


The relation f’ (a) < fi (a) is obvious from the previous considerations. The func- 
tions fi. and f’ are increasing, because if a < b, then (as in the proof of Theorem 1; 
see Figure 6 of the text) we have 


la) < 1g) <LGtO-M-F@ _ fO+@-b)- fe 
fo) s fio) < LEE O=a)= FO) _ {0+ @—W) — F0) 


< f/() Ss fi). 
(b) We have 
slope PO < f'(b) < g.(b) < slope OQ, 
and this implies that PQ lies above PO and OQ, so PQ lies above the graph of h. 
(ce) If b < a, then as in part (a) (with a and b interchanged) we have 
f,0) < fL@ < fi @. 


If f{ is continuous at a, then jim f(b) = fi.@), so we must have f’ (a) = fi. @). 
>a 
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To prove the converse, we first show that f; will always be continuous on the 
right, ie., 


lim, f,) = £.@). 


In fact for any ¢ > 0 we can choose c > a so that 


fO-f@ 


f 
a < fila) +e. 


Since fi (a) exists, f satisfies ga f() = f@ (as a matter of fact, f is con- 
>a 


tinuous at a even if f(a) does not exist; see Problem 10). So we can choose b > a’ 
close to a with f(b) as close to f(a) as desired. Thus we can choose b > a so that 


fO-f0) _fO-f@,, 


c—b ae 
Therefore 
fila) < fi.) < fo- fo 
_f0-10 ,, 


c—a 
< fi (a) +2e. 


This shows that f; is continuous on the right. 


It remains to show that if f{ (a) = f(a), then f{ is continuous on the left at a. 
Given ¢ > 0, choose c < a so that 
2 f@-fO 
a 


—¢ 


f,@—-e=fL@-e 
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Then if c < b < a, the secant line through (b, f(b)) and (a, f(a)) lies between the 
tangent line at a and the secant line through (c, f(c)) and (@, f(@)), ie., 
3102S JOO) 


/ 
Lae —c¢ a—b 


This shows that jim £0) = f.@). 
—>a- 


10. (a) Let a be a point of the interval. Let ¢ > 0. Pick some xp > a. Notice 
that no matter what value f (xo) may have, the line segment between (a, f(a)) and 
(xo, f (xo)) eventually lies below the horizontal line at height f(a) + ¢. Since the 
graph of f must lie below this line on (a, x9), this shows that f(x) < f(a) +e for 
all x > a sufficiently close to a. A similar argument works for all x < a sufficiently 
close to a. 


Jt remains to show that f(x) > f(a) — « for all x sufficiently close to a. If 
f(x) = f(a) for all x there is nothing to prove, so suppose that f(x9) < f(a) for 
some xp with xq > a, say. Then we must have f(y) > f(a) for all y < a, because 
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of convexity, so all y < a certainly satisfy f(y) > f(a) — €. Moreover, if we pick 
some yo < a, then the line segment between (yo, f(yo)) and (@, f(a@)) lies above 
the horizontal line at height f(a) — ¢ in some interval to the right of a. Since the 
graph of f must lie above this line to the right of a, it follows that f(x) > f(a)-—é 
for all x > a sufficiently close to a. 


(b) The following Figure shows the possible kinds of discontinuities on a closed _., 
interval. 


11. (a) Clearly f is weakly convex on an interval if and only if for all a and b in 
the interval, the line segment joining (a, f(a)) and (b, f(b)) lies above or on the 
graph of f. If f is actually convex, then it clearly contains no straight line segments. 
Conversely, suppose that f is weakly convex and its graph contains no straight line 
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segments. To prove f convex we have to show that the line segment joining (a, f(@)) 
and (6, f(6)) cannot contain even one point (x, f(x)) fora <x <b. 


Suppose it did. Since the graph of f does not contain the entire line segment from 
(x, f (x)) to (b, f(b)), there must be some x’ in (x, b) such that the point (x’, f(x’)) 
lies below this line segment. But then we easily see that (x, f(x)) lies above the 
line segment from (a, f(a)) to (x’, f(x’)), contradicting the fact that f is weakly 
convex. 


(b) Theorem 1’. If f is weakly convex and differentiable at a, then the graph of f 
lies above or on the tangent line through (a, f(a)) at all points. Ifa < b and f is 
differentiable at a and b, then f’(a) < f’(b). Lemma. Suppose f is differentiable 
and f’ is nondecreasing. If a < b and f(a) = f(b), then f(x) < f(@) = f®) 
fora <x <b, Theorem 2’. If f is differentiable and f’ is nondecreasing, then f 
is weakly convex. Theorem 3’. If f is differentiable and the graph of f lies above 
or on each tangent line at every point, then f is weakly convex. Theorem 4’. If f 
is differentiable on an interval and intersects each of its tangent lines in an interval, 
then f is either weakly convex or weakly concave on that interval. 

Note also that various of the Problems for this Appendix have versions for weakly 
convex functions. For example, Jensen’s inequality holds with < replaced by < for 
alln > 1. 


12. The figure 
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gives an example with g weakly convex. To make g convex, we just have to replace 
the straight line segments making up g with convex curves chosen so that for each 
integer n, the left-hand derivative of the curve on [n — 1, ] is < the right-hand 
derivative of the curve on [n,n + 1], and Problem 10 will insure that the new g is 
convex. Choosing h = +( f +g) is a simple way to do this. 


13. Suppose first that Ay is convex. Then for x; < x2, the points (1, f(x,)) and 
(x2, f (%2)) are in Ay, so all points of the line segment between them are in Ay. But 
this just means that all of these points lie above or on the graph of f, so f is weakly 
convex. 

Conversely, suppose that f is weakly convex, and let (x;, y,)} and (x2, yo) be two 
points of Ay, so that we have f(x;) < yi. 


(x1, y1) 


(x2, y2) 


f 


Modifying Problem 3 in the obvious way, we have 
t 1-t <t 1l-t 
(%) f (tui + (l — t)x2) < tf) + (1 — 2) f (x2) eres 
<tyut(l—t)y. 
But every point of the line segment between (x1, y1) and (x2, y2) is of the form 
(tx, + (1 — t)xo, ty + (1 — t) yo), 


and (*) shows that these points are in Af. 
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1. Gi) FG) = xP +1 (Ey = fo'G), then x = f(y) = (y— 1, 80 
y=14x5) 


(iv) 
= oe (—x)¥/?, x<0 
f =| a, x>1. 
df y = f-'(x), then 
_ .f—%, yea 
x= F0)={ igs Gee 


Since —y” < Oif y > Oand1— y? > lif y <0, we have y = (—x)!/? forx <0 
and y = (1 —x)/3 for x > 1.) 


~ 
re 
~ 


(vi) f(x) = x — [x/2] for [x] even. (If y = f—1(x), then 


x=fy=ytlyl 
=ytn forn<y<n+l1. 


Thus 
2n <x < 2n+1, 


and 


y=x-—n=x—[x/2].) 


168 
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(viii) 
-1+ 714+ 4x? 
ie ax ‘ 
0, x=0, 


df y = f—!(x), thenx = f(y) = y/(1 — y?). Soxy?+y—x =0. If x =0, then 
y =0. If x £0, then 


—1+¥V1+ 4x? [1 + 4x2 
y= ———- or y=-1- : 7 
2x 2x 


The first possibility is the correct one, since x and y must have the same sign.) 


-- 
- 
we 


ae oa 


Sree Sen oan 


Saeed Locos ee tees io ee la se eee, 


eo bee he ee 
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2. (i) f—| is increasing and f—!(x) is not defined for x <0. 


~e 


é 
? 
i 
ft 
i 
t 


(ii) f—! is increasing and f—(x) is not defined for x > 0. 
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(iv) f—1 is decreasing and f-!(x) is not defined for x > 0. 


4 
a 
4 
1 
1 
1 
1 
i) 
! 
t 
Ly 


5. (b) If h(x) = 1+x, theng =hof,sog-! = f-oh™, sog7!(x) = fol (x)... 


It is also possible to find g! directly: if y = g—!(x), then x = g(y) = 1+ f(y), 
soy = f(x —1),) 


7. (ii) Any interval [a, 5], since f is increasing. 
(iv) Those intervals [a, b] which are contained in the interval (—co, ere ] or in 


[-1 + v2, oo) or in [—1 + /2, oo), since these are the intervals on which f is 
increasing or decreasing. 


8. We have 


t = -ly = i 
'@) =F YO = FETED 
= {1+ Ef @ PY? 


nes) = 3 EOP YY) 
= 2 + FBP 


= 50 @r 
= 5 a(x? 


9. Apply Theorem 5 to f—}. 


10. Since f = (f og) 0og7!, we just need g—! to be differentiable, and thus that g’ 
is never 0. 
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12. As in Problems 10-21 and 10-33, the main difficulty is in formulating a reason- 
able conjecture for the form of (f~!)(x). It is not hard to prove the following 
assertion by induction on k: If f(f-!(x)) exists, and f'(f7!(&)) is non-zero, 


then 
A(x) 


LAF)" 


for some integer m, where A(x) is a sum of terms of the form 


LF To FOG Ta). 


(fm = 


13. (a) This follows from the previous problem. Or we could explicitly compute 


ae eee, 
OO = FGF) 
(fy) sai —f"(f 1) ° Ye) 


LAF)? 
_ -f' ey 
iff @)P 
(f7)"@) = LFF @ PP" 1) FT) 
+ fF) LPF TOY TY @)} 


a oS TEP FF 7 @) + 37"F 7D - LF 7@))P 
LAF) 


ae ee 
[f'(f-1@x)) 16 


(b) Since we know that Bf —!(x) exists, we can use Problem 10-19(a) to write 
1L=B(f of )@) = (BSF) LF TY OP + BF) 
DF (F7'(x)) +1 
ee ey 
irgaene tt © 


or 


" Df (f"&)) 
Rhye 1 = 
POO =" ~ FOP 
14. (a) Let f = g7!, where g(x) = —x° — x. Notice that g is one-one, since 


g(x) = —S5x4 — 1 < 0, and that g takes on all values. So f is defined on R, and 
for all x we have 


x = g(f(x)) =-[f@)P - f(@). 
Moreover, f is differentiable, since g’(x) # 0 for all x. 
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(b) 
f'@) =@7'@) = 
gers 
gf)  —SLF@)If - 1 
(c)} Differentiating both sides of 
[FOP + FQ) +x =0 


1 
——___ by Theorem 5 
gig) 

1 


yields 
SLI f(x) + fx) +1 =0, 
so 
7 = —l 
f= Tare 


15. (a) f(x) = V1 — x? and f(x) = —V1 — x?. 


(b) There are no functions with this property. 


(ce) Let 
81(%) x<-l1 
g(x) p = g(x) for ¢ —l<x<1 
&3(x) x>1. 


Then each g; is one-one. If fj = g; 1 then each fj satisfies [ f(x)? — 3 f(x) = x. 
The domain of 


fi (—00, 2) 
hh is (—2, 2) 
fs (—2, 00). 


(To find y = fj) = g, ‘(x) explicitly we would have to solve the equation x = 
g(y) = y? — 3y. This can be done, but only with great difficulty; see Chapter 25.) 
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Itis not hard to see that any continuous function f satisfying [f (x)]7—3 f(x) = x, 
and defined on an interval, must be (part of) some f;. For such a function f satisfies 
g(f(x)) = x; this equation implies that f is one-one (Problem 3-23) and that f ~! 
coincides with g on the domain of f—!. But the domain of f—! is an interval, and 
the only intervals on which g is one-one are contained in (co, —1) or (—1, 1), or 
(1, co). 


16. (a) Differentiating both sides of [f (x)]* + x” = 1 yields 
2f (x) f'(x) + 2x =0, 


or 
f@=- 7a 

(b) This equation is true for 

f@)=V1—x?, inwhichcase f’(x) = 7S = ria 
and 

f(x) =—V1-—<x?, in which case f’(x) = IS = a 
(c) We have 

BEF)? fx) — 3 Ff’) = 1, 

so 


ee 
f= sF@P-D 


17. (a) Differentiating both sides of x? + [f (x) = 7 yields 
3x7 + 3Lf )P fx) = 0, 
6x + OF LF’)? + 3LF Pf") =0, 


or 
2 


Reece 
Oe 


2 
22 -2F00| Fe 


(f(x)? 


_ ~2xLF @)I* — 2x4 f@) 
~ [Ff (xy]® , 


f'@) = 
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(b) For this f we have 


MY=-5 
2-2°—2-2 
ren=—; 
eRe 
~ 16" 


18. Differentiating both sides of 3x7 + 4x? f(x) — x[ f(x)? +2Lf(%)P = 4 yields 
9x? + Bxf(x) + 4x? f'(x) — LF @)P — Ux fe) f'@) + OF)? f(x) = 0. 
At the point (—1, 1) we have 
9-8+4/(-1) -14+2f'(-1)+ 6f'(-l =0 
or 
f'(-1) =0. 
So the equation of the tangent line is y = 1. 
19, Consider a differentiable function f which satisfies 
[F@) + Lf @P + xf) = 1; 


then 
ALF PSG) + 3LF@P FO) + FH) + xf"(x) = 0, 
ie —f() 
TO = T7@P + 3Lf@r +s 


22. (ii) 6-13) = —1, since B(—1) = h(0) = 3. So 


-ly _ 1 -_ 1 
OO = sey = BD 
1 
~ WO) 
< 1 
~~ sin?(sin 1)” 
The pueyet is not surprising, since the equation B(x) = h(x + 1) implies that 
BU=h*-1) 


23. (a) Suppose f is increasing and g is decreasing, and f(a) = g(a). Ifa < b, 
then 
8b) < g(a) = f@) < f(), 


and similarly if b < a. 
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(b) Appropriate functions f and g are shown below (to be explicit we can take 
g(x) =x and f(x) = [x] + Vx — [x] (Problem 4-17)). 


(c) Appropriate functions f and g are shown below. (Using the exponential function 
from Chapter 18, we can define f(x) = e* and g(x) = —e”*, but at the moment 
explicit definitions would be awkward.) 


24. (a) The geometric idea behind the proof is indicated below: If f(a) > a, then 
I(f@) =a < f(a). Since f(a) > a, and f(b) < b for some b (namely, f(a)), 
it follows that f(x) = x for some x in [a, 5]. 


(a, F(a)) 


(f@), 4) 
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(b) Let f be any decreasing function on (—co, a] which takes on all values > a, 


and define 
f@), x<a 


F°@)s 22a. 


gx) = 


(c) If f(x) < x, then x = f7'(f@)) < f-'(@) = F(x), a contradiction. Simi- 
larly, we cannot have f(x) > x. © 


25. The functions with this property are precisely the one-one functions, because 
reflecting through the antidiagonal is the same as reflecting through the vertical axis, 
then reflecting through the diagonal, and finally reflecting through the vertical axis 
again. 


If a more analytic proof is desired, notice that the reflection of (a, b) through 
the antidiagonal is (—b, —a). Thus if (a, f(a)) and (b, f(b)) are two points on the 
graph of f, we require that (— f (a), —a) and (—f (b), —b) should not have the same 
first coordinate if a # b. In other words f(a) and f(b) must be different. So f 
must be one-one. 


26. (a) Since f is not increasing, there is some x < y with f(y) < f(x). Since 
Ff is nondecreasing, if x < z < y, then f(x) < f(z) < fQ) < f@). Sof@= 
F(z) = f(y). 
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(b) f@ +h) > fx) fork > Oand f@ +h) < f(x) fork <0, so 


F@ +h) — fF) si 
a a 
for all hk £0, so f’(x) > 0. 
(c) If y > x, then 
f(y) — f@) 
y-x 


=f’ for some z in (x, y), 

>0 

so f(y) = f(@). Similarly, if y < x, then f(y) < f(x). 

27. (a) The idea behind the proof is indicated in the figure below. On the interval 
[n, n-+-1], let g be the linear function with g(2) = f(n+1) and g(n+1) = f(n+2). 


f 


(b) On the interval [n, n+1] let g be the linear function with g(n) = f(n+1)/(n+1) 
and g(n + 1) = f(n+2)/(2 +2). 
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1. (a) Sets =x —a,sothatx =a+s. 


(b) The tangent line according to our new definition consists of all points 
c(a)+s-c'(a) = (a, f@)+s5- (1, f’@) 
= (a, f@) + (s,sf’@) = (ats, fla) +sf'@), 


the same set of points obtained in part (a). 


2. We have 
(7,07) t2>0 


(—1?7, 17) +<0 


and these points are all on the graph of A(x) = |x|, since |—2?| = t*. On the other 
hand, if S(t) = t?, then our straightforward definition of c’ gives 


c'(0) = (f’(0), S’(0)) = ©, 0), 
since we have f’(0) = S’(0) = 0. 


e(t) = (f(), 17) = | 


3. (a) Each point 
(u(t), v@)) = (u(t), vu" U))) = (u@), v ou! (U@))) 


is on the graph of you~}, 


(b) We have 
Ff = (v ° uty — (v’ ° a) F (u—ly’ 
_ vio ua} 
~ yfounl’ 
sO 
‘ _ gi = u(t 
f') = f'u@) = ae 
(c) Then 
7 (ul o u—1)? 
(u! ou-!) (uo u-!) 
7 (u ° u-})2 
= (u! ou-ly3 
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so 


Wack ul(t)v"(t) — u'(t)u"(£) 
ae wor 


4, (i) Differentiating the equation x7/? + f(x)*/3 = 1 yields 
2 2f'(x) _ 0 
3x1/3 3 f (x)i/3 Tate 


; FQ) 
‘ (x) == x1/3 


(ii) Problem 3(b) gives 
3sin*tcost _sint 
3cos?t(—sint) cost 


fix) = 
for x = cos? t. Substituting this value of x into the equation x 2/3 + y?/3 = 1 gives 


cos?t + f(x)? = 1, 
f(x) = V1 —cos?t = sint, 


so 


5. The square of the distance from P to (u(t), v(t)) is 
(xo — u(t)? + Oo — v(t))”, 

which has it minimum at f when 
(*) 0 = [xo — u()] - [-u’@)] + 2Lyo — v(¢)] « [—v'()]. 
If u’(f) 4 0, this can be written as 

v® yr) _ _ 

ul(f) x9 — ult) 
thus the tangent line, with slope v‘(f)/u’(f), is perpendicular to the line from P to 
Q, with slope [yo — u(t) ]/[%o — u(@))]. 

If u’(t) = 0, so that the tangent line is parallel to the first axis, then [since we 
assumed that u’(f) and v’(f) are not both 0], (*) implies that yo — v(t) = 0, ie., 
that the line from P to @Q is parallel to the second axis, and thus perpendicular to 
the tangent line. 


3 


6. (a) Letting u(@) = f(@)cos6, v@) = f(@)sin#@, the slope of the point with 
polar coordinates (f (6), @) is 

v'(@) Ff @)cosé + f’(@)sind 

u(0)  —f(@)sin@ + f/(6)cos@" 
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(b) When f(6) = 0, this formula shows that the slope of the tangent line through 
the point with polar coordinates (0, @) [i.e., the origin] is tan@, which is just the 
slope of the line making an angle of @ with the positive horizontal axis. 

For the Archimedean spiral r = f(@) = @ we have f(0) = 0 so the tangent line 
through the origin is the horizontal axis. 

For the graph of r = cos 2@ (Problem 3(iii) of that Appendix) we have 


cos26 =0 for 96 = 1/4, 37/4,... 


so the lines through the origin making angles with the horizontal axis of 7/4 and 
—z /4 are tangent lines. 

For r = | cos 26{ (Problem 3(v)) we clearly have the same tangent lines through 
the origin. 

Similarly, for the graph of r = cos 3@ (Problem 3(iv)) the lines through the origin 
making angles of 1/6, 7/3, —7/6 and —z/3 are tangent lines, and the same is true 
for r = | cos 36| (Problem 3(vi)). 

For the graph of the lemniscate r? = 2a? cos 2@ (Problem 10 of that Appendix) 
we again have r = 0 for cos2@ = 0, so the lines through the origin making angles- 
of 7/4 and —7/4 are tangent lines. 


(c) We must have f’(@) = 0, since f (@) is the distance from the origin to the point 
with polar coordinates (f (@), 6). According to part (a), the slope of the tangent line 
is then — cot? = —1/tan@. Since tan@ is the slope of the line from the origin to 
the point with polar coordinates (f (6), @), this shows, in agreement with Problem 5, 
that this line is perpendicular to the tangent line. 


(d) By part (a) we have 


eek f(@)cos@ + f'@) siné 
—f(@)siné + f'(@) cos 6 

so 

tana — tan? 

1+ tane tand 
f@)cosé + f'(@) sine sind 

_ =f @)sind + f'@)cos@ cos 

~ f(@)cosd + f'(0)sin@ sind 

—f(@)sin@ + f’@)cosé cosé 

_ f@)cos*@ + f’@)sin@ cos6 + f@) sin? 6 — f’(@) sin# cosé 

* —f (@) sin cos@ + f'@) cos? @ + f(@) cos@ sind + f’(6) sin? é 


_ © 
FO) 


tan(a — 6) = 


Lo 
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7. (a) @ If 
(x? + £2 + £@))? =2? + FO, 
then 
(x? + f(x)? + f@)) [2x + 2F@) Fx) + f'@)] =x + f@)S'O) 

s0 
fe) {1 + 2F@)] (x? + FY? + F@)) — F@)} =x[1 - 20? + FAY + F@)] 
s0 

x[1 ~2(x? + f(x)? + F@)] 
[1+ 2f(x)] (x2 + f(x)? + f@)) — F@) 


a[1 —2Vx2 + f(x)? | 
[1 +2f (x) ] Vx? + FQ)? — Ff) 


(ii) At the point with polar coordinates (x,@) = (1 — sin@,@) the slope of the 
tangent line is 
(l—sin@)cos@—cos@sind _—— cos @(1 — 2sin#) 
(-1+sin@)sin@ —cos@cos@ sin? @ — cos? @ — sin@ 
cos @(1 — 2sin@) 
~ [= 2cos?@ — sind’ 


f@= 


(b) We have r = 0 for 6 = 2/2, so the line through the origin making an angle of 
z¢/2 with the horizontal axis is a tangent line. [More precisely, there is no tangent 
line at this point, but there are appropriate left- and right-hand derivatives of co 
and —oo.] 


8. (a) From the Figure, the distance from P to the radius passing through Q is 
asint. Since the distance from O to Q is at, the first coordinate of P is the differ- 
ence, at —asint, 

Similarly, the second coordinate of P is a minus the distance from P to the center 
of the circle, and thus a — acost. 


(b) We have 
u(t) = a(1 — cost) > 0, 


since cost < 1; in fact, u’(t) > 0 except at isolated points. So u is increasing. 


(c) At 0 we have 
. l-—cost : sint . cost . 
f'(0) = lim ——— = lim = lim —~— = limcott. 
to0t—sint to0l—cost :0sint 10 
For positive ¢ close to 0 we have tant > 0 and tant is very small, so this approaches 
oo, and the right-hand derivative is oo. Similarly, the left-hand derivative is —oo. 
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(d) We have 
v(t) =a—acost 
a— v(t) 
cost = ———, 
and thus 
a— v(t) 


t = tarccos . 
a 


with the + sign for t > 0, and the ~ sign for t < 0, since arccos is always positive. 


Moreover, 
sint = +/1—cos?t 


2 
ag 1- (47) 
a 


at - (2a — v(t)] v(t), 


with the sign being the same as that of sint Hence 


u(t) = at —asint 


= -ka arccos 2 — + ./[2a — v(f)]v(t), 


where the first ++ is the same as the sign of ¢ and the second is the opposite of the 
sign of sint. 


(e) For the first half of the first arch of the cycloid we have ¢ > 0 and sint > 0, soz. 


u(t) = aarccos cone — /Ra—vHwO. 


This means that this curve consists of points 
(u(t), v(t)) = (« arccos aa — /[2a — v(t)] v(t), @)) ; O<t<1 


or of points 


(«arcoos $2 — Ba =H, y) O<y < 2a, 


which is indeed the graph of g—!. 


9. By the Cauchy Mean Value Theorem (Theorem 11-8), there is a number x in 
(a, b) with 


(*) [u(b) — u(a@)]v’(x) = [v(b) — v@]u'(). 


We are assuming that P # Q (or there would be nothing to prove), so either u(b) 4 
u(a) or v(b) # v(a), say the former. If we had u’(x) = 0, then (x) would imply that 
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also v’(x) = 0, contrary to the last condition of the problem. So we can write (*) as 


v'(x) _ vb) — v@) 

u'(x)  u(b) — u(a)” 
The right-hand side is just the slope of the line from P to Q, while Problem 3 shows 
that the left-hand side is the slope of the tangent line of the curve (since u’(x) 4 0, u 
is one-one in an interval containing x, so part of the curve is the graph of a function 

=vou!), 

. If instead if u(b) 4 u(a) we have v(b) ~ v(a), the whole argument can be made 
with u and v interchanged. 


10. (a) Obviously 


lu(t) —h| Ss Vleet) — A? + lv@) — bi = flee) — 4, 


and similarly for |v(t)} — 2. 
Now suppose that Tim c(t) = 1 by the above definition. Given s > 0, let 5 > 0 


be the one given by the definition. Then for 0 < |f —a| < 5 we have 

lu(t) —h| < lle) — Tl] <e. 
Thus jim u(t) =1,. Similarly for v. 
(b) Conversely, suppose that lim c(t) = I according to the definition in terms of 
component functions, so that lim u(t) = i, and jim u(t) = lp. Suppose we are 
given e > 0. Choose 4), d2 > 0 so that 


if 0 < |t —a] <4), then ju(t)—y] < —= 


/2 

2 
if 0 < |t —a| < 49, then |v(t) — b| < —, 

/2 


and let 6 = min(é), 42). Then if 0 < |t —a| < 6 we have 


2 
lu@) —hP < — 


2 
2 
é 
l(t) — bh)? < > 
and thus 
2 2 2 SF 5 br 
let) — ZI) = Ju) — A + lv@) -bl < z oP a &*, 
so that 


|e(t) —Z]| <e. 
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3. (a) Problem 2-7 shows that 


n 
pas 
k=1 


1 A B + 
aPtl  p+1 on n? , 

which can clearly be made as close to 1/(p + 1) as desired by choosing n large 
enough. 


(b) We have 
peri pee! 
L(f, Pa) = AL 
=O 


peti 
U(f, Pr) = ai| 
k=1 
Part (a) shows that L(f, P,) and U(f, P,) can be made as close to the number 
bP*! /(p + 1) as desired by choosing n sufficiently large. As in Problem 1, this. 
b 


implies that [ x? dx = bP /(p +1). 
0 


4, (a) We have 
b ty tn th-1 ty 


- = = er", 


2 ft f+i h-2 bo 


sot; = ar! =a-cl/", 


(b) We have 


a 
UCf, P) = Yla . c/n ‘[a- cin —@Q- cf Dir] 


i=1 


= aPthy 2 oY J (olny 


i=} 
n—-1 
— gPthy — pot) t/a (p+l)/nyi 
aH —cl%e (c ) 
i=0 
1—cPtl 


Tocerya by Problem 2-5 


== aPtl(y =) oT MAyo(pt lin 
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= ght — cPtlyo(p+D/n eee 
Jj ~— c(ptl)/n 
1- c7l/n 
= (7 Pt) _ petty (ptD/n 2 
el i [— clpthyn 
lf/n 1 
= (ght) — pptlypin ©" t 
=( Bee 1 — cpt) /n* 
Problem 2-5 also gives 
] = c(pt)/n 
1 fa a a fe 
Lp tee perl = l-cn 
So i 
= (pPtl _ pPtlyop/n 
U(f, P) = aP™')e Tore caer 
Similarly, 


1 
= oo P/n = (pPtt _ gptly), 
L(f, P) = PUY, P) = PH — aPH). ee. 
(c) By making 7 large enough, we can make c’/” as close as we like to 1 (Prob- 
lem 5-41, or Problem 22-10). The same holds, of course, for each of the p numbers 
cl" ...,c?!", So U(f, P) and L(f, P) can both be made as close as desired to 


pet) _ qptl pet! _ gptl 
1tl+---+1 pti 
— ee! 
p times 


5. (i) The integral is 0, since the part from —1 to 0 is the negative of the part from 
Otol. 


(ii) By the same reasoning the integral is 
1 
/ 3V/1—atdx = 35, 
-1 
since f(x) = 3V 1 —x? is a semi-circle of radius /3 on {[—1, JJ. 


6. Since sint > 0 on [0, 2/2] (using radians) we clearly have 


x 1 t 
[ aa dt >0 forO <x < 7/2. 
o ¢+1 


Moreover, the integral Sire sint dt is exactly the negative of Fad * sint dt, while 


1/(@¢ + 1) is smaller on [z/2, z] than on [0, 2/2], so the entire integral 


aa 
i: sint ‘ 
n/2t +1 
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is smaller in absolute value that the same integral on [0, 7/2]. The same is certainly 
true of 
* sint 
/ Se dt 
nf2 t 


for all 7/2 < x <7. This shows that 


* sint 
[ ea Fane 0 also fora/2<x <7. 
o f¢+1 


Ete. 


7. Gi) fo f =0. 
(iv) f is not integrable. 


(vi) f is integrable; a rigorous proof can be given in several ways, using various 
problems in this chapter, for example Problem 20. (Presumably, the integral of f is 


ee came) ee CO 
2 2\2 3/ 3\3 4 


At the moment we do not even know what an infinite sum means, let alone how to 
work with them, but the following likely looking manipulations are actually valid: 


ey co) wee eee 
2 2\2 3/7 3\3 4 


From the fact that 
1 1 n 


2. aed Ae 
derived in Problem 2-6, we might guess that 


Bee OE Ble 
12° 2.3 3-4 ray, 


The other infinite sum happens to equal 17/6 (but we will not get to a proof of this 
fact anywhere in the text), so the integral of f is 7*/6— 1.) 
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8. (i) 


(iii) 
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(iv) 
—J/2/2 V2/2 V2 
/ 2-xde+ | 2—(1—x*)dx + 2—x? dx = 272. 
~V/2 —/3/2 2/2 
(v) 


Bie 


sperroresrzame 
eae 
Se 


ah ch sa ote 
Sait 


eich 

Bick 
es 
a 
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(vi) The area should be 


10. The first inequality is a special case of Problem 8-13, and the second inequality 
follows from the fact that {f(¥1) + g(%2) : ti-1 < %1, X2 < t;} contains all numbers 
in {f (x) + g(x) : t3-1 <x <1t;}, and possibly some smaller ones. 


11. (a) If L(f, P) = UF, P) for even one partition P, then each m; = Mj, so f is 
constant on each [t;_1, t;]. Since these closed intervals overlap, f must be constant 
on all of [a, 5]. 


(b) If Lf, Pi) = UCf, Po) and P contains both P| and Po, then L(f, Pi) < 
L(f, P) < U(f, P) < UG, 2) = Lf, Pi), so L(f, P) = Uf, P). It follows 
from part (a) that f is constant on [a, b]. 


(c) Only constant functions. For suppose f is not constant on [a, b], and let m be 
the minimum value of f on [a,b]. Since f(x) > m for some x, and since f is 
continuous, we can choose a partition P = {to,..., tn} of [a, b] so that f > m on 
some interval [t;-1, t;]. Then mj; > m, so L(f, P) > m(b — a). On the other hand, 
if Q is the partition @ = {a, b}, then L(f, Q) = m(b — a). 


(d) If f is integrable on [a, b] and all lower sums are equal, then f takes on the value 
m = inf{ f(x) : a <x < b} at a dense set of points in [a, b]. In fact, Problem 30 
shows that f is continuous at a dense set of points. Now if f is continuous at x 
and f(x) > m, then, as in part (c), there is a partition P with L(f, P) > m(b — a), 
while L(f, Q) = m(b —a) if Q = {a, b}, contradicting the hypothesis. Conversely, 
it is easy to see that if f takes on its minimum value m on a dense set of points 
in [a@, b], then L(f, P) = m(b — a), since each m; = m. (The condition that f be 
integrable is essential in this problem. For example, if f(x) = 1/¢ for x = p/g in 
lowest terms, and f(x) = 1 for x irrational, then L(f, P) = 0 for all P, but f does 
not take on the value 0 = inf{ f(x) : a <x < b} anywhere.) 


12. Theorem 4, applied to a < b < d, implies that f is integrable on [b, d]. Then 
Theorem 4, applied to b < c < d, implies that f is integrable on [b, c]. 
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14. Let P = {%,..., t,} be a partition of [a, b]. If g(x) = f(x —c), then 


m; = inf{ f(x) :t-1 S* St} =inf{g@):4-1+e<x<t +e} 


and similarly for M;, so L(f, P) = L(g, P’) and U(f, P) = U(g, P’). If f is 
integrable, so that for every ¢ > 0 we have U(f, P) — L(f, P) < ¢ for some P, 
then g is also integrable, since we have U(g, P’) — L(g, P’) < ¢. Moreover, 

b-+e 


b 
i fladdx = suplLUF, PY} = supe, PI}= fF — eds. 


15. Notice that 


1 1 1 
5 int |= 2 tj-1 stu = int | > 2 btj.4 <x sou}. 


Denoting the first inf by m; and the second by m;’, we have 
n 
L(f, P') =) mio — bti-1) 


i=1 


n 
= S> bmj' (ti — 4-1) 


i=1 


n 
= So milti — 1) 
i=l 


= L(f, P). 


So 
ab 1 . aj 
/ — dt = sup{L(f, P’)} = sup{L(f, Pye f — dt. 
b ¢ ee 


16. If P = {to,..., t} is a partition of [a, b), and P’ = {cto,..., ct,}, then 


mj = inf{ f (ct): t-1 <t <j} = inf f(t) : cty-1 St < ty} = mj’. 
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So if g(t) = f(ct), then 


n 
cL(g,P)=¢} > mili — 4-1) 
i=1 
n 
= Yo mi! (cti — ctj-1) 
i=l 


= L(f, P’). 


So 
cb b 
| f(t)dt = sup{L(f, P’)} = c-sup{L(e, P)} =c- | f(ct)dt. 


(Actually, this proof is valid only for c > 0, but the case c < 0 can then be deduced 
easily.) 


17. The upper half of the unit circle is the graph of 


f(x) =V1—x? 


while the upper half of the ellipse is the graph of 


se) =bJ1-(=), 


so the area enclosed by the ellipse is 


2 fof (ty aan fr- (2) a 


= 2ab [ Vi-?dt 
-1 
= 2ab-x/2=mab. 


18. (a) We have 


a 1 1 
| x"dx =a [ (ax)" dx = ae | x" dx =c,a"™, 
0 0 0 
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(b) From part (a) we have 


Qrtle grt] — [ve dx = a y ‘s xka"—* dx 
a 0 k 


—4 520 
a 
=2 +S (i) qn x* dx (compare Problem 5) 
Keven 0 
=2 D (jet talttey = 2q"7} > (7) Ck. 
Keven & even 


(c) The proof is by complete induction. We know that c; = 1/2. Assume that 
ce = 1/(K +1) fork <n. Then 


19. Choose M > 1 so that | f(x)| < M for all x in [a,b]. Given e > 0, let 
5 = ¢/3M. Since f is continuous on [a, x9 — 8/2] and [xp + 6/2, b] there are 
partitions P, = {f,..., t,} of [a, x9 — 6/2] and Po = {50, ..., 5m} of [xo + 6/2, b] 
such that U(f, P,;) — Lf, Pi) < ¢/3 and U(f, P)) — L(f, Po) < 2/3. If P = 
{fo,..+; tn, 50,+-+, Sm}, then 


Uf, P)-L, P) S (UA PD - LA PI +d - M+(UGF, Be) - LS, PI 
<é/3+e/3t+e/3=e. 
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20. (a) 


n 
Lf, P) = > fi) — 1), 


i=] 


UCF, P) = >> FG — #1). 


i=1 


(b) If 4 — 4~1 = 6 for each i, then 
UF, P)- LF, P) = SLIP G) -— FG) — 1) 
i=] 


=5 >> fi) — FG) 


i=l 


= o[f(®) — f@)l. 


(c) For every ¢ > 0 we have U(f, P) -— Lf, P) < ¢ iff —G-1) = 6 < 
e/[f) — fa). 


(d) The function in Problem 7(vi) is an example (on the interval [0, 1]). 
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21. (a) 


Lif}, P)+UCf, P’) 


=F GG — 8+ Df) — FG) 


i=l i=1 


= Sef) - ea Ga 


i=] 


= bf~"(b) — af"). 


(b) It follows from (a) that 


b 
if f-! =sup{L(f—!, P)} = sup{bf—!() — af— (a) — UY, P’)} 
= bf~\(b) — af~'(@) — inf{U(f, PY} 


£710) 
=F) —afHa— J 


(c) If f(x) = x” for x > 0, then for0 < a < b we have 


b b f") 

/ Vids = | fae = bf") - af Ma) - | x" dx 

a a f'@ 
_pve—aya-| CO _ way 
Beas or ere se 


nVb nila 


n+l ont+l 
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22. The Figure below shows the case b < f(a). 


We have 
ab = areaOACB < areaOAE+areaOBD 


= [ sooas +f f1Q) dx. 


If b = f(a) we clearly have equality. It is easy to see that we have the same 
inequality if b > f(a) [or simply apply the first inequality to f —']. 


23. (c) First choose any continuous one-one function f on fa, b]. Then we have 
He F@)dx = (b—a)f(€) for a unique &. Now let g(x) = f(x) forx # &, but 
8) # fE). 


(d) From the inequality mg(x) < f(x)g(x) < Mg(x), we obtain 
b b b 
mf gears f foreadx em [ o(xyar. 
a a a 
Consequently 
b b 
[ foreayar =n f aoyas 
a a 
for some jz with m < wu <M. This uw = f(E) for some & in [a, dD]. 
(e) Replace g by —g. 
(f) If g(x) = x on [—1, 1] and f(x) = x, then 


1 1 1 
[ s@emar = f Pdx=F eu: f a 
24 4 3 = 


1 


24, If P = {to, ..., tn} is a partition of [60, 0], then 


n Sse . Lg 2 —, 7 
L(f?/2,P)=YomP Ft and UC f?/2,P) = Mp 2 
i=1 i=1 
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represent the total area of sectors contained in A and containing A, respectively. So 
L(f?/2, P) < area A < U(f?/2, P) 


A 
for all P. It follows that area A must be i f° /2. 
ay 


25. (a) If f(x) = ax + B, then for every P we have 


ef, P) = 0 VG = a)? + 2G = a)? 


i=1 


= YG — t-1)¥1+ 0? 


i=l 
= (b-a)v1+a?, 


and the distance from (a, aa + B) to (b, ab + B) is 
JViata — by 2 + (a — bY? = (b—a)V1 402. 


(b) If f is not linear, then there is some ft in [a, b] such that (a, f (a)), (f, f(£)) and: 
(b, f(6)) do not lie on a straight line. Thus if P = {a, t, b}, then 


£f, P) =Vt—-—a?P? +f — f@P + V6 -1)? +1F@) -— FOP 
> V(b -—a)?*?+[f(b) —- f@!), by Problem 4-9. 


(c) follows immediately from part (b). 
(d) For each i there is some +; in (t;-1, t;) with 
Ff’ ii — 4-1) = FG-1) — FG). 
So 
L(V1+ F%, P) s 0G ~t-a)V1+ LF GDP < U(V1+ F?, P) 
i=l 


and 
n 


n 
YG —4-V14 LGD? = D0 VG — 6? + LOG - 4-DP 
i=1 


i=l 
=o VG - ta? +) — FG-)P 
i=l 
= £(f, P). 


(e) Since sup{é(f, P)} is an upper bound for the set of all £(f, P), it is also an 
upper bound for the set of all L (1+ (f/)?, P) by part (a). 
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(f) It suffices to show that 
sup{é(f, P)} < U(V1+(f)?, P”) 
for any partition P”, and to prove this it suffices to show that 
ef, P’) sU(V1+ (Ff, P’) 
for any partition P’. If P contains the points of P’, then 
Lf, P) = &f, P’); 


the proof is similar for the proof for lower sums, putting in one point at a time and 
using Problem 4-9 to see that this increases 2. This if P contains the points of both 
P’ and P", then 


ef, P') < ef, P) < U(V1+ (F9, P) sU(/1 + (F, P”). 


(g) We are considering 
[vitor 
Hey an 
rat V(x —ay? + fx) - f@P 


By the Mean Value Theorem, f(x) — f(a) = (* —a) f'(&) for some & in (a, x), and 
by the Mean Value Theorem for Integrals (Problem 23), the numerator is 
(x — a)V1+ f(y)? for some 7 in (a, x). So we are considering 


@-a\vl+fi(n?  _— vl+f'(n 


Vie—aP t+ fler@ a? Jlt+ fie? 


which approaches 1 as x > a* since lim f"(x) = f’@). 
aaa 


(h) If Lo is the length of f on [}, 1], then 
length of f on[#, 1] = Lo-(1+44+14-.-+ 54) =H: (2-4), 
so £(1), the length of f on [0, 1], must be 2£o, and LF) = set - Lo. Thus, 
Ls) 2 sar Lo = 

d(3r) ra 


Since Lp > 5 this quantity certainly can’t approach 1 as x > 0*. 


2Lo. 


26. (a) If P = {to,..., t,} is a partition of [a, b] with U(f, P)—L(f, P) < «, then 
U(f, P) —fif <¢é and ig —L(f, P) < &. Let s}(x) be m; for x in (t;_-}, ;) 
and 0, say, for x = ft, ..., #3 similarly let so(x) be M; for x in (#;-1, t;) and O for 
X =19,...,f. 

(b) The existence of such step functions implies the existence of partitions P, and 
P, with UCf, P) = L(f, Pi) <&, 
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(c) The function in Problem 34 is an example. 


27. It obviously suffices to show that for any e > 0 there are g < f with f : f- 
Ep g<eandh > f with f iy h—f is f <&. Moreover, the second follows from the 
first by considering —f, so we just have to find the desired g < f. 

Choose a step functions < f with f : f- i 5s <&/2, by Problem 26(a). Choose 
M > 1 so that |f(x)| < M for all x in [a, b}, and if s is constant on (¢;-1, t;) for 
i=1,...,n, choose 6 < e/2nM. Let g =s on [#;_) + 5/2, t; — 5/2] and let g be 
a linear function on [t; — 6/2, t;] and [t;, t; + 8/2] with g(¢;) = —M. 


Then g <s < fand f?s—f? g<nM8 <6/2,80 f? f—f’g<e. 
28. (a) Ifs; (respectively sz) is constant on each subinterval for a partition P; (re- 


spectively P2), then s; + s2 is constant on the intervals for the partition P which 
contains P, and P>. 


(b) Part (a) shows that there is a partition P = {tp,..., t,} such that s, and s are 
constant on each (¢;-1, t;), with values a; and b;, say. Then 


b n 
: (s1 +2) = So @ + biG — 4-1) 
e i=1 


n % 
= ails -— t+ biG — f-1) 
i=l i=l 


b b 
= a+ f 52. 
a a 
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(c) Given ¢ > 0, choose step functions 51,52 and ft), tg with 5, < f < s2 and 
t} <g<t) and dé S2— fs < €/2 and 1 b- is t) < e/2. Part (b) implies that 


b b b b b b b b 
[orn= f af ns| f+ fes[a+ n= [ote 
a a a a a a a a 


and that ; ‘. 
[ (so + 2) — i (1 +4) <<. 
a a 


This shows that f is integrable, and also that f i (f+z2)= fc f+f i g, since there 
is only one number between all such if i (s; +t) and f se (So + f2). 


29. Let g(x) = fe f -s? f. Then g is continuous and g(a) = — fc f and g(b) = 
f i {3.80 g(a) and g(b) have different signs and consequently g(x) = 0 for some x 
in [a, b], unless g(a) = 0, in which case we can choose x = a. 

For the function f shown below, only x = a or x = b will work; f has been 
chosen so that f° f=—f? f. 


30. (a) Clearly if M; = m; > 1 for alli, then U(f, P) -L(f, P) = b-a. 


(b) If i = 1, let b; = t and choose any a; with to < a, < ft. Similarly ifi =n. 


(c) Choose a partition P of [a1, b,] with U(f, P) — Lf, P) < (61 — a)/2. Then 
M; —_m; < 1/2 for some i. Choose [a2, b2] = [47-1, 7] unless i = 1 or n, in which 
case use the modification of part (b). 


(d) Let x be a point in each 7,,. Notice that we cannot have x = a, or by, since x 
is also in [@n41, Dn41] and dp < Gn41 < bn41 < by. If e > O, there is some m such 
that 

sup{ f(x) : x in Z,} — inf{ f(x) : x in I,} < ¢/2, 


Then | f(y) — f@)| < e for all y in J,; since x is in (@,, b,), this means that 
lf) — f(x)! < e for all y satisfying [y — x| < 6 where 6 > 0 is the minimum of 
x — G, and b, — x. Thus f is continuous at x. 


(e) f must be continuous at some point in every interval contained in [a, b], since 
f is integrable on every such interval. 
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31. (a) Choose x9 in [a, b] and let f(x) = 0 for all x A xo, and f(xo) = 1. (The 
function in Problem 34 is another example.) 


(b) There is a partition P of [a,b] such that f(x) > f(xo)/2 for all x in some 
[t;-1, tj]. Then L(f, P) > xo(t) ~ H~-1)/2. 


(c) This follows from part (b), since f is continuous at some xo, by Problem 30. 


32. (a) Choose g = f. Then f i f? = 0. Since f is continuous, this implies that 
f=0. 

(b) If fo) > 0, then f(x) > 0 for all x in (vo — d, x9 + 8) for some 5 > 0. 
Choose a continuous g with g > 0 on (x9 — 6, x9 + 5) and g = 0 elsewhere. Then 
, fg > 0, a contradiction. 


xo9—-6 xo xo +6 


34. Let ¢ > 0. Choose n so that 1/n < ¢/2. Let x9 < x1 <--: < Xm be those 
rational points p/g in [0, 1] with g < n. Choose a partition P = {to,..., t%} such 
that the intervals [t;-1, t;] which contain some x; have total length < ¢/2. On each 
of the other intervals we have M; < 1/n < e/2. Let 1; denote all those i from 


1,..., for which [¢;_1, ¢;] contains some x;, and let J) denote all other i from 
1,...,”. Since f < 1 everywhere, we have 
UF, P) = >> MiG — 4-1) + DO MiG — 8-1) 
iin, iink 
& 
pe pz i -—4#- +5 2 (ti — ti-1) 
fink iin dk, 
& & 
<1--+--l=e. 
Si5 + 5) g 


35. Let f be the function in Problem 34, and let g(x) = 0 for x = 0, and g(x) = 1 
for x # 0. Then (g o f)(x) = 0 if x is irrational, and 1 if x is rational. 


36. (a) If f > 0 on [#;-1, 4], then Mj’ = M; and m;’ = m;. If f < 0 on [f--1, t;], 
then M;’ = —m; and m;’ = —M;, so again M;’ —m,;’ = M; —m;. Now suppose that 
J has both positive and negative values on [f;-1, t;], so that m; <Q < M;. There 
are two cases to consider. If ~m,; < M;, then 


M;' = M;, 
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so 
M;' — m;' < Mj’ = M; < M; — mi, since m; <0. 


A similar argument works if —m; > M; (or consider —f). 
(b) If P is a partition of [a, b], then 
n 
U(\fl, P) — Lf |, P) = >) Mi! — mi‘) — t-1) 


i-1 


n 
< mM —mi)(ti — ti-1) 
i=l 
So integrability of f implies integrability of | f|, by Theorem 2. 
(c) This follows from part (b)} and the formulas 


fretHlf—sl 


fte=lF 3 
2 ‘ 


min(f, g) = 3 


max(f, g) = 


(d) If f is integrable, then max(f, 0) and min(f, 0) are integrable, by part (c). Con- 
versely, if max(f, 0) and min(/, 0) are integrable, then f = max(f, 0) + min(f, 0) 
is integrable, by Theorem S. 
38. (a) Since 

O<m;' < f(x) <M; and O<m;"<g(x)<M;" forall x in [¢;_1, 4], 


we have 
mi'm;" < f(x)g(x) < Mi'M;" for all x in [t;-1, t), 


which implies that m;’m;” < m; and M; < M;/M;". 
(b) This follows immediately from part (a). 
(c) By part (b), 
U(fg, P) —L(fg, P) 
< mm" — mj'mi" ti — ty-1) 


i=1 
n n 
= 0 MiMi — mi\G — 5) + D0 mi" — mi" — b=) 


i=l i=t 


< ua Sta — mi'\(b ~ tra) + STG" = my" — nv}. 


i=1 i=1 


(d) Integrability of fg follows immediately from part (c) and Theorem 2. 
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(e) The same result clearly holds if f < 0 and/or g < 0 on [a,b]. Now write 
f = max(f, 0) + min(f, 0) and g = max(g, 0) + min(g, 0), so that fg is the sum 
of four products, each of which is integrable. 


39, (a) Given x1,...,%, and yi,..., yn, let f and g be defined on [0, 1] by 


Xj Ee ae e 
f@)= is no n 
0, x=1, 
; sel eens 
aati | F n 
0, x=1. 
Then 
1 I a 
f fe= 73am 
1 1 n 
fe x?, 
1 I n 
2 2 
so 
n 2 n n 
(Sox) < (do?) (Dov?) 
i=1 i=1 i=] 
this is the Schwarz inequality. 


(b) First proof: If g = 0, then equality holds. Otherwise for all A we have 


o<fu-mr= [pa frre fie 


b 2 
b 4 (f fs) 
[r-MeAL oo 
" 4{f'e) 
Second proof: Using 2xy < x? + y? with 
f@) g@) 


SS ‘ y= 


[Pr [fe 


so 
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we obtain 
— thet FY 4 SP 
reat a: f ‘fe 
So 


af FOdg(x) ax ~ FOe? dx ait "(ota 


(PA(fe fr fe 


Third proof: The analogue of the formula in the solution to Problem 2-21(c) is: 


(f t ‘) (f ) 7 ( [ fe) + : [ [ “L@80) — FOV? ax} dy. 


To check this equality we simply compute that 


[ | ‘ “Lpceteoy? + Foye? _ 2F ef O2O)] as| dy 
-[ {20 [ "f+ FOr [ #27080) [ fa} ay 
(MEN MED 
-2([ 48) ([¥). 


(c) If f = g except at one point, then equality holds, even though f = Ag is false. 
But if f and g are continuous, then equality in the Cauchy-Schwarz inequality does 
imply that f = Ag for g 4 0. This follows from all of the above proofs: In the first 
proof, we will have 


b 
0< fr -r0y 
a 
since (f — Ag)? is a continuous non-negative function that is somewhere positive. 


Similarly, in the second proof, we have equality only if we have 


f@) g(x) 


for all x, 


sO we can choose 
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In the third proof, equality implies that 


b b 
i | | LF@e(y) - Fore? as] dy =0. 
This means that for all y, 


b 
[ LF ey) — FO)E@P dx =0, 
which means that for all x, 


fay) = fO)g@). 
So if g(yo) 4 0, then 


ff) = FOO) 06.) for all x. 


8 (0) 
(d) Apply the Cauchy-Schwarz inequality to f and g(x) = 1 on [0, 1]. The correct 


result for [a, b]} is 
b b 
@ f) <o-a(f Z); 


40. Ife > 0, pick N > 0 so that | f(t) —a| < ¢ fort > N. Then for N > 0 we 


2 


have 
N4+M 
if f@dt — Ma! < eM, 
N 
= N+M 
N Ma eM 
thdt — é 
resale a) eu|<eow 
Choose M so that 
M 1 zt 
ae <é and aa f f@adt| <e. 
Then 


< 3e. 


1 N+M 
af ER NG re 
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1. Let | f(x)| < M for x in [a,b], and choose 6 > 0 so that |g(x) — g(y)| < 
é/M(b — a) for |x — y| < 6. If all t; — 4) < 4, then 


>> fone — 4-1) — Yo f@ndg@e - i 
i=] i=] 


> F@Nlg Gi) — gull - i 


i=1 


e n 
<M. Mo—a — 4-1) 
=&, 


nh 
So by making t; — f;_1 small enough we can make }* f(x;)g (ui) (ti — t7-1) as close 
i=1 


ia 
to >* f@i)e(x:)(; — t—-1) as we like, and hence as close to f Fg as we like. 
i=1 


2. Let f(x)-+g(x) < M on [a, b], and choose 5 > 0 so that ./x —./y < ¢/(b—a) 
for x, y in [0, M] with |x — y| < 5. Then choose 6’ > 0 so that |g(x;) — g(uj)| < 6 
for |x; —u;| < 8’. If all ; — &-1 < 6’, then |x; — 4;| < 8’, so 


[LF @) + gua)] — Lf i) + ¢05)]| = lei) — gi)| < 8, 


[Vf Gi) + gui) — V fi) + gi) | < — 


and consequently 


>> VF GI + 8d — 4-1) — DFG) + BGG — i 
i=1 i=1 


n 


=|>0 [Vf qn + et) — Vf G1) + e@i) |G — 4-1) 


i=] 


n 
€ 
< Baa di — H-1) = 6. 


hence 


3. By the Mean Value Theorem we have 


&(c, P) =) V fu’ GaP + [ew P G - 4-1) 


ixt 


206 


Chapter 13, Appendix I 207 


for some x;, #; in [#;-1, #]. By Problem 2, these can be made as close as we like 
tol =f i vu’? + y’2 by choosing tj — tj; small enough. This means, first of all, 
that J must be an upper bound for all £(c, P): for if some £(c, P) > J, refining the 
partition P would only increase £, and hence never make it close to J. Since J is 
an upper bound and we can make £(c, P) as close as we like to J, it follows that 7 
must be the least upper bound, 


4. The graph of f is given parametrically by 
u(O) = f(@)cos é, v(@) = f()sing. 
So its length is 


0; ca 
i Jul2+y2= [ [f’ cos —f sin]? + [f’ sin+f cos]? 
0 i) 
it 
2 J+ f2. 


5. Let {t,...,t,} be a partition of [a,b], and choose x; in [t;-1, 4%]. Then the 
Schwarz inequality shows that 


Yi Faeni — 4-1) = D0 Fed VG 6-1 BGS i = G1 
i=1 i=1 


SS fi)? i — G1) Yd si? — t-1. 
i=l i=] 


But the left-hand side can be made as close as desired to f i Fg by making t; — tj-) 
small enough, while the two factors on the right side can be made as close as desired 
to a f? and fC g*. Hence we must have 


fs) <(L)(Le) 


JA 
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1. (i) 
] +3 
ny 27) rs Coan a a a} 7 sin x. 
1 +sin® ¢ sn? tat) “+ (/ sin dt) 
1 1 
(iv) 
—1 
1+x2+sin?x 
(vi) 
x y Bo 
COS (f sin (f sn? dt) ay) - sin (f sn* at ; 
0 0 ) 

(viii) 


OY @ = sea = — = VI. 


F(F71(x)) 


V1 = [F-t@)P 


2. Gi) Allx 41. 
(iv) All irrational x. 


(vi), (viii) All x not of the form 1/n for some natural number n. 


3. (i) If we let F(x) be this expression, then 


(ii) In this case 
1 


v¥1—sin?x 


F'(x) = cosx + 


(a minus sign because the derivative 
of —cos is sin, but it appears as a 


1 
v¥1l—cos?x lower limit) 


— sinx 
=1-1=0. 
(The meaning of these facts will become clear in the next chapter). 
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4. (ii) 
1 1 


—ty =o OS 
(f ) (0) am f'(f-0)) cos(cos( f—!(0))) 
1 


~ cos(cos(1)) 


5. (i) Differentiating the equation ie tg(t)dt = x+x?, we find that at points where 
g is continuous it must satisfy 


xg(x) = 14+ 2x. 
Now if we simply define 
1 
=e. 
gsty=4 t wee Va 
0, t=0, 


then rg(t) = 1+ 2r for allt £0, so ff tg(t)dt = fo 1+2tdt =x +x. 


(ii) We must have 
x? g(x?) -2x =1+42x. 


Let 
Oe oe ae 
g(t) = sf ae, > 0 
0, t<0. 
Then , 
ig(t) = st +1. fort >0, 
so for all x, 


2 2 


x x 1 1 
i te(t)dt =] ~t-2+1dt 
0 0 2 


= (x2)? +42 =x 4x2. 


6. Clearly f? is differentiable everywhere (its derivative at x is f(x)). So f is 
differentiable at x whenever f(x) 4 0, and 


f(x) =2f@)f'@), 


so f’(x) = 5 at such points. Thus, f = 5x + 5 for some b on any interval where 
it is non-zero; if f has a zero, this gives two possible solutions, with two possible 
values of b, but since f is assumed continuous, they must be the same. So we need 


x 
; (Gt+b)dt= (4x +byP+C 
0 
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or 
oe 
4 
so we must have b = +./—C, leading to two solutions for C < 0. 


x2 
+bx = Zi tbx+bP+C, 


(b) On the other hand, for b = —C we can also choose f to be 0 on (—o, 5], 
and f(x) = x/2— 6/2 for x > b. 


(c) We can choose f = 0 on [a, b], but f(x) = x/2 —a/2 for x < a and f(x) = 
x/2—b/2forx > b. 


7. (i) In Problem 13-23(c), choose 


Then 


where 0 < & < 1, and hence 


i 6 1 
[ = dx= [ #a:=—— ' 
0 ¥1+x? V1+ &? Jo Ty 1+ & 

1 


Pe i: f° 1-x 3 
— Xx, 
0 Vvl—xV¥1+x 0 1—x? 
and choose ; 
f@)= » g)=1-x 
V¥1— x? 
Then 
We 1x 1 Me ae. 
i) dx = [ l-xdx= =, 
where 0 < & < 1/2, and hence 
1 2 
< <=: 
Y1—€& 3 


9. If 
Fa)= | Fue —wau = | sf w)du— f uf (u) du, 
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F'(x) = Exe +f Fan —xf() by Problem 8 


= [ F@) du. 


Consequently, there is some number c such that 


[ tare-wau= f° ([" roar) dute for all x. 
0 0 0 


Clearly c = 0, since each of the other two terms is 0 for x = 0. 


10. Applying Problem 9 to g(u) = f(u)(x — u), we obtain 


[ fa) — uP du / [GAG uiGesu ax 
0 0 


x u 
= i (f fO@-h at) du. 
0 0 : 
Therefore we must show that 


is ([" Fea - nar) au=2 [ (a (f° f(a) au) diy, 


Now x —t=(u—t)+(@ — 4), so 
u“ u ut 
(1) i FO@-Hdt= i FOuU~-tHdt+ [ fOO—u)dt. 
0 
For the first integral on the right we have 


Q) [ " fOWu at = , ; ( [ : F(a) du 


by Problem 9. The second can be written 


(3) i FOO —n)dt=@~) y Fat. 


From (1), (2), and (3) we have 


is ([" row - nar) au= (f ([ fat) an) du 
+f [e-» [roar] du. 


On the other hand, applying Problem 9 to g(u) = ahs f(t) dt we obtain 


is fo = fat] au= fo (f" (f° f(a) au) du. 
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12. (a) This follows from Problem 13-14, since f(x — a) = f(x) for all x. 
(b) Let g be periodic and continuous with g > 0 (for example, g(x) = sin* x). If 
f@= de: g, then f’ = g is periodic, but f is increasing, so it is not periodic. 


(c) Let g(x) = fe +a). Then g/(x) = f’( +a) = f'(x). If f@ = FO), then 
we also have g(0) = f(a) = f(0). Consequently g = f,i-e., f(x +a) = f(x) for 
all x. 


(d) Let g(x) = f(x +a) — f(x). Then g’(x) = f’(x +a) — f’(x) = 0, so g has 
the constant value ¢(0) = f(a) — f(O). Le., 
F@ +a) = f(x) + f@ — FO). 

It follows that 

f(na) = nf @) -— @- DFO) =n(F@ —- fO)+ FO. 
Now if f@ + f(0), then this would be unbounded. But f is bounded since it is 
periodic. 
14. Let F = f* f. Then Problem 13-21 states that 

x fU@) 
[ pt=sr'@-at@ - | 
a f(a) 
= xf~\(x) — af! (@) — F(f"@)) + FF" @). 

So if G(x) = xf) — F(f71(x)), then G(x) = f—1(x). 


15. (a) For each point (x, 2x?) = (x, f(x)) on C, we have 
Xx x3 
area A =| 2r7 — 2 dt = —. 
0 3 


It is simplest to consider C2 as the graph of g~!, for then 


2x? 
area B = foewg 
0 


Clearly (compare Problem 13-21) 
2x2 


ptax-2t— [ peyat 
0 


x 
=2- f 2t7 dt 
0 


0 


So 
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Thus we require that for all x > 0, 


and hence that 
3x? = g (2x?) - ax 


3x 
—1 9: 2 = —, 
g (2x°) ri 
and thus 
3.4/2 
ed aaa ge . 
Finally, 
2 
ex= =H, 


(b) Now for f(x) = cx™ we have 


is m m onl m+1 
area A = ct” —t" dt= x ; 
0 m 


and 


mn 


Cx 
area B = f fo-g 
0 


So we require that 


ee ae m wa f° Pa 

and thus 

(¢ — 1)x™ = cmx™ — g(ex™) - emx™— 

eG") = (em —c+1)x™ _ em—~c+ 1. 

cmxm~l cm 
so ; ; 
a Pa ek a (2 1/m 
g§ (= ~ ge *) . 

Finally, 


cm—c+1 ge 
cm , 


gts) =e( 
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16. (a) F’(x) = 1/x; G(x) = /bx)-b = 1/x. 


(b) It follows from part (a) that there is some c such that F(x) = G(x) + ¢ for all 
x > 0. Since F(1) =0 = G(1), we have F(x) = G(x) for all x > 0. 


17. Suppose f is continuous on [a,b] and f(a) < 0 < f(b). The Fundamental 
Theorem of Calculus shows that f = F’ for some F (namely F(x) = le f). 
Darboux’s Theorem then implies that f(x) = 0 for some x in [a, b]. 


18. We have 
a g(x) 
F@)= | A(t)dt+ / h(t) dt, 
f() a 


sO 


F'(x) = —ACF (x) - f'@) + ACB) + 8’). 


19. (a) Since f is differentiable at c it is continuous at c, so F is differentiable at 
c. 


(b) If we assume that f is continuous in an interval around c, then F’ will be con- 
tinuous at c, since we will have F’(x) = f(x) in this interval, and differentiability 
of f atc implies continuity of f at c. But without this assumption F ’ may not even 
exist at all points near c. For example, f could be the function shown below. 


(ec) Since f’ is continuous at c, f’(x) must exist for all x in an interval around c, so 
f is continuous in an interval around c. So, as in part (b), F'’ is continuous at c. 


20. If 
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then 
2x sin : Seog x40 
g(x)= x a 
0, x=0. 


So if we define 


we have 
F(%) = A(x) — g(x) for all x. 


Hence 


Fe)= [a-e) 


-(f)-* 


using the Second Fundamental Theorem of Calculus (and not merely the Corollary’ 
of the First Fundamental Theorem). Since # is continuous we can then apply the 
First Fundamental Theorem to conclude that 


F'(0) = h(0) — g°(0) 
= 0. 


21. Applying the Cauchy-Schwarz inequality to f’ and 1 on [0, 1] we have 
1 2 1 1 
(fra) s for fx 
0 ) 0 
since f (0) = 0 this gives 
1 
es aol 
0 
To show that the hypotheses {(0) = 0 is needed just take f(x) = 1 for all x. 


22. Since the two sides of the desired inequality are equal for x = 0, we just need 
to prove the same inequality for their derivatives, i.e., 


fey < 2p) | f. 


We have f(x) > 0 for x > 0, since f(0) = 0 and 0 < ff’, so this inequality is 
equivalent to 


F(x)? <2 7; i, 
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But both sides of this inequality are true for x = 0, so we just need to prove the 
inequality for their derivatives: 


2fx)F') S 2FG). 
This is true since f(x) > OandO < f’(x) <1. 


23. (a) Equation (x) just says that (Go y)’ = F’ in the interval, so there is a ¢ such 
that Goy = F'+¢ in this interval, i.c., G(y(@v)) = F(x~)+c for all x in the interval. 
(b) Conversely, if y satisfies («*), then differentiation yields (*). 


(c) If 
ie 1+ x? 
PE a) 


so that 
[1+ y@)ly'@) = 1+27, 
then there is some c¢ such that 
y*(x) 


x3 
I) +] Hata te 


for all x in the interval on which y is defined. So 


2 
y* (x) +2y(x) — 2x — 3° —c=0, (calling 2c simply c) 


so 
2+ /4+4(x+ 3x? +c) 
y(x) = a, 

or 


yx) = -1— fl +x+ 3x2 +c. 


These solutions are never defined on all of R, since 1-++-x +2x? /3+c¢ <Oforx <0 
with |x| sufficiently large. 


(d) If 
(1+ 5ly@)1*)y’@) = -1, 


then there is some constant c such that 


[y@)P + ye) +x =e. 


(e) If y@)y’ (x) = —x, then there is some c such that 


b@PF  —x? +e 
Oe es es 


yx) = Ve — x? 


SO 
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or 


y(x) = —V ce — x?. 


If y(0) = —1, then clearly y(x) = —V 1 — x? (for |x| < 1). 


24. (a) If the Schwarzian derivative is 0 then 
yA lage id = BS ae a —_ 0. 


But then 
(S) 2 f? x 7 wae da a fi : 3f/2 f" 
fey ie 
a A ae dd PE cw Bias ad ay ft] 
= Se 
= 0, 


so f”?/f'? is constant. 


(b) Hence u = f’ satisfies 


uw? 4’ =C for some C. 


By Problem 23, 
Qu? = Cx+d for some D 
so 
fie) =u) = —~ 
~~ ~ (Cx + D)2" 
This implies that 
—4 
f@= Cx4D +E for some E£, 
which is the desired form. 
25. (a) 
oo NTtl 1 -1 
’dx = lim —— — —— = ——_ 
/ eee Nevoo r+ 1 r+1l or+i1 


(because r +1<0so lim N’*! =0). 
N>00 


(b) Problem 13-15 implies that 


2° 4 al 24 

/ warm f cde f —dx 

1 # 1 * 1 * 
—— Ka ——’ 


n times 


sa | 
~n | —adx. 
1 x 
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Since {7 1/xdx > 0, we have lim, [F lxdx =o. 


(c) The function 7(N) = is g is clearly increasing, and it is bounded above by 

fa f. Consequently, im I(N) exists Git is the least upper bound of {Z(N) : 
00 

N > O}). 

(d) Clearly {5° 1/(1 + x?) dx exists if f° 1/(1 + x*) dx exists; the latter integral 


exists by part (c), because °° 1/x? dx exists, by part (a), and we have 1/(1+.?) < 
1/x?. 


26. (i) Since 


and 
© dx ‘ 
. San exists, 


the integral f>° 1/V1 + x3 dx also exists. 
(ii) For x > 1 we have 
1+ x3/? < 2x3/ 
0) ; : 
pe 2s eile 
1+.x3/2 = rn an 
Since fP° x!/? dx does not exist, neither does f>° x/(1 + x9/*) dx. 
(iii) For large x the integrand looks like 1/x./x = xl 2 which causes no problem, 
but for x < 1 we have /1+x <2, s0 
1 1 
———_ = — 
xV1+x ~ 2x 


and {5° dx/x (as defined in Problem 28) does not exist. 
27. (a) Clearly ieee 1/(1 +x?) dx exists; in fact, it equals {J 1/(1 + x”) dx. 


(b) f° x dx does not exist. 


i _ ; NY) = — OO . 
(c) If jim AO) oo and yum ) oo and fT. f exists, then 


A(N) fore) 
N-0o 2(N) —oo 


Proof. Given e > 0 choose Mg so that 


[r-[i<s and 


0 0 ‘ 
/ r-{ | <5 for all M > Mo. 
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Now choose WN so that h(N) > M and g(N) < —M for all N > No. Then for 


N > No we have 
ae 0 ‘s 
+|f F- [.al<i+ a +5 


AW) 


i 
% 


aN) 


28. (a) 
= Ja-2fé =2Wa 
li —=dx = lim 2./a —2./e = 2a. 
Ee Ne a sl 
(b) 
a a q’tl er tl grt 
[ x" dx = lim x’ dx = lim = 
0 230" J, erotr+1l r+il rti 


(because r +1 >0,so lim e’t! =0,) 
e0t 


(ce) Problem 13-15 implies that 


1 1 1 
[castes f care fo Zax, 
1/2 * 1/2 * 1far x 
—— ee 


n times 


1 I 1 
| cdxan | pee 
1j2" x 1/2 * 


so lim i. 1/x dx does not exist. Of course, this implies that lim He 1/x dx does 
60+ e or 


so 


not exist for any a > 0. 


(d) 


0 & 
|x|" dx = tim f |x|4 dx 
a £07 Ja 


a 
=— lim x” dx 
E07 Jeg 


qitl 


r+ i 
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(e) Since Jim l/v1l—x?2 = lim | 1/¥1 — x? = 00, we define 
x? Xm 
[ 1 ae ee | 
jax = | sexs | —— dx 
1 ¥1—x? -1¥1—x? 0 ¥1—x? 
o 1 e 1 
= ii ——-d li ——_- d 
im, | ie xt im | ia 


0 


=2 lim ax. 


1 
eal Je 4/1 — x2 
Now the limit 

a. d 1 ong 
lim ——. = ili — 
Oe ee, 
exists by part (a). For —1 < x < 0 we have 
x(1+x) <0, 
Hox, 
1+x<1-<x?, 
Vv1+x<-vV1—-<x?, 
1 1 
—=—=—_ > ———.. 
Vil+x vV1l—<x? 


It follows that ‘ 


lim dx 


1 
Bom lt Je 4/4 — x2 


also exists. 


29. (a) By the version of 1’Hépital’s Rule given in Problem 11-55 we have 
-1 


1 
dt 
li —= li x 
Pat x a Par 1 
a 
(Note that we have the necessary hypothesis lim, as . dt /t = oo by Problem 28(c). 
x70 


Actually, in the solution for Problem 28(c) we showed that 


1 1 1 
| —dx = nf Le 
1/2" x 1/2 * 


1ft 1 opt 
— -dx=— —_ 
2” Sy jan X 2" Jia X 


=0. 


which implies that 


from which we could immediately deduce the result.) 
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Now if | f| < M on [0, 1], then 


1 1 
i fO 4, <a [ a 
ee aoe; 


1 
lim al LO 4, =o, 
x0t Jy ft 


so we still have 


(b) For f = 1 we have 


1 dt 1 
lim | oy lim, x (<=1) =1. 
x70t Jy ¢t x70t x 
In general, let 1 = lim, f(x). Given ¢ > 0 choose § > 0 so that |! — f(t)| < e for 
x 
0<tf <6. Then 
i _ 8 lfa)— lft)—l 
ef fo ‘asl sf HO Nara f £O z 
t t? 3 £2 
x ey 


ar 1 £3 
sxe [ o+x [ aia by 
x é t 


gels: 
xf LO gttx1-1 ico S4 LO al, 


1 I st 
|: f arise +a] f io: ails i 
x ft 8 t 


This shows that by making x small enough we can make 


or 


or, finally, 


1 
| 2 dt—l 
x &€ 
as close to ¢ as we like. Since this is true for every & > 0, 
in. [ 2 TOY 
pee 
30. (a) 
v4 
‘a fQ)dx= im, p Fae + im, ya ax 
=2+1=3, 


by Problem 28(a) and 25(a). 
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(b) If -1 <r < 0, then f-° x’ dx does not exist, since x” > x7! for x > 1 and 
J7° x7! dx does not exist. If r < —1, then ta x’ dx does not exist, since x” > x7! 
for 0 < x < 1 and os x1 dx does not exist. (Of course, ifr > 0, then i x’ dx 


does not exist.) 
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1 1 —1 
V1 —[arctan(arccos x)}? 1+ (arccosx)? \/y 42° 
(iv) 
I ~—Xx _ 1 —x 
(1 + x2)3/2 ga Gen aree 
1+ x? 

= -1 

Lf x? 


(This result is not surprising, since f(x) = arctan 1/x = 2/2 — arctan x.) 


2. (ii) 
. sing —x+23/6 |. cosx—1+x2/2 |. —sinx+x 
lim. -———AANAN = Li oe qc = lin ————— 
x0 x4 x30 4x3 x0 12x? 
—cosx +1 . sinx 
= OAR Pay ie 
(iv) 
im C08* 1+-x7/2 _ a —sinx +x _ im ~ £082 + 1 
x30 x4 ~ 250 4x3 ~ x50 12x2 
ani sinx = tim COSX 1 
FFD 94x ~ x30 24 ° °®©24 
(vi) 
: 1 1 , sinx—x “ cosx—1 
lim | — — —— } = lim — — = lim ———————. 
x>0\x sinx x>0 xsSinx x0 sinx + x cosx 
= lim a =f 
x20 2cosx — x sinx 
3. (a) 
sinh 1 
sink —h 
(0) = lim 2 = ji 
FO) h0 h F250 h2 
h-l 
= lim =0 
ho0 h 
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(b) Since 


FOE x cos = sinx ere 0, 


we have 


f"0) = lim heosh — sinh 


0 AB 
cosh —hsinh — cosh 
= lim —_ 
h->0 3h2 


(b) Clearly f(@) = 0 for x = Vkz. The numbers Vk become arbitrarily large, 
of course (since Vk? > k), but the also cluster closer and closer together, because, 
for example, 

Pe OE ey (ee 1 for some x in (k, k+1), by the Mean 


2./x Value Theorem 
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(c) If 


0 = f’(x) = cosx + 2cos2x = cos x + 2(cos? x — [1 — cos” x]) 
= cosx + 2(2cos* x — 1) 


= 4cos? x + cosx — 2, 


then 


—14 71432 -14.V33 


COS Xx = 8 8 


Since 0 < [-1+ ¥33]/8 < land -1 < [-1 — /33]/8 < 0, there will be four 
such x in [0, 27]: 


The critical points x; and x4, with cosx, = cosx4 = [-1 + V33]/8, satisfy 
0 < x; < 7/2 and 37/4 < x4 < 2%; s0 f(x,) > O and f(x) < 0, since sinx and 
sin2x are both positive on (0, 7/2) and both negative on (32/4, 1). To determine 
the sign of f(x3) and f (x4) notice that 


f() = sinx + sin2x 
= sinx +2sinx cos x 
= sinx(1 + 2cosx). 
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Now sin(x2) > 0, since 0 < x2 < 7, but 1+2cos(x2) < 0, so f(x1) < 0. Similarly, 
f (x3) > 0. 


2x 


(d) f’(x) = sec?x —1 = tan?x > 0 for all x, so f is always increasing. On 
(~—1/2, 2/2) clearly f increases from —oo to co. On (kx — 1/2, ka + 1/2) the 
derivative f’ is the same as on (—7/2, 72), so f differs by a constant from f on 
(—2/2, 7/2) The constant is clearly —zr. 


totes on ----- 62 --------- 8 
wae eee node esas eee ee 1] H 
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(e) f’(x) = cosx — 1 < 0 for all x, so f is decreasing. Moreover f’ is periodic, 
so f is the same on [27, 47] as on [0, 277] except moved down by 27. Since 
f(x) = —sinx, it follows from the Appendix to Chapter 11 that f is concave on 
[0, ] and convex on [z, 27]. 


(f) If0 = f’(x) = (x cosx —sinx)/x*, then x = tanx. The graph in part (d) shows 
that on the right side of the vertical axis this happens for 0 < x, < x2 <---, where 
Xn is slightly smaller than nz + 2/2. 
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(g) f’(x) =sinx+xcosx, so0 = f’(x) when tanx = —x. Comparing the graphs 
of tan and —/ we see that this happens for x = 0 and for x sightly larger than 
nw + 2/2 (n > Q) or sightly smaller than nz + 2/2 (1 < 0). The graph is even, 
and f(x) = 0 at multiples of z. 


wl|a 


5. The point with polar coordinates (9, a/@) has cartesian coordinates 
a 
x =—-cosé, = 
6 y 


For @ close to 0, x is large, but y is close to a. 


6. For any particular number y, define f(x) = cos(x + y). Then 


f'(«) = —sin@x + y), 
f(x) = —cos(x + y), 
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so 
f" +f =0, 
(0) = cos y 
f') =—siny. 
So 
f =(-sin y) + sin+(cos y) - cos, 
Ye) 


cos(x + y) = cos ycosx — sinysinx. 


8. (a) Clearly f(x) = Asin(x +B) satisfies f + f” = 0. (Moreover, a = f’(0) = 
Acos B andb = f(0) = AsinB.) 


(b) It clearly suffices to choose A and B so thata = AcosB and b = AsinB. 
Since we want 
a’ +b? = (Acos B) + (Asin B)? 


A= -va?+b?, 


we must clearly choose 


If a 40, we can choose 
b 
B = arctan -. 
a 
If a = 0, we can choose B = 7/2. 


(c) V3sinx +cosx =A sin(x + B), where 


A= (v3) +1=2 
1 

B= arctan —= = 7/6, 
/3 ‘ 


so V3 sinx + cosx = 2sin(x + 7/6). 
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10. From the addition formula for sin we obtain, for || < 1 and |f| < 1, 


sin(arcsin @ -+ arcsin 8) = sin(arcsin a) cos(arcsin 8) 
+ cos(arcsin a) sin(arcsin f) 


= a1 — p? + BY1— 02. 


Consequently 
arcsin a + arcsin 8 = aresin(ay 1 — fp? + BV1—«a), 


provided that ~z/2 < arcsina-barcsin B < 1/2. [If u/2 <arcsina-+-arcsin B <7, 
the right side must be replaced with x —aresin (w./1 — 6?+f- 1 — a), andif—x < 
arcsin a + arcsin B < —zx/2, replaced with —m — arcsin(a./1 — 6?+ By 1 —«).] 


13. (a) If 


H(a) = ° (f(x) — acosnx)* dx 


—t 


nr tr ‘a 
=? / cos? nx dx — 2a / f(x)cosnxdx+ } f(x) dx, 
—t —-T 


“TE 


then the minimum occurs for 


u u 
0= H'(a)= 2a [ cos? nx dx — 2 f F(x) cos nx dx, 
—7 


—T 


so 
T 

F(x) cos nx dx 
aid 


¢= ee = 


ba 
| cos? nx dx 


—t 


c F(x) cos nx dx, 


Apr 


by Problem 12. The proof for sin nx is similar. 
(b) 


Fi N 2 
[ (i = E + doen cos nx + dy, snns}) dx = 


Bas n=1 
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r X N 
= | EPG) dx -2 [7 FQ) Ep cosnx + d, sn dx 


n=1 
* | G92 N 
+ / ae > Cn? cos? nx + dy? sin? nx | dx 


N 
T 
+ i ie Cydm COS nx sin mx dx 
—% 
1 


x Am 
x N 
+ / Co = Cyn cosnx + d, sinnx dx 


“i n=l 


= / Lf (x)? dx 


ine cy 
—2n (2 + 2 date + bt) +2 (= 1a + ac) ’ 
using Problem 12, the definition of a, and b,, and the fact that the last integral 
vanishes because f"_ cosnxdx = f”_ sinnx dx = 0. The second equality follows. 
by algebra. 


14, (a) Substitutinga = (x + y)/2, b= ( — y)/2 in 
sin(a + b) + sina — b) = sinacosb+ cosa sinb 
+ sina cos(—b) + cos a sin(—b) 
= 2sinacosb 


sinx + sin y = 2sin ¢ : *) Cos (=) . 


(b) Using the same substitution in the equation 


yields 


cos(a + b) + cos(a — b) = cosacos b — sina sinb 
+ cos acos(—b) — sina sin(—b) 
= 2cosacosb 


cosx-+ cosy = 200s (* £7) cos (#52). 


Similarly, from the equation 


we obtain 


cos(a + b) — cos(a — b) = cosacosb — sina sinb 
— cos a cos(—b) + sing sin(—b) 
= —2sinasinb 
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cos x — cos y = —2 sin CP) sin (2). 


we obtain 


15. (d) 


- ‘sf (x) = — cos 2x 


16. If y = arctan x then 


came sin y 
so 
xV1—sin’ y =siny, 
x7(1 — sin? y) = sin’ y 
sin? y = any 
1+ x? 
SO 


xX 
sin(arctan x) = sin y = ————., 
: V¥1+3x? 


1 
cos(arctan x) = cosy = V1— sin? y = 


V1 +x? 
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17. If x = tanu/2, then u = 2 arctan x, so by Problem 16 


sinu = sin(2 arctan x) 
= 2 sin(arctan x) cos(arctan x) 
_ 
1x?! 


- 1 — x? 
cosu=V1-—sin?u = : 


1+ x? 


18. (a) By the addition formula, 


sin(x + 2/2) = sinx cosz/2+ cosx sinz/2 = cosx. 


(b) Part (a) implies that x +- 7/2 = arcsin(cos x) for —7/2 <x +2/2 < 2/2, or 
equivalently —z < x < 0. Ifx = 2km +x’ for —z <x <0, then cosx = cos x’, 
and if x = 2kx +x’ for0 < x’ <7, then cosx =cosx’ = cos(—x’). So 

x —2ka-+n/2, Qk—-—1)n <x <2kx 


arcsin(cos x) = { Qkn +n/2—x, kn <x <(2k+1)n. 


Similarly, from 
cos(x — 7/2) = sinx, 


we conclude that 
x —2kx — 1/2, 2kn +nr/2<x%< (2k+)x+7/2 


arccos(sinx) = (2k+1)x —2/2—x, kn —n/2<x <2kn+n/2. 


22. If (x, y) is on the unit circle, then x? + y? = 1. In particular, [x?] < 1, so 
—1 < x < 1. On the intervals [0,2] and [—z, 0] the function cos takes on all 
values between —1 and 1 so there is some @ in [0, 7] with x = cos@, and also some 
@ in [—2, 0] with x = cos@. If y > 0, then y = sin@ when @ is in [0, z], and if 
y <0, then y = sin@ when @ is in [—z, O]. 


23. (a) Ifa < 2kx + 2/2 < b, then sin is not one-one on [a, b], because sin has a 
maximum at 2kz + 2/2, so sin takes on all values slightly less than 1 on both sides 
of 2kx + 2/2. Similarly, we cannot have a < 2k — 2/2 < b. Since the numbers 
of the form 2km + 2/2 are within z of each other, 7 is the maximum length of an 
interval [a, b] on which sin is one-one, and in this case [a, b] must be of the form 
[2k — 1/2, 2k + 2/2] or [2k + 2/2, 2(k + 1)x — 2/2]. 


(b) (g—!)'(x) = 1/1 — x?, since g—!(x) = arcsin x + 2kz. 
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24. The domain of f—! is (—oo, —1] U [1, 00). 


25. By the Mean Value Theorem, 


|sinx — sin y| = |x — y|-|cos@| form some @ between x and y 
< |x — yl. 

Strict inequality holds unless @ = 2k. But in any case, if x < y, say, then we can 
choose x < z < y so that (x, z) does not contain any number of the form 2kx. Then 
sin y — sinx = (sin y — sinz) + (sinz — sinx) 

= (y — z)cos@ + (z — x) cos 
for some 6, in (y, z) and 62 in (x, z). Since | cos 6,[ < 1 and | cos 6| < 1, it follows 


that 
| sin y — sinx| < [y — x]. 


26. (a) 


d d 
lim sinAxdx = lim ae a = 
A400 Jo Asoo OX Xr 


0. 


(b) If s has the values s; on (#;-;, f;), then 


b n ty 
lim s(x) sinAxdx = lim Sj sin Ax dx 
im [ ¢ ) pe : [ 


=0, by part (a). 
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(c) For any ¢ > 0 there is, by Problem 13-16, a step functions < f with 


b 
i [f() — s(x] dx <e. 
Now 


b 
i Lf) — s(x)] sin Ax dx 


b b 
[ feosinaxax — f S(x) sin Ax dx 


a 


b 
< [ Lf (x) — s(x)] - | sinaAx| dx 


b 
< i, [f() —s(x)] dx <e. 
Part (b) then shows that 


<& 


b 
lim I f(x) sinax dx 
4300 [Jag 


Since this is true for every e > 0, the limit must be 0. 


27. (a) We have A 
areaOAB < 5 < area OCB, 


so 
sinx <x sinx 
—.—<-;< 
2 2 2cosx 
(b) From 
sinx x 
< — 
2 2 
we obtain ; 
sinx 
< 
2 
from 
x sinx 
2 2cosx 
we obtain 
nx 
cosx < —. 


Since lim cos x = 1, it follows that lim (sinx)/x = 1. 
x0 x0 


(c) 
. l—cosx ., 1—cos?x 
lim ——— = lim ———————- 
x30 x x0 x(1 + cos x) 
. sinx sinx 
= lim ——. 


—— =1-0=0. 
x0 x 1+cosx 
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(d) 
, sin(x +A} —sinx 
sin’ (x) = lim Se ay 
h->0 h 
_ sinx cosh +cosx sink — sinx 
= lim ——-———_—-——_--—__"\ 
h—-0 h 
_ sink . cosh—-1, 
= lim — cosx + lim t——— sinx 
hoo h-0 h 
= COS X. 


28. (a) Problem 13-25 shows that 


1-— 
length of f on B1-e= | * Jit @Rat 
x 


-[~ 1+(kq) « 


1—é 1 
= / dt. 
x vl1-? 
To obtain the desired expression for £(x) we must then use the fact that 


lim (length of f on [x, 1 — ¢]) = length of f on [x, 1]. 
> 


This is proved as follows. First of all, the following figure shows that the “length of 
f on [x, 1]” does make sense; in fact, the length of f on [0, 1] is < 2. 


<— total length 2 


The same sort of figure also shows that the length of f on [1 — ¢, 1] is < 2e. The 
desired limit then follows from this mequality and the fact that 


length of f on [x, 1] = length of f on [x, 1 — ¢] + length of f on [1 — ¢, 1]. 


The proof of this latter fact is very similar to the corresponding assertion for integrals. 


(b) This follows from part (a) and the Fundamental Theorem of Calculus. 
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(c) By the definition given, cos = £7, so 


I 
LLG) 


II 


cos’(x) = (£"')' (x) = 


— 1 a M 
= a: ee = sin x. 


v1 —cos? x 


The proof for sin’(x) is the same as the one in the text. 


29. (a) Clearly @ is odd and increasing. The limit lim | a(x), ie., the improper 
x 
integral f° (1 + t?)—! dt, exists by Problem 14-25, 


(b) Since 
(x) = [S 
ph a 0 1+ 72’ 
we have o/(x) = 1/(1+ x7), so 
(a7) = —-— = 1+ fe. 


1+ fax)? 


(c) Since (b) shows that tan’(x) = 1 + tan? x, I’H6pital’s Rule gives 


tan x 
lim snx= lin — 
xn /2- X>H/2~ 6/4 + tan? x 
: 1 + tan? 
= lim 


x>n/2- tanx(1 + tan? x) 
V¥1-+ tan? x 


= im ——, 
x>7/2- SMX 
so the limit is +1, and (i) and (ii) follow. 
For (iii) we have 


tan x(1 + tan? 
Vi tank + tan? x) ~tanx ES 
Gy 1 + tan? x 
sin (x) = ie 
1 


v¥1+ tan? x 
For x = 0 this is just 1; for x 4 0, and thus tanx + 0, this can be written as 
tan x sin x 


tanxV/1l+tant?x  tanx 
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For (iv) we have 


sin, 
tan — —sin(1 + tan”) 


in” tansin’—sintan’ tan 


appealing to Theorem 11-7 for the result at 0. 


30. (a) (0? +(90')?)’ = 2y0 Yo’ +20’ yo” = 2y0' (Yo + yo”) = 0, 80 yo? + (y0’)? isa 
constant. The constant is non-zero, since yo is not always 0, so yo(0)* + yo’ (0)? ¥ 0, 
so either yo(0) 4 0 or yo’ (0) 4 0. 


(b) Any function s = ayo + by’ satisfies s’ +s = 0, so we just have to choose a 
and b such that 

ayo(0) + byo'(0) = 0 

ayo’ (0) — byo(0) = 1. 
This is always possible, since 

—yo(0)” — yo'(0)” £0. 


(c) Suppose that cosx > 0 for all x > 0. Then sin would be increasing, since 
sin’ = cos. Since sin0 = 0, this would mean that sinx > 0 for all x > 0. Thus 
we would have cos’(x) = —sinx < 0 for all x > 0, so cos would be decreasing. 
Thus cos would satisfy all the hypotheses for f in Problem 6 of the Appendix to 
Chapter 11. But then the problem implies that cos”(x) = —cosx = 0 for some 
x > 0, a contradiction. 


(d) Since cosx > 0 forO0 < x < x9 = m/2, the function sin is increasing on 
[0, z/2]. Since sin 0 = 0, it follows that sinz/2 > 0, so sinz/2 = 1. 
(e) 
cosz = cos(x/2 + 2/2) = cos” n/2- sin? z/2=0-l=-1. 
Sinz = sin(a/2+2/2) =2sinz/2cosz/2 = 0. 
cos 2a = cos(x +2) = cos’ x — sin? x = 1. 
sin2x = sin(z7 +7) =2sinz cosx = 0. 


sin(x + 27) = sinx cos27 + cos x sin2z =sinx. 
cos(x + 27) = cosx cos 2m —sinx sin2x =cosx. 


31. (a) A rational function cannot be 0 at infinitely many points unless it is 0 ev- 
erywhere, 
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(b) The assumed equation implies that fo(x) = 0 for x = 2kz, so fo = 0. So 
(sin.x)[(sin x)" + fn—1(x)(sinx)"? +--+ fi@)] =0. 


The term in brackets in continuous and 0 except perhaps at multiples of 277, so it 
is 0 everywhere. We have just shown that if sin does not satisfy such an equation 
for n — 1, then it does not satisfy it for n. Since it clearly does not satisfy such an 
equation for n = 1, it does not satisfy it for any x. 


32. (a) Multiplying the equation for g; by $2 and the equation for gz by ¢; we 
obtain 


1"¢2 + 81¢1¢2 =0 
2b: + g2b1¢2 = 0. 


Subtraction yields the desired equation. 
(b) 
b b 
i [p12 — $21] = | (82 — 2)bid2 > 0, 
a a 


since g2 > gi and ¢,¢2 > 0 by assumption. Since 
(1'b2 — Giga’)! = b1"b2 + b1'G2! — O1'G2! — b162"" 
= b1"¢2 — pido", 
we have 
b 
0< | tb"bs —o"6ul 

= [1' (b) $2 (b) — $1 (6) G2’ ()] — [¢1' (@)d2@) — $1(@) G2’ (@)] 

= $1'(b)b2(b) — $1'(@)2(@) — 1616) b2'(6) — ¢1@) 42" (@)). 
(c) If ¢1(@) = ¢)(b) = 0, then it follows from part (b) that 

o1'(b)$2(b) — $1’ @¢2(@) > 0. 

But clearly 


$2(a) > 0, $2(b) = 0 
¢i'(a)>0, = gi’) < 0. 


This implies that 
g1'(b)$2(b) — p1'(a)g2(a) < 0, 


a contradiction. 


(d) This follows from part (c) by replacing 6; by —¢, and/or ¢2 by —@p. 
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33. (a) Substitute (k + 5)x for x and (k — 4)x for y in the formula 


x x 
sinx — siny = sinx + sin(—y) = 2sin ( 5 2) cos ( =?) : 


(b) We have 


1 
3 to0sx + c0s2x +... + cos nx 


1 i " 
=-+ = bs sin(k + 5)x — sin(k — ps| 
2 sin 2 k=1 


1 

= — + —; [sin(n + })x — sin(5)x] 
2 2sin= 
2 
_ sings + 5)x 


x 
2 sin — 
sin 5 


(ce) Substituting (k + 5x for x and (k — 4)x for y in the formula 


(*) cosx — cos y = —2sin (222) sin () 


from Problem 14 we obtain 


cos(k + 5)x — cos(k — 3)x = —2sinkx sin : 


So 


sinx +... +sinnx 


= 1 x > cos(k + 5)x — cos(k — | 


2sin — Ly 
sin ) kes] 
1 1 1 
=~ zx [cos(n + 5)x — cos(5x)] 
2 sin — 
2 
1 1 
=—-—¥z [-2 sin a) sin (* = x) | by («*) again. 
2sin > 


(d) It obviously suffices to compute the integral for b < 1/2, which makes things 
sightly easier, since sin is increasing and cos is decreasing on this interval. Let 
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P = {t,..., t} be the partition of [0, b] witht; = ib/n. Then 
pe ib 
L(cos, P) = — y — 
(cos, P) no cos (7) 


sin ( + ne) b 


2n cm 2n 
b 2n 
For n large, sin(In + $12) = sin({1 + £]d) is close to sind, and #sin2 = 


(sin b/2n)/(b/2n) is close to 1. So L(cos, P) can be made as close as desired to 


sinb, which means that i cos = sinb. For de sin it is best to use the next-to-last 
equation in the derivation of part (c): 


U(sin pel aa =) 
: at rae n 


For n large this is close to — cosh +1, so f” sin = 1 —cosb. 


CHAPTER 16 


1, (a) Let A = area OAB. Since 


we have 


ye 14/1162 
= 


We have 


2 ? 
provided that y? < 1/2, or y < V2/2. So 


1 /1—/1— 16(area OAB)? 


y 
OAC=-=-— 
area ie) 7) 


(b) Let P,, be the union of m triangles congruent to the triangle O AA’ in the figure 
below. 
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Each such triangle has area A,,/m so triangle OAB had area A,,/2m. Now Poy is 
the union of 2m triangles congruent to OAC. So by part (a), 


— J/1— 16(area OAB)? 
Aom = 2mareaOAC =m 1—v1— 16(area OAB)’ 


2 
= Ley ls 16A,7/4m? 
~ 2 
= 2-21 = An /m?. 
2. (a) 
Am _ 2marea(OAB) _ ce 
Aom  2marea(OAC) = Gin 
(b) 
22 Ag Apk-1 
Ax 7 Ag A16 Ag 
_ Ag Apk-1 ae “a 
~ Ag Ant om U4 pk-1. 
(c) 
Bes eee 
4 = ar = 5 = 5 
aie coe a/4\ _ 1, cosm/4 
3= 7 )=V5 ; 
ey ene 
=5tav 


etc. 
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1. Gi) 
eee: fees 
1+ log(1 + log(1 + eltet*)y) ee log(1 4 eltel**) 


1 l+x 
1+e -@ 


"Ty etree *° 


(iv) 


x2 
ayer at gx? 


(vi) We have 
log(sinx) _ log(sin x) 


log e* x 


f@) = 


so 
OS X 


xe 
f'@) = —Sinx 


~— log(sin x) 
x2 


(vt 
1 


4log(3 + e*)e* + (log 3)(arcsin x) %89)-! = 
1-x 


(x) f(x) = e* 8*, so 


1 
f! (x) = e* 8 (x a 1: logs] = x*(1 + logx). 


2. (a) (logof)’ = (log’ of) + f’ = (I/f)- f’. 
(b) (i) log(f(x)) = log(1 + x) + log(1 + e* ) so 


1 4 2xe*” 
lt+x 1+e° 


(ogef)'(x) = 


so 


1+e” 


fi) = + te") [ot ae |: 


(ii) 


jieHOsea 2 


3@—-m) x 1-x 3G+2)’ 
My (3 — x)¥/3x? 1 2 J 
fO= Gaara | 
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Z 


“3G=) “eto 3G 


|: 
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(iii) 
f'(x) = (sin x)°S* [cos x . ae — sin x logcos x| 
sin x 
++ (cos x)" sina ipsa + cos x log sin | 
COs xX 
(iv) 
1 1 oa 
fO= a4) Baad’ 
; 1 ax 1 3x? 
fa)= e*(1 + x3) 1 4 a3 | e381 + x3) [-3 7 az 
3. 
kG) : 
Fit dt = | Cogofy (at = lost f() — logt F(a). 
a f(t) a 
4. (a) 
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(c), (d) 


5. (ii) 
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(iy) 
a l+x 
log(1 —x—x*/2 im 
lim og( anche x*/ eee 
x30 x x30 2x 
1 
2 
alin EPG: 
x0 2 
(vi) 
l _ 2 eee | 
lim og(1 +x) —x+x7/2—x°/3 
x40 x3 
d l+x 
—- —x 
ihe 1+x 
x70 3x2 
1 2 
1-2 
<n ee tn eens 
= lim = |i = 0, 
x0 6x x30 6 
6. Gi) We have 
el 
os i= 
Fae ea ape a ee 
x0 x re | 
so lim(1 —x)/* =e"! = Le. 
x70 
(ii) We have 
sec? x 1 v2 J/2 
sinxcosxy 2 2 1 
lim log(tan x) = lim tanx lim SiBxfO8* _ 2 2 = S 
x>% cot2x x _2esc22x x 4 —2 csc? 2x eae 4 
so lim (tanx)"2* = e-V/4 = 1/K/e, 
x35 
(iii) We have 
—sinx 
J — sec” J 
ja og(cos x) = Jim £984. — lim sec’ x hes 
x0 x x30 2x x30 2 2 


so lim(cos x)'/*" = e~'/? = 1//e. 
x20 
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8. (b) Since cosh? — sinh? = 1 by part (a), we have 
sinh? 1 
cosh? cosh?” 


(d) 
cosh x cosh y + sinh sinh y 
OR diss Aa in SEE Seed DA ie 
<7 oe 2 2 2 
erty ety ery e-* erty e*-y ev-* et-y 
es tage de ge gece ge ad 
+y —@+y) 
= it BES = cosh(x + y). 
2 
(f) Since 
e + e* 
coshx = ——_—, 
2 
we have 
et —e* 
cosh’(x) = ae sinhx. 


9. (b) It follows from Problem 8(a) that 
cosh?(sinh™! x) = 1+ sinh?(sinh7! x) = 1 + x’, 


sO 
cosh(sinh~! x) = /1+ x2, 


Chapter 18 249 


since cosh y > 0 for all y. 


(d) 
1 
cosh’ (cosh! x) 
1 
sinh(cosh™! x) 
1 


2 1 


(cosh !)’(x) 


11. Since 0 < logt <t fort > 1 we have 


1 I 
mer tt | — dt =logx, 
2 logt 2 ¢ 


and log is not bounded on [2, co). 
12. If (f| < M on [1, 00), then 


x x 
|F(x)| </ TO" a < uf + dt = Miogx, 
1 1 


so |F(x)|/logx < M for all x > 1. To prove the converse, first suppose f > 0 on 
[1, oo). Then since f is nondecreasing, 


FQ) -[ Pas fay [Fat = Fea)togs, 


so |F/log| bounded implies | f| bounded. For the general case note that since f is 
nondecreasing it is certainly bounded on any interval to the right of 1 on which it is 
negative. If f(b) = 0 for some b > 1, then for x > b 


b x 
Fe)= [ Mar f Oat 
> f(t) mil 


b 
a / fo dt + f (x)[logx — logb}, 
1 
so 


b ea 
FO) _ | IO at Hogs — log) - 


1 
logx  logx 1 log x 
=A(x)+ Box)f@), say. 
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The for x > b we have 


1 
Ol s Go + | 


Now |A(x)[ is bounded [it > 0 as x — oo] and 1/|B(x)| is bounded [B(x) > 1 
as x > oo], so if |F/log| is bounded, then so is | f]. 


F(x) 
logx 


13. (b) : 
. ‘ é 
a (log x)” i* oe yt =e 


(d) 


lim x(logx)” = lim + —*— 
x30 ( & ) x20+ 


(-1)" | log x)’ 
x 
1 
x 


= jim D*dosy" _ 9 


yoo y 


14, f is convex, since 
f'(x) = x*(1 + logx), 
x 
f(x) =x*(1 + logx)? + a > 0. 


15. (a) If x > 0 and 


yee xe —nx eX —e* (x — nn) 
tr ar a 
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then x = n, so the minimum is at n, since lim f(x) = co = lim f(x). So for 
x—>0t x00 
x >nwehave f(x) > f(n) = e"/n". 


(b) Ifx > n+1, then 
: e* git 
F (x) = xnti = (n+ jjrt 
by part (a) applied in the case n + 1. It follows immediately that jim, f@) = co 


(merely using the fact that f’(x) > ¢ > 0 for some « and all sufficiently large x). 


16. f is convex, since 
f'@) sex — nex, 


f(x) = ex" — nex! — nex 4 n(n + etx? 


x 
sis Seppe? — 2x +n? +n] >0 forall x. 


17. (e) If f(x) = e*, then f’(0) =), so 


by _] 
lim © =F 
y 0 y 
Thus 
lim x(e’/* —1)=b. 
xO 
So 


logb = lim x(e%8)/* — 1) 
x70 


= lim x(b/* — 1), 
x7 0O 
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18. We have lim. f(*) = e by Problem 17(c) and 


L\4 1 
li = ii 1+-] = li log [1+ —- 
Perea ie a2) ee etait) 


' x+1 
= exp lim, x log a 


= exp ( lim [x log(x + 1) -— x logs!) 
x—>0+ 
=exp0= 1, using Problem 13(d). 


Moreover, 


i es 1 ta ] 1 = 1 a 
fe) =(1+2) foe (1+ =) 5 = (1+2) a(x), say. 


To analyze f’, we notice that 


ice” Be, 
& ee x2 ' +12 
x 
—1 
= < 02. 
rane 


Thus g is decreasing. Since Jim g(x) = 0, we must have g(x) > 0 for all x > 0. 
So f is increasing. We also have 


1 1 
li ‘a)=1- li ] 1+-}- 
ae) Jim, [tog ( +2) al 


1 
= lim ee +1) ~logx — st 
x—>0t 


x+1 
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21. (a) We have 
f 
(og | fl)’ == =e 
f 
fe) 
log | f(@)| = cx +d 
for some number d, so 
If @x)[ = efe™, et > 0, 


(b) On an interval where f is non-zero it has the form f(x) = ke°*. But this 
can’t approach 0 at the endpoint of the interval; so f couldn’t be 0 at the endpoints. 
This proves that if f is non-zero at one point x9, then it is nowhere 0 (consider 
sup{x > xo: f(x) 4 0} and inf{x < x9: f(x) FOP. 

(d) Let h(x) = f (x)/e8. Then 

_ 8M Fx) = Fg’ wee 

a e28(x) 


_ HUF) = Fee") _ 


678 (x) 


h'(x) 
0, 
so f (x)/e8™) = k for some constant k. 


24. Notice that f is continuous, by Theorem 13-8. We therefore have f(x) = f(x), 
so there is a number c such that f(x) = ce*. But f(0) = 0, soc = 0. 


25. (i) Differentiating fo f = e*, we see that f must satisfy f(x) = e*, but this 
Ff doesn’t work, since 


x 
[ édt=e—-f=e —-1, 
0 


So there is no such f (easier proof: set x = 0, to get0 = e® !), 
(ii) Differentiating, we obtain 
2x f(x?) = —4xe” 


so 
f(y) =—2e” = yy > 0. 


This f does work (the values of f(x) for x < 0 are clearly irrelevant). 


26. We have f’(t) = f'(t), so f’(t) = ce’ for some c, so f(t) = a+ ce! for 
some a. So 


i 
cé =(a +eet)+ | (a +ce') dt 
0 


=at+ce’+a+ce-—c, 
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27. The given equation implies that f* is differentiable, so f is also differentiable 
at any x with f(x) 4 0, and for such x we have 
x 
f _ 
2F@)F'@) = FO 
so : 
log(1 

fix) =3'(), where g’(x) = me 

So on any interval where f 4 0 we have 


log(1 + x? 
8 ( TAs 


Cc 
4 


f[@)= 


for some C. 
If x = 0 is in the interval we immediately have 0 = f(0)? = C. Butit is possible 
to have the pieced-together solution 


0, x <0 
x)= 4 log(1 +x? 
f(x) og( +x) iG: 
4 
More generally, for any a > 0, we have the solution 


0, x<a 
f(x) = 4 log(1 + x”) — log(1 + a?) 
4 3 
28. (a) If 
h(x) = (c+ fe) eles, 
then 


n(x) = fede ae Se ® + (c 7 i fe) eJe®. (g(x) 
< (c + - fs) oe 8 g(x) + (c Si Fe fs) eee. (—g()) 


= 0. 


So / is nonincreasing on [a, b]. Since h(a) = C, we thus have 
x ed 
(c+ faye is <C, 
a 


x x 
c+f fe <Cele®, 
a 


or 
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and thus by hypothesis 
x ae 
reysc+f fescel, 


as desired, 


(b) We have 
pay= [r= [tes 


by part (a), this proves that f(x) = 0 for all x (but we need to assume f, g > 0). 


29, (a) For x = 0 the inequality reads 1 < e* for x > 0, which is certainly true, 
since e° = 1 and exp is increasing. Suppose the inequality is true for n. Let 
x2 xttl 
eo 4 a Noe ee a a 
LOR EE ger aay 
Then 
; x wr to 
PD SAS Ach Pad se, 


while f(0) = e°. It follows that f(x) < e* for x > 0. 


(b) 
x 1 2 21 decd atl 1)! 
eee HX HLA eee bP (n+ 1) 
x00 xt X00 xn 
= |i 1 1 4 x 
“peo xt ge Taye tT Gp 


30. Using the form of |’H6pital’s Rule which was proved in the answer to Prob- 
lem 11-56, we have 
x ex er 


é é : ‘ 
lim — = lim =---= lim —=ow. 
x00 x" = x-co nxNl x00 y! 


- 31. (a) A good guess is that the limit is 0. Reason: On [0, x] the maximum value 
of e” is e*’; on most of the interval the value is much smaller, so that integral should 
be much smaller than e*”. We can easily evaluate the limit by the form of |’H6pital’s 
Rule that appears in Problem 11-55: 


x 
[ e dt 2 
. ee 
lim <2——_ lim —; 


X00 e* 
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(b) (i) Using l’Hépital’s Rule, we obtain 


ee 28 
/ ef dt 
x 


(x+-4)? 1 1\_ x? 
e's Samal, é 
lim “= —_— = lim aia oar Viet a 


x00 0g x00 2xe* 
245 (7 41) _ 
Bijea see (i-—3)-1 
x00 2x 
= 0. 
(ii) 
x BE A 
| e dt el) (14 tologx) ox” 
lim ————-. = _ lim eles A 
X00 ex? x00 2xer* 
log x 2 
_ erloex(1 + loge) o(*) — 1 
= bm AS 24A_____ 
x00 2x 
tS log \? 
. x2(1 + Slope) o(%) —1 
= lim oe ee ee Se ee. 
X00 2x 
=e. 
(iii) 
x} 82 4 
i e dt el) (1 fe Logs ) Zgh 
lim <—— —¥——-. =_ lim NS, ES AS 
x00 ex? x00 Ax ex? 
2 
1 
sige a eS) 
 ¥=¥00 2x 
1 
oR 


32. (a) We have 


jae em log, @ +h) — log, x 
h->0 


1 
J x : h\* 
= jin —Aj** = jim ton (1+ 5) 


‘ h\® : oe 
= re (1 + | = jim log(1 + &)k** 
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= a4 (+t = Pini (14h: 
pox © peso 
1 
= — log (im (1+ ot) ‘ by continuity of log. 
x k->0 
(b) By the binomial theorem, 
1\" Tse fay FIN" 
= (1+-) ve ew (=) 


=24 0 Ann aGrkt Dr 
k=2 


tie bale 


Similarly, 
n+l 
1 1 1 kK-1 
=2 —(1l- 1— —— }---{1—- : 
sie Dore =z) ( —) ( a3) 
All terms in these sums are positive, and for each k < n we have 
1 1 - 
—{i-— i. 2 ae ict : 
k! n+1 n+1 n+1 
1 1 2 k= 1 
= 1—“—)..-41-+ 
aa) ea) lr a) 


since each ( - ait) > (1 — £). So ay41 > an. 


(c) Since each (1 — £) < 1 and 1/k! < 1/2“ for k > 2, we have 


SO a, < 3. 
For any ¢ > 0, there is some n with e — a, < é, since e is the least upper bound. 
Since ay < dy41 < +++ we have e— ay <eforallk >n. 
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(d) Ifn<x<n-+1, then 


1 1 1 
<< 
nt+17 xn 
so 
nt 1 Rn 1 x 1 n+1 1 n+l 
(+h) = (SY =osY = ( e() 
n+1 x x 
Now 


1 n 1 n+l wai 
J+ — = 1 : 
(+25) (+25) 


For large enough n the terms in brackets [ ] is close to e, and n/({n + 1) is close 
to 1, so the whole expression is close to e. Similarly, (1 + 1/n)"*! is close to e 
for large n. So (1 + 1/x)’ is close to e for large x, ie., Jim (1 + 1/x)* =e. This 


implies that lim (1 +/)!/* = e (Problem 5-34). 
hoot 


We also have 


( a) 
1+ 5) x x 
1 2 
lim Aa Tie (= ) = lim (+-*5) 
1 x 


Il 
St 
i= 
QB 
ope 
of. 
Slr 
—S” 
te 
—s 


$0 


Consequently, 


It follows that lim (1 +)!/4 = e, and thus that lim(1 +h)!/* =e. 
h->0- h-0 


33. If A(t) = P(t) = 107, then 
A'(t) = P(t) = 10’ — P(t) = —A(t). 
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So (by Problem 21) there is some number & such that 
A(t) = ke. 

Since A(O0) = P(0) — 10’? = —10’, we obtain k = —107, so 

P(t) — 10’ = -10’e7*, 
so 

10’t = Nap log[10’ — P(t)] 
= Nap log 10’e7*; 

letting x = 107e-*, so that t = log(107/x), we obtain 


: 
Nap logx = 107 log .. 


34. (a) We have im, f(@) = —oo and Jim F() =0 by Problem 13. 


(b) Since f has its maximum at ¢, we have 
1 log z 
oge _ log 
@ ba 


? 


so 
n loge > elogz, 


so 


e >. 


(c) The equation x” = y* is equivalent to f(x) = f(y). The assertions in part (c) 
amount to the fact that the values f(x) for0 < x < 1 or x = e are taken on only 
once, while the values f(x) for 1 < x < e are taken on for some x’ > e and vice 
versa. 


(d) Part (c) shows that the only possible natural numbers x < y withx” = y* must 
involve 1 <x < e,sox =2. 
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(e), &) If f, and fo are defined as in part (f), then g = 7° o f;. The curve in part (e) 
is the graph of g on (1, e); the straight line is the graph of the identity function. They 
“intersect” at (e, e) [more precisely iim g(x) =e]. 


x € g{x) 


Moreover, g is differentiable, since f, and f> are differentiable and /)’(x) # 0 for 
all x in the domain of fy. In fact, we have 
8'(@) = (f° fi) = (YA) A’) 
_ 1 s / 
“RGrden) 7 
_ _[g@)P__ 1 —logx 
~ 1 —log g(x) ao° 


35. (a) exp is convex, since exp”(x) = exp(x) > 0 for all x. Similarly, log is 
concave, since log”(x) = —1/x? < 0 for all x > 0. 


(b) Problem 8 of the Appendix to Chapter 11, applied to the convex function exp, 
shows that 


n n 
exp 3 pi log x) > 5" pi exp(log zi) 
fai i=1 
or 


ZyPh oe een Ph < pizi tess + Pakn- 


(c) Choose p; = 1/n. 
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36. (a) If m; is the inf of f on [¢;_, t;], then 
ht f, P,) = —— + Dive e= = = 5 Down 


= rie nt 
while 


tog (GLU Pad) = log| Dm 


n 
Since (7m, -+-m,)/" < (1/n)- >> m; by Problem 2-22, and log is increasing, we 
i=l 
have the desired inequality. 


(b) Theorem 1 shows that if f is integrable then for every ¢ > 0 there is 6 > O such 
that 


<e/2 


n b 

Feud —nay- fo fayas 
i=l ¢ 
for any partition P = {tp,...,t,} of [a, b], and choices x; in [t;-1, t;], for which all 
t; — tj-1 < 6. It is easy to conclude that we then have 


<Eé 


b 
L(f, P) ~ | fax 


for such partitions (we need to increase €/2 to € since m; may not actually be f (x;) 
for any x; in [t;-1, t;]). In particular, 


b 
zs Py) - ii be S| <é 


<€é 


Lf, Pr) -fs 


for n sufficiently large. The desired result then follows easily from part (a). 


(c) Let P = {to,...,t,} be any partition of [a, b], and let m; be the inf of f on 
[t:-1, tj]. Letting p; = (t; — t;-1)/(b — a), we have 


hos f. P= a logm; < 10s( > pom) 


f=1 i=l 


= log (ew P)) : 


Since this is true for all partitions P; we have 


saz [er stoe(5*. fs). 
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(d) More generally, if g is concave and increasing, then 
i. Ap? 1 of? 
sf esrse(s—f 2) 
a a 


37. From f’ = f we conclude that f(x) = ce* for some c. From 


f@ +0) = f@)FO) 


we conclude that either f(x) = 0 for all x, or else that f(0) = 1, in which case 
c=1. 


38. Suppose that f 4 0. From f(x + 0) = f(x) f() it follows that f(0) = 1. 
Then from 
1= f(0) = f@+(—x)) = fQ@)- f(x) 
it follows that f(x) # 0 for all x. Moreover f(x) > O for all x, since 
F(x) = fQ/2+%/2) = Fe /2)*. 
Now if n is a natural number, then 


fa)=fdt:-+) =f"; 


n times 


moreover, 
1= f0) = f@+(-n)) = f()- fn), 
so I 1 
a ge = f(1)~”. 
> Fay Fe 
Similarly, 
1 1 1\" 
F=f Pg ads 2 =7(5) : 
so 1 
f (=) =VfM=F0)™. 
Finally 


(Mer eect =F(- = Fyn, 
n nt Nn nA 


mm times 
Since f agrees with g(x) = [f(1)]* for rational x, it follows from Problem 8-6 that 
f=. 


39. If g(x) = f(e*), then 
g(x ty) = fet”) = fe -e”) = fe) + fe”) = 8%) +86). 
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It follows from Problem 8-7 that g(x) = cx for some c. If c = 0, then f = 0. If 
e #0, then 

fO=fe)=all)=c, 
so 


fle") = f(x 


or 
f@)=f@logx forx>0. 


40. The formulas for f’(x) and f”(x) (for x 4 0) given in the text suggest the 
following conjecture, which is easy to prove by induction on k: 


3k 
—~1fx2 Qj 
FQ) =e '* y i for some numbers @), ..., @3x. 


i=1 


It is then clear that f (0) = 0 for all k, using the same argument as in the text. 


41. The following conjecture is easy to verify: 


fC) = ea llx? ba: ai Ein yd = cos | 


- some numbers @1,..., 43x, 01, -.., D3p. 


It is then clear that f(0) = 0 for all k, as in the previous example (note that 
|sin1/x| < 1 and |cos1/x| <1 for all x 4 0). 


42. (a) If yx) = e**, then 
any™ (x) + apy" 9 (x) + + Lary’(x) + aoy(e) 
= ana" e™* + Gp—100" ‘eo Se ayae™* de age™* 


= €* (anoe” + Gna"! +++» + a1 +a) = 0. 


(b) If yx) = xe, then 
yO) = of xe + Ley! Ne™, 
(This formula can be verified by induction, or deduced from Problem 10-20.) So 
any (x) + dp y"? (x) +++ + ary’ (x) + aoy() 
= xe™*[ anor” + dy—0e"! + +++ aa + ao] 
+ e**[nagor™! pero ay] 
= 0 


(the second term in brackets is 0 because @ is a double root of («)). 
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(c) If y(x) = x*e™, then by Problem 10-20, 


: EIN. Be 5 4 
ys (x) —_ bs 6 i =a Soy ae 


5=0 


So 


n k n 
l k! 
Davee) = paps (| )aet-+| & = > xk-5 ox =0 
=0 


s=0+1=0 
(the terms in brackets are 0 because @ is a root of (*) of order s+-a, foreach s < x). 


(d) If y1,..., yn Satisfy («*), then 


n n n 
Darn +--+ eaynyO = aC Yav;”) = 0. 


1=0 j=l i=0 


43, (a) From 
1 ’ 
A eat Oa ie dees ir Ce eee al 
it follows that (f’)* — f* is constant. The constant must be 0, since f(0) = £’(0) 
= 0. 


(b) Since f(x) ¥ 0 for x in (a, b), it follows from part (a) that either f’(x) = f(x) 
for all x in (a, b) or else f’(x) = —f (x) for all x in (a, b). Thus either f(x) = ce® 
or else f(x) = ce~* for all x in (a, b). 


(c) Let a be the largest number in [0, xo] with f(a) = 0. Then f(x) 4 0 for x in 
(a, Xo). But then f(x) = ce* or f(x) = ce for all x in (a, x9), where c # 0. 
This contradicts f(a) = 0, since f is continuous, because f(a) = 0 4 jim ce* or 


jim ce~*, 
44, (a) Let 
oe f@) + f'O) 


2 
_ fO- f'O) 
mime eee 
If g(x) = ae* + be~* — f(x), then g” — g =0, 80 f(x) = ae* + be. 


b 


(b) Note that 


e* —-@e* e* +e * 


x a = 
ae’ +be* =(a—b) 3 +(a+b) 5 


= (a — b)sinhx + (a+ b)coshx. 
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(Comparing with part (a) we see that 
f(x) = f’(0)sinhx + f(0)coshx, 


in exact analogy with the trigonometric functions.) 


45. (a) We have f-)(x) = ce*, so 
F&%) =a Fax t +++ an—px"? + ce*, 
(b) We have 
f(x) = ce* +.de™ 
by Problem 44, so 
F(%) = a9 + ax +--+ + an—gx" 3 + ce* + de™*. 


46. (a) Since 
(x) = f’@o +x) fo —x) — fo +x) f'o — x) 
= fo + x)f %o — x) — fo +x) F Go — x) =0, 
the function g is constant. Moreover, g(0) = f(xo)? #0. So | 
fGo+x)f (xo —x) #0 for all x, 
which implies that f(x) 4 0 for all x. 


(b) Let f = fi/fi(0), where fi 4 0 and f;’ = fi. 
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(c) Since 
Gps SO) R+Y -—f@e+yF'R 
Fy 
— FeSE+Y-~SE+MFIR) _ 4 
f()? 
the function g is constant, and clearly g(0) = f(y), so f(x + y)/f(x) = f(y) for 
all x. 
(ad) f is increasing, since f’(x) = f(x) = f(x/2+x/2) = [f@/2)P > 0. 
Moreover, 
-ly ~4 1 
(PO) = FHT) 
Se ee ae 
FFAG) x 


47, (a) No. For example, let f(x) =x and let g(x) = x(2 + sin x). 
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(b) We have 
_ fx) +e) _ gt) _ w S(%) 
we fay Pane eGy SS = 0 


(c) For sufficiently large x we have 


log f (x) = clog g(x) 
sO 


fWM2=ehy cml 


and therefore 
fF), 
g(x) ~ 


Since we are assuming that lim g(x) = oo, this implies that Jim, F@)/g(x) = ov. 


g(x) c-1>0. 


(d) Yes. Proof: Given N > 0, choose xo such that f(y) > 2Ng(y) for all y > xo. 
Then 


xox Xo Xobx Xo Xo tx 
Foot fsa f ref re Porton fe 
0 0 Xo 0 Xo 


Xo Xo+x Xo 
-/ f+2n | e- 2 | g 
0 0 0 


Xo Xo 
=i f-2w | gt2NG(%o +x) 
0 0 
=A+2NG(x% +), say. 


So 

FOot2) yy, A 

G(xo + x) G(xo +x)” 
Since G(xp + x) > co as x > om, it follows that F(xp + x)/G(xp + x) > N for 
large enough x. 


(e) (i) log4x Kx +e « x9 4 log(x3) ~ x3 [by part (b)] « xFlogx Ke X 
(logx)* < x*. 


(ii) log(x*) [= x log x] « x log? x [« x3] « x!8* & e < (logx)* « x* K e* 
[the last four < follow easily from part (c)]. 


(iii) x° « e/? ~ 2* K e* < (logx)* <x* < e* [the second < depends on 
the fact that log2 > 1/2 which is true since 2 > ./e]. 
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48. Let M, be the maximum of [gi| +--+ + [gn] on [0,7] and choose f so that 
f() => 7M, on [0, n]. 


49. If there were natural numbers a and b with log,)2 = a/b, then 2 = 10%/°, so 
2° = 10°. 
This contradicts the fact, mentioned in Problem 2-17, that an integer can be factored 


uniquely into primes (since the product 2 does not involve the.prime 5, while the 
product 10% does). 
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2. (ii) —e-*’ /2. (Let u = —x?.) 
(iv) —1/(e* +1). (Letu = e*,) 
(vi) (aresin x”)/2. (Let u = x?,) 
(viii) —(1 — x?)9/2/3. (Let u = 1 —x?.) 
(x) [log(logx)]?/2. (Let u = log(log x).) 


3. (ii) 
ee 

[ve dx = [ ee") dx = = ~ [xe as 

=: ner oe 
5 7 
(iv) 

[ Psinzas = 2%(-008x) +2 f x cos x dx 
=-steosx +2|xsinx — f sinxds] 
= —x? cos x + 2x sinx + 2cosx. 

(vi) 
fr (log x) Lene ye x) -log(lo x) fio x —s Le 
gtlog ais g glog g logx x 
= (log x) - log(log x) — log x. 
(viii) 


1 
/ 1 - cos(log x) dx = x cos(log x) + [> sin(log x) - e dx 
= x cos(log x) + / 1- sin(log x) dx 


1 
= x cos(log x) + x sin@og.x) — Ee cos(log x) - = dx, 


so 
1 inf 
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(x) 
2 
[ x00827 dx = al Le fe -2logx - ~ ds 


ge 2 
= es? — f slog ax 


2 2 2 2 
_ X*(log x) _ (% ae [eax 
2 2 2? 


_ x*(ogx)? x? logx if x 


2 2 4 


4, (ii) Let x = tanu, dx = sec? udu. The integral becomes 


2ud 
ee ee 


¥1+tan?u 
= log(x +V1+2?). 


(iv) Let x = secu, dx = secutanudu. The antegre becomes 
i sec uw tanu du 


sec usec? u — 


[This can be written in terms of more familiar functions as arctan (/ x? — 1).] 


-= | ldu =u = arcsec x. 


(vi) Let x = tanu, dx = sec” udu. The integral becomes 
| sec? udu = [tte fsoudu 
tanuy 1+ tan? u tan 


1 1+x? 
—log(cse u + cotu) = — log (; “+ a 


x 


x 
= log | —————— } . 
(; es) 
(viii) Let x = sinu, dx = cosu du. The integral becomes 
1 2 
[ Vi= si? cos ua = | costudu= f =O ay 


u 4 sin2u 
2 4 
peas 
2 


sin u cos u 
2 


arcsin x rn xv1— x2 


2 2 
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(x) Let x = secu, dx = secu tanu du. The integral becomes 
[ Veeetw Tec wtan ud 
= [ secutan? udu 
= | (ec u)(sec? u — 1)du = [see uau— f seoudu 


1 
= pitan usec u + log(sec u + tan x)] [Problem 3(vi)] 


— log(sec u + tan u) 


= ae -1- 5 low(e + v3? —1). 


5. Gi) Let u = e*, x = logu, dx = 1/u du. The integral becomes 


/ du -[-- 1 du 
udi+u Ju l1+u 


= logu — log(1 + u) 
= x ~log(1 +e”*). 


(iv) Letu = J/1 +e, x = log(u2—1), dx = 2u/(u2—1) du. The integral becomes 
2u du 1 1 
Eres = [-saiti# 
= —log(u + 1) +log(u — 1) 
= —log(l +V1 +e) +log(V1 + e* — 1). 


(vi) Let u = V.J/x +1, x = (&? —1)*, dx = 4u(u? — 1) du. The integral becomes 
| 4u(u? —1)du _ a3 
~ 3 


u 


—4u 


(viii) Let u = /x, x = u?, dx = 2udu. The integral becomes 
[ue du = 2ue™ -2 fet du 
= 2Jxev* —2e*, 


(x) Let u = 1/x, x =1/u, dx = —1/u* du. The integral becomes 


: lju-1 4, 1 Vv1l—u / l-u 
-ue — sda = — fF = du = — |-:~ ——— dd. 
l/u+1 ue Vi-+u ¥vl—wu? 
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Now let u = sint, du = cost dt. The integral becomes 


1 —sint t 
-| - fa-sinea 
cost 
=-t—cost 
= —aresinu — /1 — u? 
x?-1 


x 


costdt = 


“oak 
= — arcsin — — 
x 


6. In this answer set, J will denote the original integral. 


sa 2 3 2 3 
Sp a = ge op Se 
sr Geil Gat ies 
(iv) 
=) ee ee ey Ae, Re | | 
TL PEG, Say Gee ee OEM x—-1° 
(vi) 
x 2 
t=[soteer” 
__ log(x? + 1) x | 1 
49 Fess rs 
_ log(x? +1) 
ar Ca PS ea er 
(viii) 


=i dx 
 f x44 2x2 +1 2x? 


esate 
aS (x? + 1)? — 


2x2 


dx 
=| (x? + V2x +1) (x? —V2x +1) 


v2 41 
-/— + 
(x24+72x+1)  ( 
_ v2 (2x +72) dx 
8S 2472x411) 
me (2x —/2 


(a? oot od ree Peay 


421 
x+5 


4 2 
——_——-+— dx 
x? — /2x + 1) 


i/ dx 
4 pica 


rr 
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=D tog x? + V38-+1) -  tog(a? - Vis + 1) 

1 ax a ax 
+3 (V2x +1) +1 +5] (-V2x +1) +1 
= hops? + Bx +1) - Y tog(s? — V3s-+1) 


of 2 arctan (/2x +1)- 2 arctan(—V/2x +1). 


(x) 


2 ate 3 faye 
(x? +x +133 2) G@+x+ 1) 


- gee 3 / oe 
~ A(2+tx+1)2? 2 (x + 42 + 3) 


-aoa 2) {os 
— 4024+x4+1% 2\3 12 3 
(a) >) 


X+5 
¥ 3/4 
‘ : 
(- “= aan dx = 3/4 an) 
= a eens | ae 


= — 32,/3/4 al; 


u 
~ 402 +x + 1? 4 wai +1) Ze (2 + 7 


—3 84/3/44 1 1 
FE wisi [aa 


~ 424x412 Ww +1? u2 +1 


—3 —_ bet+4 4 eae i2 
~ 424x412 G@txth 3. x2+xe41V3 4x41 


7, Writing 


/ ax = / dx 
Vx" — x2 xVxt? 1 
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and following the first extra hint, we write 
n2 ia x2 24 
Qu du = (n —2)x"—* dx 


n—2 


= (n —2)~ 
x 


= (n-ne %, 
x 


so the integral becomes 


2 2 2 
=o, th iid —— arctanu = 5 arctan Vf x”-2 — 1, 


2)(u2 + +Du ne? n- 


On the other hand, for the second extra hint, with y = x°%, we have dy = 
ax*—| dx = a(x*/x) dx, so dy/y = adx/x, and 


/ dx - “| dy - =f dy 
ipl ee yh yea ed Sy Djat2 
Choosing a so that (n — 2)/a + 2 = 0, that is, a = (2 —n)/2, we get 


aresin(x@-”)/2), 


2 2 
2—n fi-y 2- 


8. (i) (arctan x)?/2. 
(ii) 
i; = arctan x dx = = arctan x ++ {<> 
(1 + x2)? ~ 2(1 +x?) 2J (L+x)?" 
The substitution x = tanu changes the last term to 


1 1 
5 | costudu = 7 f 1+c0s2udu 


_, #4 Sin2n ue sinucosu 
~ 4 8 4 4 


so the final answer is 


arctan x xa} + a 
4(1 + x?) 4a + x2)" 
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(iii) 


1 x 
log V+ 38 dx = xlogV1+x?~ f x-——. dx 
Vl4+x2 V1+x? 
= rlogvi+8 - f 
= slog Jt+3?- [14+ as 


=xlogV¥1+.x? —x + arctanx. 


dx 


(iv) 


1+ x? — 


2 

[xosvi+ wax = = 
2 

= Slog Vite - 5 x- dx 


1+ x? 


2 2 ] 1 2 
= Slog vite -% 4 SEC E*) 


(v) Let 
_ x1 
ee ee 
so that 


yr ty=x?-1, 
ytl=x7(1-y) 
1+y 


x= 13’ 


The integral becomes 


Tics [> oe yvl-y 
(=>) Se ay (l—yy 2+2y2 V1+ 
(2 (1 — y)? 
[Soe 
(1—y) /2+2y? J1+y 
1 y dy 


[y= y2,/1+ y2- 
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Now let u = y?, du = 2y dy. The integral becomes 


ay du ue du 
Wii Slouvitu wes fi-e 


(vi) Let u = ./x, x = u?, dx = 2u du. The integral becomes 


2 


‘ ; u 
[2 arcsinu du = uw? arcsinu -{ du, 


v1—u? 


Now let u = sint, du = cost dt. The integral becomes 


+9 
sin’ t cost dt . 1 — cos 2t 
/ = sintear = f SS" at 


v1 -—sin?t 


2 
t  sin2t 
= oie 
—f sint cost 
my °* 23 


So the original integral is 


a arcsinu = uv 1—y? 
u° arcsin u% — ——— + ——-— 


2 2 
: arcsine/x .f/xJ/1—x 
= x arcsin «fx — ———— + ———-, 
2 2 
(vii) Since 
/ : dx = tanx — secx (Problem 1(viii))) 

I+sinx ~ " 

we have 


1 
[pyre wets — seo) — f tan — seeds 
1+ sinx 


= x(tan x — sec x) + log(cos x) + log(sec x + tan x). 
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(viii) 


fs cos xe9¥ dy — i sec x tanxe™* dx 


= (xe — fem ax) 
— (see xene i sec x cos xe™"* ax) 


sin sec xen | 


= xe 
(ix) Let 
“= /tanx, 
so that 
u? = tanx 
x = arctan u2 
2u 
dx = —— du. 
1+n4 


The integral becomes (compare with Problem 6(viii))) 
| 2u? du 
1+u4 


V2 V2 
: pies 


- {4 —+ 2" 
wt+/Qutl u—-V2u+1 


s log(u? + V2u +1) + 2 log(u? — V2u + 1) 


+ a arctan (v/2u +1)- a arctan(—V2u +1) 


see log(tanx + V2tanx + 1)+ sh log(tanx — V2tanx +1) 


+ 2 srtan(y/ Sans +1)- us arctan(—/2tanx + 1). 
(x) 


dx dx _ ax 
la = / amet (x2 + 1)[(x4 + 2x? + 1) — 3x2] 
dx 


dx 
~ i (x2 + 1)(x2 +-V3x + 1) (x? — V3x +1) 
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731 ie 8 


1 
=| are Sa a a a 
P+1  x24f3x41 x2-V3x41 


_ arctan x v3 2x +73 e #. dx 
3 12 Jf x24JS341 12J x24-.73x41 
J3 2x —- V3 +s * i dx 
12 J x2 3x41 x —V3x+1 

__ arctan x V3 


: + 55 log(x? + ¥3x + sdk +1) 


she : arctan(2x + /3) + : arctan(2x — 73). 


9. (i) 


2 2 
fret? +2) ax = xlog(a? +39) — f 5 as 
2a? 
= x log(a? +2) ~ 245 Pre = a 
2 
= x log(a? +3) - [24+ ax 


2 
1+ (7) 
= x log(a? + x”) — 2x + 2a arctan(x/a). 


(ii) 


1 cos 
[Share fost ax f mo dx 
sin? x sin? x 


1 
= —cotx — ~~ 
sinx 


(iii) 
x+1 - xdx 


ia tans | 


= -V4— x? + arcsin(x/2). 
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(iv) 


(y) 


(vi) 


(vii) 


(viii) 


z x arctan x dx = 


Chapter 19 
x? arctan x arctan x 
ag a 
x? arctanx 1 
rg = 1 oe ae - 
_ x?arctanx Xx fe 1 Serer 
7 2 ee ; 


[ sin? xx = fsnza — cos* x) dx 


| 


os? x 


a 


=—cosx + 


cos? x cos? x 


sin x 2 
-_ 7 — Sinx ax 
cos? x 


sin? x sin x(1 — cos? x) 
dadx= — 


1 
= — +cosx. 
COs x 


[ x? srotanx ax = ae of ae 
__ x? arctan x 5 [xt a 
ames 3 1422" 
_ xParctanx x? log(i +x?) 
3 6 6 : 
x dx 7 x dx 
Vx? ~2x+2 V(x —1)?+ 


_@—Mdx © — dx 


dx 
Jaa v1+(x-—1)? 


= JV1+(x— 1)? +log(x —1+ V1+ @ —- 1?) 


(by Problem 4(ii))). 
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(ix) 
if sec’ x tanx dx = [sec x tanx) sec” x dx 


sec? x 
3 


(x) Let f(x) = x, g(x) = f tan? x dx = tanx — x (Problem 1(v)). Then 
[ stan? ax = [ fee’ onax = x(tanx —x)—- fans —x)dx 
Pe) 
= x(tanx — x) + logcosx + > 


x 
= x tanx + logcosx — a 


10. (i) Let x =atanu, dx = asec* udu. The integral becomes 


{fs asec* udu - | sec? u du 
(a? + a? tan? uy? a3(sec? u)? 


1 du 1 
= a wea = [ cost du 
= 1 1+ cos2u du 
as 2 
_ ou sin 2u 
~ a3 = 4a3 
1 x D0: x x 
= aad arctan = + a sin ok ~) cos oe ~) 
a 
= 73 arctan ~ ras Tee ney 
1 
~ 303 arctan + 3 a ae +a?) 


(Or one could write x = au and use the reduction formula.) 


(ii) Let u = sinx, x = arcsinu, dx = du//1— u2. The integral becomes 


Ji—ud 
yea aL Da 5 OT RR ETA 
/1 — 2 Vit+u 
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(iii) Let u = /x, x = u?, dx = 2u du. The integral becomes 
| 2u arctanu du = u* arctan u — u + arctanu by Problem 9(iv) 
= x arctan o/x — ./x + arctan ./x. 
(iv) Let u = /x +1, x = u* —1,dx= 2udu. The integral becomes 


[2 sinu du = 2u(—cos u) — 2 fi cos u) du 


= —2ucosu+2sinu 


= —27/x+1lcosV¥x +1+2sinvx4+1. 


(vy) Letu = ¥x3-2, x = (W242), dx = 2udu/3(u? + 2)7/3. The integral 
becomes 


2 f u? du _ xf aes u? du 2 fi- 
3) W2+2)'3G2 +228 3) wW+2 wan! 


_ 2u 2/2 oe u 
~ 3 3 /2 

Wx —-2 2n/2 we 2 
Se ee 3 . 


(vi) For integration by parts we have 


[r0e(e + V8 =1) dx = xlog(x +x? —1) 


1 x 
Sf ee 
| x+¥x2-1 ( 5) 
dx 
= xlog(x +V¥x?-—1)- 2 
(x +vx? -1) aa 
= xlog(x + Vx? ~1) —Vx?-1. 


For substitution we let 


u=x+Vx2—-1 
u—x=vVx2-1 
uw? —Qux +x? =x? -1 


so that 
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The integral becomes 


2 
2 
1 1 1 
i ee 
=5[¢ + yx? — 1) log(x + vx? — 1) — (x +-¥x?-1) 


, bet x2-1) it |: 


ees “aig. Dena + ee 
x+V¥x2-1 x+7x?-1 
(vii) For integration by parts we have 


[ee + /) = xtogee + Ve) - f x dx, 


1 1 
rns (5 oe oe 
xtJx ( gs 9.1% ) 
and the substitution x = 1? turns the latter integral into 


p=“ 
—— du, 
u+l1 


leading to the answer 
x log(x + /x) —log(1+ x) —x+/x. 
For the direct substitution we let 
u=xt+JSx 
u-x=Jx 


uv? —2ux+x? =x 
x? —(Qu+ 1x +u? =0 


so that 


2u+1++¥(2u+ 1)? —4u? 
oo os eae 


_ dutl+v4uti 
a 2 
1 
dx=1+ du. 
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The integral becomes 
Proeuan+ | 2 loeuau = wlogu—1+ eth fe ay 
=ulogu—1+ cine 
Now let 
v=V4ut1 
n= os du = ~dv 


The integral J; becomes 


v* du 1 1/2 1/2 
[= fit sues fit 24 -Sa 
1 1 
=v + 5 logy ~ 1) ~ 5 logy + 1) 


= J/4u+1+ 5 low (ai +1-1)- 5 loa (v4 +1+1). 


So the answer is 


(c+ Vx) log(s + ve) —1- 54x +4ve+1 
~ Fog ( 4x-+4/E-+1—1) + Slog (4x4 4ve-+ 141). 


(viii) Let u = x'/5, x =u, dx = Su‘ du. The integral becomes 


5u‘ du udu 5 5 
—5 = ~ log(u? — 1) = — log(x?/5 — 1), 
| us — 43 : uwz—1 2 ost ) 2 og ) 


(ix) Let u = arcsinx, x = sinu, dx = cosudu. The integral becomes 
fv cosudu = u* sinu — / 2u sinu du 


=u? sinu — [au COS 1) + f 2e0sudu| 


=u’ sinu + 2ucosu —2sinudu 


= (arcsin x)°x + 2(arcsin x)/ 1 — x? — 2x. 
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(x) Letu =x?, x = u!/?, dx = du/2u'/*. The integral becomes 


5/2 t 1 
[* Sop du = 5 fw? arctanudu 


31/2 
waretanu uu?  log(1+u7) 
So el ohana Pe) aS Probl i 
6 oI D by Problem 9(vii) 
_ xSarctanx? x4 — log(1+x*) 
7 6 12 12. °° 


11. (iv) Let x = coshu, dx = sinhu du. The integral in Problem 4(iv) becomes 
} sinhu du / 1 
———— = du 
cosh 4 sinh u cosh u 


te 
= fase [ Se 
e# + em# 1+ 6 


= 2 arctan e” 
= 2arctan(x + vx? —1), 


since u = cosh”! x = log(x + Vx? — 1), as found in Problem 18-10. 
Comparing with Problem 4(iv) we cannot conclude that 


2arctan(x + Vx? — 1) = arctan(y¥x? - 1), 


but only that these two expressions differ by a constant. As a matter of fact, we can 
only conclude that there are two constants ¢c; and c2 with - 


2arctan(x + Vx? —1) = arctan(yx? —1) +c forx > 1, 
2arctan(x + ¥x?—1)=arctan(¥x?-1)+c, forx <~1. 


By setting x = 1 and —1 it is easy to see that c) = 7/2 and cz = —7/2. 


(vi) Let x = sinhu, dx =coshu, du. The integral becomes 
i coshu du - / du 
sinhucoshu J sinhu 

2 pe 2e" du 

= et — gmt eg e4# — J 

—e" e 
= d 
/ e# + J - e# —] : 
= —log(e” + 1) + log(e” — 1) 


e# —] V¥x?+1+x-1 
= log = log . 


“rl Vx2+1+-x+1 
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(ix) Let x = sinhu, dx = coshu du. The integral becomes 


2u —2u 
ee ae (pala 
J cost udu= Z get Z du 
_ ul e72u 
ae ie weer 
_@tvitx?) | logetvits?) _ 1 
8 2 (x +V1+x2) 


(x) Let x = coshu, dx = sinhu du. The integral becomes 


 sint? udu = —-—--+ 


8 Z 8 
_ @+vx2=-1)' _ log(s+v2?-1) | 1 
8 2 B(x +Vx2—1)" 


12. (i) 

| 1 2 a= f 2dt ff 2dt 2 
LE A Tae oy Opie TE yeaa 

1+— 5 
Tee 


Comparing with the formula 
1 1 — sinx 
/ —— dk = / NOE: a [ sects —secxtanx dx = tanx — secx, 
1+sinx 1 —sin*x 
we can conclude that 


= tanx —secx —1. 
1+ tan 3 


This can be checked most easily by expressing everything in terms of f: 
—2 2t 1+ 2? 


(ii) Let t = tanx, dx = 1/(1+t7) dt. Then sin’ x can be expressed in terms of f as 


. 1 
sin? x = 1—cos*x =1 =a 
sec’ x 
_ 1 
tan? x +1 
1 t? 
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So the integral becomes 


J 1 1 
——_____ - —___dt= dt 
| 1? 1+ 72 lea 


a 1+? 
_ arctan /2t 
sa 
~ arctan (v2 tan x) 
ie 
oa 1 2 2 
/ dat babe Tat =| are ov 
1+? 14+? 
If b > O, this can be written 
—2dt 
/ bt? — 2at —b 
a ~2dt 
7 a\*? at+B? 
(5) 
be vb 
va? +b? 7 a? +b? i 
(vee 4 ee) (vir 4 ee 
Vb Vb b Vb 


= 1 a va2+ b 
= syne (Ve ws ES 
~ 0g vr - 5, = HE) 


If b < 0, the integral can be written 


if 2dt =y 2dt 
—bt2+2at+b a \* a+b 
V—bt+ ) + 
( J/—b b 
Va? +b? v—b v—b 
J—b Vb 
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It is also possible to write 


| dx 7 | ax 
asinx +bcosx J Asin(x +b) 
1 
= a log(csc(x + B) + cot(x + B)), 


where 


(iv) 


| 4? 2 
eee oy kee 
(i+?)? 1+ 
1 1 
= ——————~ = — — 7 
8 | com G+ 
1 of 3 1 1 
oto ta! cee] +8 f eet 


a ay ee 
(1 + £2)2 21+ 2/f 1+? 
—2t f 
~ arey ise 
—2tanx/2 tanx/2 x 
~ “sect x/2  sect?x/2' 2 
= —2sinx/2cos? x/2 — sinx/2cosx/2+x/2 


= —2sinx/2cosx/2 (1 —sin*x/2) — sinx/2cosx/2+x/2 


Benen oe em eet LY ogg 
= 2 a. 3 


spoges Il+cosx 1 x 
. 2 2 


—sin2x x 
+ 


+ arctan t 


2 


4 2" 
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(v) 
i 1 2 a= | 2dt 
a 10¢ 44242 °° f 3¢24 108 +3 
+ 
1422 
3/4 1/4 
= ~— dt 
les #+3 


= 7 loeG3t +1) - 7 loxtt + 3) 


= {log (3tan = + 1) — Z Jog (tan = +3). 


13. (a) The given formula shows that 


1 cos x 1 cos x 
= dx += 
[secoxas Aker rt5 f aw 


1 1 
=a log(i + sinx) — 3 log(1 — sin x) 
= log /1+sinx — log V1 —sinx 


/1+sinx 
= log ,/ ———_ 

1—sinx 
ae (1 + sinx)? 
SE a gints 

(2S) 
= log 

cos x 


= log(sec x + tanx). 


(b) With the substitution t = tan x /2 the integral rh sec x dx becomes 


1+27 2 1 1 
[tee footoe 


= log(1 +t) — log(1 — 4) 


Now 


sec x + tanx = + tan 2(x/2) 


1 
cos 2(%/2) 
_ 1 2tanx/2 
~ cos? x/2 —sin?x/2 ° 1— tan? x/2 
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PB) 1 2tanx/2 

~ 2eos?x/2—1 ° 1—tan?x/2 

= 1 i: 2 tanx/2 

7 2 4 1 —tan? x /2 
1 + tan? x/2 

_ l+tan?x/2+2tanx/2 

= 1 — tan? x/2 

_14+%+e? (+0? 14tt 

nn ae ee nd es ae 


15. We have 
[ " p"G) sinxdx = f'(x) sinx|" =m [ " fGen t as 
== | #(2)e05 «| m [ f(x) sinx dx] 
= f(x) + f)- [ f (x) sin x dx. 


So 
2 = (f(x) + f"@)] sinx dx = f(z) + fO) =1+4+ Ff), 


hence f(0) = 1. 


16. (b) We have 


| f@)dx = ; 1. fa) dx = xf — / xf) dx 


et een eee eee 
ee | FG=ey 
If F = f f(x) dx, the substitutionu = f—'(x), x = f(u), dx = f’(u) du changes 
the new integral to 
fl) 
fi) 


f'(u)du = F(u) = F(f~'(x)), 


sO 


, f-'@)dx =xf"(x) — F(f'@)). 
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18. 
/ logdog x) dx = | 1 - log(log x) dx 
1 1 
=xl 1 —< od 
x log(log x) [> ieee x 
1 
= x log(l — | —d 
x log(log x) lm x 
19. 


(2e* dx= [sce ax 


x2 


_ 1 
= E x45 f Max. 


20. (Use the substitution u = e*.) The function g(x) = 1/(x5 + x + 1) has an 
elementary primitive G, since it is a rational function. Then G o exp is a primitive 


of f. 


22. (a) 
ve dx = x"e* =n fate dx. 


(b) 
[ocesy" = x(log x)" — n f xdogay"" . = ds 


= x(logx)” —n fooesy dx. 


23. By Problem 4(x), 


coshx 1 
¥t?—1dt= 5 cosh xy cosh? x — 1— 5 log (cosh x + Vcosh? -1) 


coshx sinhx 


2 
coshxsinhx <x 


1 


_ : log(cosh x + sinh x) 


2 2° 
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24. By Theorem 2, with g(x) =a+b-—-vx, 


b b 
/ fatb—-x)dx= -| Ff (g(®)) - g’(x) dx 
gb) 


a b 
=- f(x)dx = -f f(x)dx = f(x)dx. 


g(a) 


25. By Theorem 2, with g(x) = x/r, 


[ Ver Pax =P [> -f1~ (= ) ax 


= a T= (eG) g'@) dx 


1 
=? f V1 —x?dx 
1 


26. (a) If |x| = A, then |x/h] = 1, so 
1 
Pn (x) = nee!) =0 


Moreover, using the substitution g(x) = x/h we have 


h h I 
io i@ide= [ ocr, ax 


1 
= i o(u)du=1. 
—1 


(b) We have 


sin, onf = ne nf onf since @,(x) = 0 for |x| > h. 


Since f is continuous at 0, for any ¢ > 0 there is 6 > 0 such that | f(0) — f(x)| <« 
for |x| < 6. Then for 0 < h < 6 we have 


f0)- fons - [nr0- [ous 
<s ff dnaax =e 


[If f is continuous on an interval around 0 then there is a simpler argument, using 
the Mean Value Theorem for Integrals (Problem 13-23).] 


h 
< i én(x) LF) — FOI ax 
~h 
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(c) We have 
h 1 
ee 
h? + x? h 1+ (2) 
h 
= arctan ~ 
= a 
so 


1 


lim [ pene a lim arctan ~ 
hot J_y h2 + x2 hot h 
ae aa 


et 


(d) Let | f(x)| < M on [-1, 1]. Notice thatif0 <h < 4, then forall jx] >d = V/s 
we have 


So for 0 < hk < & we have 


a h d h 
(1) | i pal @dr- [ eal @ar 


—d i 
</ vim + [ ViM <2V5M. 
-1 d . 
In particular, choosing the constant function f (0) we have 
d 
h 
(2) ntO -[ pagel Max < 2/5 f (0). 


Given € > 0, choose 5 > 0 so that | f(0) — f(x)| <é for |x| < </8. Then 


d d h 
ag hh? +x gh? +x 


qh 
< i J eplFO - folds 


ah 1 oh 
se f Baas | —+—~ dx = 8. 
= -d h? + x? —1 h? + x? 


It follows from (1), (2) and (3) that for 0 < h < & we have 


(3) 


< 275M +2V6f(0) +78, 


Ss at 
nro [ a rerax 


<(a+le for small enough 6. 
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27. (i) The whole circle of radius a/2 is traversed as 6 goes from 0 to z. So 


1 R re a 4 
area = — a’ sin® 8 d@ = — (1 — cos 26) dé 
2 Jo 4 Jo 


=o |x- sin 20 al 
4 2 | 
ma? 
4 
(ii) 
20 1 21 


1 
area = — (1 + cos 6)? d@ = = 4+4cos6 + cos” @ dé 
2 Jo 2 Jo 
1+ cos 20 
2 


an sin 20 
+a+ 


dé 
20 
0 


(iii) This will look something like the graph of f(@) = a cos 2@ (Problem 3(iii) of 
Chapter 4, Appendix 3), but there can be only two leaves, since cos 2 must be > 0. 
Each leaf has area 


on 
[ 4+4cosé + 
0 


= 5 [em + 4sin6é 
0 


: 4 
af acide ded? uw 
2 —7/4 —1/4 
2 
a 
=>: 


(iv) Each leaf (two or four, depending on conventions for the sign of r) has area 


m/4 m/4 
sf ey [ bailed 
2 Jena 2 J-x/4 2 


28. In the integral 
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make the substitution 
x = f(0)cos é 
dx = f'(@)cos@ — f(@)siné dé, 
g(x) = f(@) sind 


to obtain 
X9 a 
| g(x)dx = | f(0)f'() sin @ cos @ — f (6) sin? 6 de 
x1 A, 


_ for i soy 
al a 


2 


_ xoyo-uin 1 f. os 


where yo and y; are the second coordinates of A and B. Hence 


sin@ cos @ 


“~—*_[— sin? @ + cos? @] — [ f(@)’ sin’ 6 de 


if F@)? a0 


Xo 1 fa 
i g(x) dx = area AOxgA — area AOx,B + 3 iy f(6) dé, 
x 60 


as desired. 


29. (a) For each partition P = {fo,..., t,} of [a, b), let 
= {h'(f),--., AG) = ff... In}. 
Then P isa partition of [4, b] and 
#G) = u(t), v@%) = v@). 


So the 2 for & corresponding to P is 


iG, P) =) Vlei) — #G_-DP + WG) — G_-YP 


= 0 Viet) = u@_DP + [v@) — vG@—DP 
i=1 


= £(¢, P). 


Thus, every £(c, P) is i(, P) for some partition P of [@, 5] and, conversely, it is 
easy to see that every / for Z is £(c, P) for some partition P. So the length of 2 on 
[a, b] and the length of 2 on [4, b] are the sup’s of the same set of numbers, and 
hence are equal. 


294 Chapter 19 


(b) The length of c on [a, b] is 
b 
/ Vul(x)? + v(x) dx. 
a 


Letting 


x =hiy) 
dx =h'(y) dy, 


the integral becomes 


b+) 
ne u'(h(y))? + v'(AQy))? - h'O) dy 


h-1(b) 
= ey = [u'h(y)) - h'OYP + [v’AO)) - AO) dy 


h7(b) 


= (uc hy’ (y)? + (v oh)’ (y)* dy 


h@) 


= if Vi'(y)? + o/(y)? dy 


= length of @ on [4, 5]. 


30. (i) Since 
f'@)=26° +2)? 
f(x)? = x? (x? +2) 
1+ f(xy =1+4+2x? +24 = (1+ x7), 


we have 
1 1 
/ 1+ FOP ax = f 1+x7dx 
0 0 
=1+} 
Gi) Since 
1 
, == / ae 
IGN Sh Sage 
1 1 
t 2_ ( Sea 
i as vee 


1 i 8 
1 =9 = {3x2 + — , 
+ f'(xy tot (3 +o) 
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we have 


12x? 


2 2 
1 
/ Jit Fear = [ 3x? + —— dx 
I 1 
=7+ 4. 


(iii) For u(t) = a? cos? t, v(t) = a? sin® t we have 
u(t) = 3a? cos’ t - (—sint) 
v(t) = 3a? sin? t cost 
so 
u(t)? + v'(t)? = 9a sin? t cos* t + cos? t sin* £] 
= 9a° sin? t cos? rt, 
SO 
ar 20 
Jul? +y2 = 3a? f [sintcost| dt. 
0 0 
On each of the four intervals [0, 7/2], [7 /2, x], [7, 32/2], [3% /2, 277] we can write 
|sintcost|=sintcost or |sinfcost| = —sintcos?, - 


so on each interval we are considering 


: sin? t sin? t 
sint cost dt = or Te A 
So the integrals are the same on all four intervals, namely 
sin? t cine sin?t|"_ sin’ t ia __ sin’t - ual 
2 0 2 af{2 2 m{2 2 3x /2 2 
Hence the total integral is 
3a? -4.— = 6a? 
(iv) Since 
f'(x) = —tanx 


f'(@y = tan? x 
1+ f’(x)* = sec” x, 
and secx > 0 forO <x < 7/6, we have 


1/6 
0 


7/6 /6 
i V¥1+ f'(x)2 dx = [ sec x dx = log(sec x + tan x) ; 
0 


= log V3 = * logs. 
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(v) We have 


é é é 2 1 
[ Vit Fora = [ jit gare | we ax, 
1 1 1 


Letting 
x = tanu 


dx = sec* udu 


we have 


ee eee 
x 


tanu 
_ f sebudu 
S / tanu 
_ f secu(1 + tan? z) 
i i tan u 


du 


= | sow +secutanudu 


= — log(esc u -++ cot u) -+ sec u 
= —log (4e*.2) +71 +x. 
So our integral is 
— log (Ae) +V14x2 
= —log (1+ Vi +e) —1+log(i +72) +V1+e - V2. 


é 
1 


(vi) Since 
os 
f@=— 
1-—e% 
2x 
2_ é 
1+ f'@y = 
+ fix) To 
we have 
9 1 


0 
[_viFTeF = 
ae 


ax. 
eax 


—log2 f1 — 
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Letting 
y= 
x =logy 
d 
dx = at 
y 
we have 


/ dx =a dy 
[1 — e2x y 1— y? 
Cae, 
= —log | —- + -~——— by Problem 4(v) 
y ¥ 
= —log(e* + e* V1 — 6) 
= —log(e*[1 + v1 — e?*]) 
=x —log(1+¥1-e*). 


So our integral is 


x —log(1+ V1 —e?*) 


0 


= —log2 +log2 + log(1 + V1 — e2!82 ) 


—log2 
= log (1 +,/1- x) 


= log (14/3) 


= log(1 + $73). 


31. According to the Appendix to Chapter 13, the graph on the interval [@o, 6;] has 


length 
A 
[ / f? + fi. 
& 

(i) We have 

f@) =acosé 

f'@) = —asiné@, 
so 

OY + f'@Y =a’, 

and the length is 


a a=na (= 27 - (a/2)). 
0 
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(ii) The length is 
20 2a 
i 4/a2(1 ~ cos 6)? + a? sin? @ dé = / a2 — 2cos 26 dé 
0 0 
2a = 
e [ aa, | L282 a 
0 2 
ar 
= if 2a |sin9| dé. 
0 
Breaking up the interval as in Problem 30(iii), we find that the length is 


{2 
42a. f sin@ dé = 8a. 
0 


(iii) Since 


by (at) the length is 4a. 
(iv) The length is 
2a 
[ V1+62d0 = : levi +2 +log (6+ V1 +6) 
0 


by Problem 4(ix) 


[avi + 47? + log (27 +71 +4n?)). 


2 
0 


(v) The length is 


1/3 n/3 
3 Veet 0+ see Oat odo =3 [ sec 6-/ 1 -+- tan? 6 d@ 
0 0 
x/3 
= [ sec’ 6 d@ 
0 
3 
= 3tano| 
0 
3.3 
2 


which is hardly surprising, since the graph is a straight line from (3, 0) to (3, 3 tan 3). 
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32. (a) The length is 


2 2x 
[ V22(1 — cost)? + a?sin? edt =a f /2—2cost dt 
0 0 
2x /1—cost 
= 2a f Hearse 
: 2 
2a t 
=2 in — dt 
af sin 5 


1 |?* 
2\o 


= (2a) (-200 = 


= 8a. 
(b) In the integral 


27a 2na 
f(x)dx = | vu} (x)) dx 
0 0 


let 
t=u (x) 
x = u(t) = a(t — sint) 
dx =a—acostdt; 


the integral becomes 


20 2n 
af v(t)(1 — cost) dt =a? f (1 —2cost + cos? t) dt 
0 0 


2a 1 2t 
=O) Paves dt 
0 2 2 


= 3a’x. 


33. The formula is true for n = 1 by Problem 14-9. Suppose that it is true for n. 
Let F(u) = dn f(t) dt. Then F is a primitive of f with F(0) = 0. So 


* f(u)(x — uy 


oo QE. 
_ FM@- wr i —F@e@— uw)" 
~  M@+tD! jeg Jo n! 


nex f(((f m4) )-) a 
LUC (L0)#) 0) -)am 
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which can also be written as 
x nay uy 
i (f ( “* (f far) au) ‘* +) duns. 
0 0 0 


34. 


b 
tim, f f@sinatdt = lim 
A400 Jag 4-090 


—0, 


_ b b gf 
F(ecosat |’ | f'(t) cos At a| 
% ae Fe 


since 
b 


ed x 1 
SPCC") 2 sf Ol +lF@D, 


x 


[ f'(t) cos At oh 
; r 


1.7? 
<; | le’ @lat. 


35. (a) Simply replace ¢ by —@; multiplying the resulting formula for —¢ by —1 
we get the formula for ¢, with the same &. 


(b) The function ¥ = ¢ — ¢(b) satisfies w(b) = 0. The formula for y gives 
b é b 
i FRO) — dO ax = [6@) — 4) i f(x)dx +0- I fle) a. 
So 


b é b § 
: fbx) dx = 6(a) [ f)dx +40) i Fladx — 00) i flax 


§ b 
=¢(a){ f(x)dx+ (db) (x) dx. 
a | x) dx [16 x 
_ (© If F@) = fF f, then 
b 


b 
‘A F(x)’ (x) dx 


b 
| F(x) dx = FOG) 


= F(x)$() 


é 
ae (/ f) Leal 


E 
=o@ | f(x) dx. 


b b 
— F(é) | $'(x)dx, by Problem 13-23 
a a 
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(d) If (a) = 6(b) = 0, but ¢ > 0 on (a, b), and f > 0 on (@, b), then we clearly 


cannot have : ; 
=op(a)} f+) . 
[ t9-0@ | I f 


36. (a) We have 


ab, +++++anby 
= bis; + bo(s2 — 51) + b3($3 — 51) ++ 
+ Da-1(Sn-1 = Sn—-2) + Bn (Sn — Sn—1) 
= $1(b1 — bz) + 52(b2 — b3) +++ + Sn bn-1 — Bn) + Sabu. 


(b) Since {b;} is nonincreasing we have by — by4; > 0 for each k. Also, m < sy < 
M for each k. So 
m(by — ba) + m(bo — b3) + +--+ m(bn-1 — dn) + mbp 
S 51 (b, — bz) + 52(b2 — b3) +--+ + Sn (n—-1 — bn) + Sn dn 
< M(b, — bz) + M(h2 — ba) ++ +++ M(bn-1 — bn) + Mbn, » 
or : 
mby < a,b) +++++anb, < My. 


Applying this result to ax, ay41,...,@n, and by, bess, ..., bn, we get bym < 
Ogby +++ + nbn < byM. 


(ec) If we set 
ai = f (i) — t-1) 
and let 
k 
m = smallest of the } > f(xi)(ti ~ 4-1) 
iz=l 
k 
M = largest of the YF — ti-1) 
i=l 


then m <a, +---+ a, <M for all k. Letting b, = }(x,) in part (b), we find that 


YS Fb Ci) — 4-1) 


f=1 


lies between the smallest and the largest of the sums 


k 
$01) >) FGA) - 4-1). 


i=1 
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Since we can approximate { is F(@i)¢(%) dx by sums y F@neé@inG — t-1), 


i=1 


and zg F(t) dt by sums like = F(a) (ty — t7-1), the final result should follow from 
the above. However, some care is required for the argument: 
Given ¢ > 0 we can choose 6 > 0 so that whenever all t; — 4;_1 < 6 we have 


< &, 


(1) 


b i 
[ f@ar-L seve 1» 
4 i=1 


We claim that for any ¢’ > ¢ it also follows that for each k 


[ f(x)dx -Lr.0 — 1] <é. 
i=] 
The idea is that if we had 
(2) [ fede -¥ foe av) 2 
i=1 


then by choosing some p > n and new tg1 < thi2 <--- < ty = b we could make 
the sums on [t,, b] so close to a f(x) dx that inequality (2) would contradict (1). 


More precisely, choose t+1,..., tp, still with t; — t;-1 < 6, so that 
b p 
(3) i fede — Y* fii —4-)| <2’ -e > 0. 
te i=k+1 


Then 


| i Fede YF n 1) 


[rc feyde - Sf een] 


i=1 


P b 
7 Ly fii - 4-1) - [ feo] 


jimh 


>| fonds So fle. Mt ti ) 


=1 


* F) dx — 3 Fi — 4 - , 


i=k+1 


> e’ —(e' oer 


contradicting the fact that (1) is supposed to hold whenever all t; ~ 1 < 6. 
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If we now choose the #; so that for some fg and f; the integrals J, ie f(x) dx and 
J: ” f(x) dx are the minimum and maximum of f- f() dt on [a, db), then the smallest 
and largest of the sums 


kK 
$@) >) fG-aG - 4-1) 


i=1 


includes two sums within ¢(a)e’ of the minimum and maximum of i : f(t) dt. The 
remainder of the argument is straightforward. 


37. (a) Using the substitution 


1 
y= ~ 
x 
1 
= 
¥ 
1 

oman 


the integrals become 


(i) [ ssn(v+2) a (ii) [55m ( +5) a 
1 y y) ae a a 


The second integral is the easiest, since 1 sin*(y + 1/y)/y? dy is an increasing 
function < i 1/y* dy, which is bounded. For the first we have to argue slightly 


differently: Since 
| sae 1 
i Gtin(y += +) a < [a ; fin(y +=)| ay 
my? uy ¥ 
<f 4a : for all N > M 
> Dae ae vin, 
my? Mw’ 


the value of the integral from 1 to M is within 1/M of all later values, so the limit 

must exist. [For a precise proof, prove an analogue of Theorem 3 in Chapter 22: If 
lim |F(M)— F(N)| =0, then lim F(N) exists.] 

M,N>00 N->oo 


(b) The substitution y = 1/x yields 
[ : sinyd (ii) i : sin? dy 
— ¥ —— V 
o 0 
Since 


the second integral involves a bounded function and converges, while the first is 
essentially like Ie 1/y dy and does not converge. 
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38. (a) We have 


1 
lim logx dx = lim (: logx —x 
é>0 


1 
é0 Je £ 
=-—-1, 


since lim x logx = 0 by Problem 13(d) of Chapter 18. 
x 


(b) To investigate the behavior near 0, write 


log(sin x) = log (= : x) 
sin x 
= log (=) + logx. 
x 
Since (sin x)/x is close to 1, this is close to log x, and part (a) shows that this. causes 
no problem near 0. 
The behavior near z is essentially the same, since sin(z — x) = sinx. 
(c) The substitution x = 2u, dx = 2 du gives 
X n/2 
/ log(sinx) dx = 2 [ log(sin 2u) du 
0 0 


a/2 
= 2 f log(2 sinu cos u) du 
0 


n/2 
=2 i log2 + log(sin 2) + log(cos u) du. 
0 


(d) Since the substitution u = 2 — x gives 
m/2 rid 
[ log(sinx) dx = i log(sin(z — u)) du 
0 m/2 


rim 
= | log(sin #) du, 
w{2 


and thus 
r n{/2 
[ log(sinx)dx = 2 [ log(sin x) dx, 
0 0 


the result of part (c) becomes 


Hr log2 


1/2 
[ log(cos x) dx = — 
0 2 
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(e) The substitution x = 2/2 — u gives 


n{2 m/2 
[ log(cos x) dx = [ log(cos(z/2 — u)) du 
0 0 


n{2 
= / log(sin u) du, 
0 


sO 


si n/2 
[ log(sinx) dx = 2 [ log(cos x) dx 
0 0 


= —7 log2. 


39, For each N we have 
N 


N N 
[ u'(x)u(x) dx = u(x) v(x) -f u(x)’ (x) dx. 


a 


a 
The desired equation follows by taking limits (and shows that if any two of the three 
symbols involved exist, the third does also). 


foe] 
i et at 
1 


certainly exists, because {7° t~? dt exists (Problem 14-25), and for sufficiently large 
t we have e't*—! < ¢-? (by Theorem 18-6). On the other hand, if t > 0, then 
et! < 2*~1; since the integral f t*~! dt exists for x > 0 (Problem 14-28), it 
follows that fo e—'t*—! dt exists for x > O (it is an improper integral if x < 1). 


(b) 


40. (a) The integral 


> @) 
retn=f et” dt 
0 
i=0 
= et ft 


oo 
+f xe tr dt 
t=0 0 


[oe 
=0+x f et?! dt = xT (x). 
0 


(fx < 1, then we are also using a second version of integration by parts to take 
care of the integral from 0 to 1.) 
(c) 


oO 


fee) 
rd) =f etdt=-e") =1. 
0 0 


This proves that "(1) = (1 —1)!. If [@) = — 1)!, then’ Qt t+ 1) = nT (2) = 
n-(n—1)! =n), so the formula is true for all n, by induction. 
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41. (a) 
x/2 1 se = 4 
J sin" xdx =——sin""xcosx] +7 
0 nr 0 nr 
—] n{2 
oe i sin”? x dx. 
nn Jo 
(b) 
x /2 2 {2 
/ gin2™+! x dy = —" i sin?”—! x dx 
0 2n + 1 0 
_ 2n  n-2 [ose 
~ n+l 2n-1 Jo 
= 2n 2n —2 
~ On+-1 In—1 


2n 2n —2 2 


Oe, One Ss 


(A proof by induction is lurking in the wings.) Similarly, 


2n 
2n—1 1 x 
2n 2 2 
(c) 
xf 
O< [ sin" t! x dx < [ sin” x dx < if 
0 0 0 
50 
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(d) If x is large, then & is close to 


4.4...2n-2n 2°4---2n 
++ (2n —1)Qn +1) Ine 1 13 Seon =) 


2n 
Van+1 1 2---2n 


iD Jn 1-3-+-(2n-1)’ 
Since / (2n)/(2n + 1) is close to 1 for large n, the result follows. 


= 
1-3-3.5. 


42. (a) Let x = cosu, dx = —sinu du. Then 


; 0 x /2 
[ (L—x?)"dx = i (sin*" u)(—sinu) du = if sin?"*! y du 
0 a/2 0 


2 4 2n 
3 5 oad by Problem 41. 
Now let x = cotu, dx = —csc? udu. Then 


Patee-f (sin2” (S = ) au 
o U+x2)" i 1/2 sin? u 


{2 
= [ sin?) y du 
0 


x 13 5 2n —3 
Se ol re = jem 41. 
eran ee by Problem 


(b) If f(y) = 1—y and g(y) = e7, then f (0) = g(0) and 


f(y) =-l<-e fory >0, 


so f(y) < g(y) for y > 0,i.e., 1—-y < e™ fory > 0. So, in particular, 1—x? < e-*” 
(for all x). 

The second inequality follows from the inequality 1 + y < e”, which can be 
proved similarly (and has already appeared in Problem 18-29). 


(c) 


: 2\n MY gs —nx? as 1 
fa-xnaxs fe ax < [ é ax [ G+2y 


s0 
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Using the substitution y = /nx, dx = 1/./n dy, we obtain 


1 Jn 

i eo dy = aa ey dy, 
0 
2, 

[fe ee dx= =f ey dy, 


from which the desired inequalities follow. 


(d) It follows from Problem 41(d) that by choosing a sufficiently large, the numbers 


Bye gee [vents 3 


2 2 4 2n —2 2Vn-—1 2 4 2n —2 
and 
2 4 2n n 1 2 2n 
aCe ae a miles Go 
can be made as close as desired to 
m,.L_vt 
2 T 2 
and 
1 afte 
—-/nt = —. 
2 we 2 
43. (a) 
Bs Sil i fe 1 
sinx »—dx =—cosx-—-| — — cos x -— = dx 
a x Xa a x 
_ c0sa cos b > cosx 
a b ane ss: 
In particular, 
foe] CO 
i sin x dx = 8! -| Ee ge. 
t x 1 1 x? 


the latter integral exists because the integral 


is | | ax sf aa 


exists (compare Theorem 23-4). 
On the other hand, the integral 
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exists and equals i f(x) dx, where f is the continuous function with 
1, x=0 


joy=| sn x £0. 


(b) According to Problem 15-33, 
ur sin pt t ri 
[ une 2) dt = [ (1+ 2cost +++-+2cosnt)dt 
0 0 


sint /2 
= 7. 


(c) The hint is the whole answer, since the function 
t=0 


0, 
fm=)2 1 
t  sint/2’ oy 


is integrable on [0, zr]. 


(d) From parts (b) and (c) we have 
dt = lim 


; ® 2sin(a + 3)t * sin(a + 3)t 
Fue 7 t A->00 | Gia 


sint/2 


Using the substitution vu = (A + St, we have 
* 2sin(A + $)t ela A+5) du 
lim i: cca 1 oa lim i 2sinu- ie) : ; 
A090 Jig t A> 00 Jo “ A+5 
°° sin 
= 2 [ ~ du. 
0 u 


oO co 1 
+f —2 sinx cos x dx 
0 x 


0 


44, We have 
sad 1 
i sin? x - =a dx = sin? x (- 7) 
0 x 
[ sin 2x 2 
0 


x 
Setting wu = 2x, du = 2.dx, so that du/u = dx/x, this becomes 


oO: 
siInu oe 
[ Se: 
0 “ 2 
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45, (a) Letu = 2*, du = xt*—' dt. Then 


Oo [oe] 
xd 
P(x) =| er at =| ae 
0 0 x 


(b) 


=f by Problem 42 (d). 


46. (a) The substitution u = ax, du = wdx gives 


N aN 
{ fox), _ ft £@ | 
x we 8 «Oh 
Similarly, the substitution u = Bx, du = B dx gives 


N BN 
| a” dx = TWD jy 


pe 4 
So 
N aN N 
| fax) — f(Bx) ax = [ £@ 4, [P™ £ a, 
Xx ae u Be u 
Be BN 
cA) du — fm) du 
ae aN u 


As ¢ > Oand N — ov, this approaches 


Be A BN BR 
[ “au — | P teh Byon 
ae u aN a 


(b) In this case the same substitutions give 
(iP af On. (eae Os 
x u Pe x pe U 


f 


oO _ Be 
[IPL gen [PLO au arog 


é 


(c) (i) Since 
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converges and lim e~* = 1, we have 
x0 


CO p-ax _ a Bx 
[ Ae dx = log B 
0 x a 


loo] 
COS x 
i a de 
a x 


exists (same reasoning as in Problem 43(a)), and lim, cosx = l, so 
x—> 


| © cos(ax) — cos(Bx) B 
——_£_ —— dx = ; 
0 


log — 
x 8 


(ii) For a > 0, the integral 


47, (a) Choosing n = 1 in Problem 11-46, with x; = ¢;_; and x2 = 4, so that 
Ox) = & — ti-1)(x — t;), it follows that for each x in [t;-.1, t;] we have 
fC) 

2 


f(x) — Pi) = (& — §-1)@ — &)- 
for some c in [t;~1, t;]. So 
i Ni 
(x —4-1)(% —&) = fx) - Pi) = 3 — H-1)@ — ) 
(the inequalities are reversed because (x — 4;-1)(x — t;) < 0 on [#;-1, 4). 
(b) 


t 
= x? = (tj + —1)x + ty-1t; dx 
t-1 


x3 i x2 i 

Sl (tj + tj-1) - > + (tj) — t-1)i-1ti) 
ti-1 fi-1 

Be ge 8 Dep ae, 24 
= a = ao _ tj (tj ae aie ti-1 ae ti-1) + t;7t_1 — 17h 
ee eee eee 

ca eal eee oe 
_ @1- 4) 
- 6 

3 

—— a 
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Now the minimum m of f” on [a, b] is < n;, for each i, SO 
tt 
ni 


i=l 


And similarly the maximum M of f” on [a, b] satisfies 


nt 
DN 
i=l < M, 
n 
so we obtain 
(b — ay’ (b-— a)" 
12n? <[ f-Mms pM, 


from which the desired result follows. 


48. (a) Using Problem 3-6, we can explicitly write P as 


P(x) = FOG — 6 —2) _ f(x —2)4 fore =I) 
= 2/28 - p+ P]45[-Fr@+270- 2] +20. 
So 
[e=3[22- 109+ 2] 42[-Frorr@- 2] +210 
= S17 +4F0) + FO) 
(b) If 


Pix) =P (< a2 — ) 


fo) = (a+ OS"), 


then since P agrees with f ata, (a+b)/2 and d, it is easy to see that P agrees with 
Ff at 0, 1 and 2. So the substitution 


+ (b — a)x 
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gives 


b ae 
| P(u)du = = P(x) dx 
a 0 


= 25 FO +4F)+ FQ) — by part) 


2 en eas (222) +10) 


(c) According to Problem 11-46, for each x in [a, b] there is a number c in (a, b) 
with 

a+b fl") 

F(x) — P@) = (@ — a) —b)(x-) 


= ~ ayer — 0) (x24?) Cc 


for some constant C. So 


b b 
| f-pac.f (— a(x —b) (x 5") ax. 


This latter integral has the value 0. An easy way to see this is to check it for a = 0, 
b = 2 and then use the substitution of part (b) to express the general case in terms 
of this one. Another way is by using the substitution “ 


a+b a+b 
2’ 2 


a= X— 


du = dx 
to make the integral more symmetric. Letting 


b-a 


baa 


we have 
5 
i (x —a)(x —b) (: _ =) dx = i: (u+h)(u — h)udu 


h 
~ | uw —uh? du =O, 
—h 


since we are integrating an odd function. 
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49. (a) Writing Q(x) as in the hint, so that the first three equations automatically 
hold, we have 


,f(atb\ ,,fatbdb a+b _ a+b _ 
(Se) 4-9) (ae ) 


_ pp (ath A(b — a)* 
_» (a8) A=? 


Since b — a 4 0, we can then choose A so that Q’ (442) has any desired value. 


(b) If x is a, b or SS" ape there is nothing to prove. Otherwise, consider the function 


F(t) = (x—a) (x = ant  -PDIFO—OM! 


b 
~¢-a) (: Z a4ey' (¢ — DEF) ~ Q@)). 


The F is 0 at a, b, St% and x. To be specific, say 42 < x < b, Then F’ is 0 at 
points &1, &, &3 with | 


b 
a<& <“2" <h<x<& <b. 
But it is easy to see that we also have 
a+b 
F’ = 0. 


So F’ is 0 at 4 points in (a, b), and consequently, as in Problem 11-45, F is 0 at 
some point &, that is 


2 
0= FYE) = (% —a) (« - =) (x — b) fE) — 41Lf@) — Q@)], 


as required. 
(c) If m and M are the minimum and maximum of f) on [a, b], it follows that 
2 
a =a) (x z 248) (xb) < f(@)~Q@) < ai tea) (: = “5 (x—b) 


for all x in [a, b] (note that the expression (x —a)(x — PV (x —b)is > 0on [a, b)). 
It follows that 


b (4) 
[r-0-5 8 faa y(=- 242) (xb) dx 
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for some c in [a, b}. To evaluate the integral on the right we use the same substitution 
as in Problem 48(c), to obtain 


h h 
/ (u+h)(u —h)u? du = / u* — u7h? du 
-h -h 


ORE 2h? 
= 3 
eee, eg fae 2 
15 15 2 
_ @-a)? 
120 
(d) By part (c) we have, noting that to; — t;-2 = (b — a)/n, 
toy ay 
= tor) + 4f (to: t 4) 
p fee te 1) + 4 f (ta-1) + f (t2i)] — Saws t (ci) 
for some ¢; in (t2;-2, 3 When we sum fori = 1,...,7, each ft; occurs twice, 


once in the above expression, and once in the same expression for i + 1; the only 
exceptions are f(f9) = f(a) and f(to,) = f(b), which occur just once. Moreover, 
ifm < f < M on [a, 6], then 


n 
am < >> f@) <nM, 
i=l 
6) 
n 
YS F% CG) =nf PO 
i=1 
for some ¢ in [a, b]. Thus, 


Le 


ay 


“(re 4D Sand +29 “san+500) ~§ aaa 
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1. (a) The graphs intersect at (0, 0) and (1, 1), so the volume is 


1 3 sy) 
xf a deel es 
0 3 5 Io 


(b) The shell method gives 


1 
an | rode = ae 
0 


w| *, 


2. Rotating the graph of 


fe) = Vr? —x? —r<x <r, 


we get 


r x3 
x { r—x*dx aan | rex —- 


r 
; I) 
re 
=2n{ri- — 
AG ) 


= nr. 


3. Rotating the graph of 


2 
fe) =by1- 5 ~a<x<a, 


we get 


4, The sheil method gives 
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Letting 


x—-a=bu 
dx =bdu 


we get 
2n if (a+ bu)b?/1 — u2 du 
= zat? Jl1—u?du + 2a uJ1—u2du 
= 2nab? ( ot uv = 


7) +0 by Problem 19-4(viii) 
-1 


= a fe 
= 2nab (5) 
= n*ab 

= 7a - (xb). 


(Thus, the volume is the area of the circle of radius b times the length wa of the 
circle that its center revolves around. This is a special case of “Pappus’ rule”.) 


5. Using the shell method the volume is 


2a 
2-2n- f xv 4a? — x2 dx 
Qa 


(the extra factor of 2 comes about because the shell method gives only the part with 
y > 0). Letting 


x =2au 
ax =2adu 
this becomes 
I —(1 — u2)3/2 1 
4n | 8aruv 1 —u2du = 327a° - et a 

1/2 3 1/2 

_ 32na? a 

— 3 4 

4 34/3 


4 
(as compared to 32a)’, the volume of the entire sphere). 
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6. (a) The volume is 
x/2 
20 i xcosxdx =2n|xsinx 
0 


x [5-1 


= a(x — 2). 


a/2 {2 
-f sinx dx 
0 0 


(b) The volume is also 


1 
54 i (arccos)?. 
0 


7. In the integral 


Oa 
i yf) dy 
f@ 


let 
x= f(y) 
y= fx) 
dy = f’ (x) dx. 


The integral becomes 


b 1 b 
) xf (a) fide = = i x(f2) (x) dx 


2 Ja 
b nb 
-| jon? as 


b 
=5 ler? afta)? - i f (x)? as, 


1 


= 5 [ss (x)? 
1 


as required. 


8. (a) If the diameter AB lies on the horizontal axis with A at (~a, 0) and B at 
(0, a), then the square intersected by the plane through (x, 0) has sides of length 


2/ a? — x2, so 
A(a* — x”)(t; — t-1) 
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is the volume of a “slab”, and the sum of these approaches 
a x3 a 
4} @-x)dx =4|a?x- — 
—a 3 —a 
2a3 
= 4] 2a? — — 
| oad 


_ 16a? 


3 
2na3 ; 
(as compared to ae. the volume of the top part of the sphere of radius a). 


(b) Now the triangle intersected by the plane through (x, 0) has area 


3 
“3 -4(a* — x?) 
so the volume is 
V3 16a3  4V3a° 
i: core. ee 


9. A plane parallel to the base at distance x from the vertex has area 


so the volume is is 
x°A 1 
— dx = —hA. 
5 ee 
10. If (@, y, z) are the coordinates of a point P, then P is inside the first cylinder 


of radius a if and only if 


x42? <a? 


and inside the second if and only if 
yoe<a’. 
For points with z = b (i.e, the horizontal plane at distance b above the plane with 
the axes) we must have 
e<@_p, yp <a—P?, 
so we have a square with sides of length / a? — b?, and area a* — b*. So the volume 
of the intersection is 


a 2 a 
a—z2dz=a’z— ~ 
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11. (a) Using the formula 


b 
an f f@)V1+ f' x)? dx, 


we have 
fQ) = vr? — x? 
ete oa 
f@= ae 
= 
1+ f’(x) ~ 72 _ x2 


so the surface area is 


anf Vr? —x?. 
=F 


(b) The area of the portion is 


ath 
an f rdx = 2nrh. 
a 


(ec) The proof follows from the construction illustrated below: We consider a hemi- 
sphere above the circular boundary of the mud puddle, and the rectangular prisms 
obtained by extending the planks vertically upward, each of which will intersect the 
hemisphere in a certain portion, like the end piece shown in the figure. According 
to part (b), the area of each portion will simply be zr times the width of the plank, 
with the total adding up to exactly the total surface area of the hemisphere. This is 
clearly impossible if there is any overlap of the planks. 


pa 


= 4nr?, 


r 


r 


rdx 
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It is convenient to set 


b 
h=-. 
a 
Then 
F(%) = uv? — x? 
fix= ee 
a2 — x2 
2 
pox 
fey =s 
a? + (4? — 1)x? 


FQ)V 1+ f'@)? = wa? + (ue? — 1)x?. 
So the area is 


a 
A= anu [ Var + (u?2 — 1)x? dx. 
-a 


Case 1: a < b, so 2 > 1. We use the substitution 


ae Lt 
ae 
x= a 
pe—1 
ad 
dx = ied 
wl 
Then 
ray pV 
=o a? + a*y? dy 
pw — 1 —fueai 
Ix a2 wel 
=.= vi+y?dy 
pe? — 1 d-./p?=1 
sab v= 
= yV1+ y? + log(y + V1 + y?) 
vue —Jui=t 


by Problem 19-4(ix) 


= FS [2a — 1+ log(Vu? ~ 1+ p) — log(—V nu? — 1+ )| 
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er Ht 0g (alt vie? = 1+ 4] 
VP [-ve? -1+ 4) -[Ve?-14+4] 
2nab 
= 2nb? + real log(V uw? -—1+ 4p). 
Note that 
ei 
Ju? — 2 
lim “we = lim 4 _ by l’Hépital’s Rule 
u-> pe — > 
pro 
jin 
ul i 


So as a — b, and thus % — 1, the above area approaches 47rb?, the area of the 
sphere of radius b (Problem 11). 
Case 2: a < b,so yz < 1. The substitution 


JV1—p? 
1 = - x 
gives 
2 ie 
Ae Vat — a?y? dy 
‘ /1 = pe a 1-2 
2 af 1-2 
a 27a" ph Aye wide 
V1l— py? J—/i-? 
b vi-H? 
= arcsin y + yy 1 — y? by Problem 19-4(viii) 
Ai — pe? 1—p? 
b 
“TS [2aresin V1 — — w+ 2pV1— oP | 
2 2xab : 
= 2nb* + arcsin 1 — y?. 
V1 — pe 
Again, we have 
lim arcsin 1 — pu? 1 
im ———— =1, 
pol fps pe 


either by l’H6pital’s Rule, or using lim, (sink) /h = 1. 
> 
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(b) The outer portion of the torus is obtained by revolving the graph of 


fy)satvye-y —-bsyxb 


around the vertical axis, and the inner portion is obtained by revolving the graph of 


fO) =a— jb? —- y? —b<y<b. 


In both cases 


Hay sy 
LOU aa 
b2 
Tay2 
1+ FO = Fa 


so the area is 


b b b b 
2 / a+/e? — y?)——d +2n — J — y?) ———d 
1 En y) ay y AG y?) po y | 


= Arab f ae 
~» f/p2—y2 - 


Letting y = bu, dy = b du, this becomes 


1 bdu 1 du : 
Arab ———. = arab | ———. = 4xabarcsinu 
—1 Vb? — b*n? -1f/1— 1? -1 


= 4xrab. 


(Notice [Compare Problem 4] that this is the product of 27b, the radius of the re- 
volved circle, and 27ra, the distance around which the center of this circle is revolved. 
This is a special case of another version of “Pappus’ rule”.) 


13. (a) The volume is 


(b) The surface area is 


foe) (o.¢) [41 2 
an f pyle qara 2 [ as ax. 
oa x? 1 x? 


vit+x? x 1 


x2 xt x 


Since 


and {°° dx/x = oo, this surface area is infinite. 
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(c) The paint that covers the distant portions of the trumpet will get thinner and 
thinner—it’s easy to paint an infinite area with a finite amount of paint if you’re 
allowed to spread the paint as thin as you like. 
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1. Gi) P30) =1+x+2x7/2. 


dv) 2 1 2 
_ a ae (=I @ =)" 
Pax) = —-1+ TT cee = Gaye 
m ( 3 (—1)"*1( 
af (~—2) _ x — 2) a ae nv (x — 2)" 
Pua) = log2+ 5 729 Sips oo 
(viii) 


2644-1)?  66@@—- 1)? 120(x — 1)4 
2! a 3! ¥ 4) ; 


(x) Pao(x) =1—x +2? -x39 +--+ (-1)"2x", 


Paix) =34+9@-1)4+ 


2. (ii) 160 + 50(x — 3) — 10(x — 3)? + (x — 3)4. 
(iv) 9a + 3b + e+ (6a+b)(x — 3) + a(x — 3). 


3. Gi) 


2. (22H! n2n+2 ; 
es i ———~ < a 2 > 0, Soul. 
a Qi+D! (since On+3)i = 10-"* for 2n +2 >2 orn > 9.) 


(iv) 


7 
1 3 
Lit (sine @eDl < 10 forn + 1> 8, orm 7), 


4, (i) To obtain 


1 10 10 
——$— < {9-0 Qn +2)! > 101° 
Qn+2)! ~ or (2n +2)! > 
it certainly suffices to choose 2n +2 = 101”: we can also choose 2n +2 = 10!°, 
since (10!°)! is clearly > 10!”. So one possible sum is 


1910 
3s (1) 
& (i +1)! 
(ii) 
ge 
7 (since surely (1001)! > 3 - 101), 
i=0 
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(iii) We need to find an ” with 


102742 ao 
Pe, 
Now 
1Ql00+k 7 19100 10, 10 10 ‘ 19100 ae 
(100+k)! 100! 101 102 100+k ~ 100! 10%’ 
eo 1 Qloo+k a 
10- 
Goorm: «1° 
ween 100 120 
at 9 < eo oH < 10". 


This certainly happens for k = 120, so we can take 2n +2 = 220 orn = 109, giving 
the sum 


> (-1)! 102/41 


a (2i + 1)! 
(iv) 
234 ni 10-74 235 5 100 
10° since sno" < 10°. 10" a < 19739 
= i! (235)! (100)! 19135 ‘ 
(v} 
1910 
sor ( 1 a ( 1 ee 
yi AIO p 10 —(101) — 191° 
dA Dae (ine aa for 2n +3 = 10 . 
5. (a) Let 
x2 |x|4 
=1-——+ R(x), R < —., 
cos x 5 + RC) |R@)| < 7A 


Then if x satisfies cos x = x? we have 
2 
(+) xv=1- > + RG). 
Ignoring the term R(x) gives the equation 
3x? = 2, 


with solutions +./2/3 = +/6/3. To find bounds on the error, recall first, from 
Problem 11-41, that |x| < 1. So (x) gives 


1 
3x? — 2| = 2|R(x)| < —, 
|3x | =2| GIS 55 
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or 


We can get a better approximation if we use the fifth order Taylor polynomial to 


write . Fi 
x? x Ix|® 1 
cosx = 1 2 + 4 + R(x), |R(@)| < 720 = 350° 


If x satisfies cosx = x” we have 


(#) x? =1-242 + RO); 


ignoring R(x) gives the equation 
x4 — 36x? 4+ 24 =0 


with the solution . 
x? = 18 — 1073, 


So x is approximately 


(KK) +¥V18 — 1073 = +.82431 


(compared to /2/3 = .81649). 
Similarly, to find bounds on the error, we have 


1 xt~36x7+24 1 
pt, ge ee 
720 ~ 24 ~ 720 
so x” lies between the solutions of 
y’ ~ 36y + (24-4) =0 


and 
y’ — 36y + (244+ 4) =0, 


i.e., between 


36 — ¥ 1200+ + r 36 — V1200— # 
Ss an rs 
2 2 


thus between 


18—v300+4 and 18-¥300+ 4; 
V 18 — V300+ 4 < |x| < ¥18-v300-4 


sO 
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or 
82372 < |x] < 82737, 


so the error in (+**) is at most .0031. 


(b) Writing 7 
sinx =x+ R(x), 


the equation 2x? = x sinx + cos? x becomes 
_ be x 
ax? =x? +xR(x) + 1-29 +7 + R(x)’ + 2R(x) ¢ - 5) 
Ignoring terms involving R and R gives the equation 
x* —8x?+4=0 
or 


PF Felis eid OE hk 25, 


Since |x| < 1, we must have 
x2 =4-23 


x =+V4-23. 


6. (a) 
: pan es 
1 Iss 273 )\_ ate 
arctan 5 + arctan 3 = arctan ; | = arctan 1=-. 
Lee 4 
Since 
Lal 
1 1 _ 5T5 \_ 5 
arctan ; + arctan ; = arctan = | = arctan #5, 
~~ 35 
we have 
Pave) 
4arctan } = arctan { 4 7 = arctan 128, 
~~ 44 
so 


120 _ 4 


4arctan 4 — arctan. = arctan {| 2-2? | = arctan 1 = 
5 239 1, wT 
119 ° 239 


BIA 


(b) To compute x with an error < 10~°, we must compute 2/4 with an error 
< 10-°/4, so it suffices to compute arctan1/5 and arctan 1/239 with an error 
< 10-6/20 = 1077/2. Now 

x3 (—1)?¥x2"+1 |x |22*3 


t =xX-— eon R R\|< " 
arctanx =x wa + at +R, IRIs 53 
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So for x = 1/5 and x = 1/239 we need 


1 1 
(Qn +3543 ~ 2.107 
1 1 


(Qn + 3)(239)2"+3 ~ 2.407” 
respectively. We can take n = 4 and n = 0, respectively. So z is 


16 1 1 i. a 1 i 1 4 1 
5 3-53 §.55 7-57 9. 59 239 
with an error < 10~°. To find the first 5 decimals of x we must convert each term 


in parentheses into a decimal. If we compute each one to 7 correct decimals, then 
we will introduce an extra error of at most 10~7. Since we actually have 


1 1 
(2-443)5e3 ~ 3.497" 
1 1 


Ss oe. 
3-(239)3 ~~ 3-107 
this extra error will be no problem. The calculations are as follows: 


3 = .20000000 
33 = .00006400 x43 =.00266666 
533 = 00000005 shy =.00000182 
20006405 00266848 : 
—.00266848 <———_—_______| 
19739557 map =.0041841 
x 16 x 4 
3.1583280 0167364 
—_.0167364. <—______________ 
3.1415916 


The error in this result is < 10~®; consequently we can be sure that 14159 are the 
first five decimals of 2 (because of the fortunate circumstance that the next digit in 
our answer is not 9!). The first ten decimals of x are 


3.1415926535 


i 
7. Gi) ci = YS ajbj-;. 
imo 


(iv) cp = 0; c; = aj-1/i fori > 0. 


330 Chapter 20 


8. (a) Since 


RQ) _ 0 
xO x2ntl 
we have A . 
_  R&*) _ R(x*) 
= (e2yantT ~ thy at 
Now 


sin(x?) = P(x”) + R(x”); 


since Q(x) = P(x) is a polynomial of degree 4n + 2, it follows from the corollary 
to Theorem 3 that Q is the Taylor polynomial of degree 4n + 2 for f at 0. 


(b) 


0, k4#41+2 
f©@= | (1442)! 
~ Q+D! k = 4] + 2. 
(c) 
0, kAéml 
9, — () 
eo | PO gat, 


9, (a) We have 
(f +g)(%) = Pra, f (%) + Priayg (x) + [Rna,f O) 7 Rn,a,g (x)] 


where 
li Rna, f (%) + Rn,ag (x) 
OS ee 
xa (x _~ ay? 


0, 
so the result follows from the Corollary to Theorem 3. 
(b) We have 
(£8)(%) = (Pra, f Prag )(*) 
+ (Raja, f Pnag)(%) + (Rn,a.g Pa,a,f)) + (Rua, f Rn,a,g)@), 


where last three terms divided by (x — a)" approach 0 as x — a. Moreover, the 
difference Pra, ¢ Pna,g —[Pn.a.f Pn.a.g|n consists of terms of order > n in x —a, so 
it has the same property. 


(ec) p(q(x) + R(x)) = p(g(x)) + terms of the form cR*,k > 1, and we have 
Jim R(x) /(x — ay" = 0. 
(d) Writing 

I) = Prog @) + Rno,¢@) 

&(X) = Prog (*) + nog (); 
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we have 


(Ff 9 8)(@&) = Pro, ¢(Pao,g(%) + Rn,o,g(*)) + Rn,o, ¢(e()) 
=A+B, 


Part (c) shows that 
A= Pro, f (Pn,0,g (x)) + R(x), 


where Jim R(x)/(x — a)" = 0, and the remark added at the end of (c) shows that 
Jim B/(x —a)" = 0. Then applying (c) once again, we have 

(Ff © g)(%) = (Pr.o,s © Pa,o,e)@0) + RG) 
where iim R(x)/ (x — a)" = 0. It follows, just as in part (b), that Pao, fog = 
[Pn,0, f ° Pn,0, In- 
(e) We have 

F(g(x)) = f(G@ — a) = f(IG@ — 4) — g@]+g@)) 
= F(H(x —a)) = (Fo A) —a). 
By part (d), 
Pra, fog (*) = Pn,o,FoH (X — @) = [Pro Fo Pn,o,H In(% ~— @) 
_ [Prg(a), f © ProGla@ -@) = [Pre(a),f ° Pra,g n(x). 


(f) Apply part (e) to 
nat+l 


1 2 hg 
f= 7 oltre tees +x 2 a 


10. (a) 
Ps, f(x) = Ps,¢(%) + Ps,o(x) 
x et og x x3 x5 
=(14s+5 +5 +9+5)+(e-F+3) 
92 ee 
(b) We have 
P. [(it2t545+045) (x 7 +5) 
5, = — — — — —_— — a 
fe 2 3 al SI 31 St) |. 
[a 
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(c) 


So 
SF | ee cee re ae 
> 6 ° 120 2° 24/4), 


(d) 


4x2 8x3 16x4 x? x4 
Py, p(X) = [(atar+ Sp 4+ tg) 0-5+9)|, 


(e) Using part (c) we have 


xe x 4x? 80x4 
Bees: (= ait si) (: Pat i; 
Pe eee one 
4 6 x" + 120" ‘ 
(f) Writing 
_ @e™*) 
f@)= 14x 
we have 
one 
Ps, ¢(x) = (# —x$+—- =) (1—x7 + x4 - x5] 
2 6 : 


1 5 
= yp —zxt_ @y5 44 y8 
=x x att Et 
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11. (a) We have 
P30, (X) = Ex 
P3,0,p(x) = 3x7. 
Thus 
1,3 1 Rso.n@) 
ro N(x) he Be + R30,n@) ee: ar eee 
x0 D(x) ~ x30 ax + R39, (x) ~ x50 1 at: Rao.pG) =f, 


since the limits involving the R terms are 0. 


x 
(b) If g(x) = — = e* f(x) for f@) = a we have, with the obvious 


shorthand for the required calculations, 
Psyop) (L4+%4 527 + bP te) (loxte? x +.) ait hx?-b', 


and thus 


P30, (x) = —}x°. 


So 
N@) _ 4, —3 


= = —2. 
x30 D(x) x30 ax 


(c) To find 
_ x*—sin?x 
lim VWened 
x20 x-*sinx 


we will need to look at terms up to order 4. We have 
lin ———— NI 
x0 x2sin?x = x90 x3 A 
[ a) 


(d) Similarly, 


334 Chapter 20 


(e) 
ae 5 : 
sin(x?) — sin? x _ lim (: 3! +) > (« -F+] 
x0 sin(x?) sin* x) ~ x30 ‘ 6 x3 2 
eae eat 
2x" 
ae i OL 
7 a x? 
(f) 
x? x3 
_ (sinx)(arctanx)—x? (x ate) (e-F4 )-s 
im ———————_.——_ = lim ri 
x30 1 — cos(x?) x30 x 
1-jl-z4e:: 
2! 
opt bad 
= lim 4, ae 
x30 i x4 
2 
12. (a) Since 
33 ent 
sinx aie a ee OQn+1 1 
where 
; | jane 
(1) lim |R@)| < Gna? 
dividing by x gives the expression for f(x) with 
x 
Ron,o,f &) = <2 y, 
and (1) implies the desired inequality for Ro»,0, 7a) 
(b) We have 
I 1 xn 1 2nd 
- 1la+--+ 5) als [f Ao 
i f I ( Co) (2n4+ 1)! 9 (n+2)! 
1 
~ (Qn +2)(Qn +2)!" 
1 
For n = 2 we get ——- = —— < 1073, so we can use the approximation 


6-6! 4320 


1 x? x4 1703 
[ref (1-3 +5) ax = aye Ms 


Chapter 20 
13. (a) From 
x2 n+l 
= R 
e* l+xt D4. ‘tT hap (x) 
with an estimate for R(x) being (page 426) 
Bxnt2 
R@) < 
IR@) < Gaal’ 
we get 
x x2 xt 
PQVHLE T+ a tet Cay t Rash 
so 
FOO) 1 
ki” (k+ 1)!’ 


3 a+l 
or f (0) = 1/(k + 1), and we have the estimate |Rno,¢ | < pat 


(b)} So we can compute if f with an error less than 10~4 by computing 


x” 


fisk+e a ov apa +i? 


335 


3 as oe eee. - 
EDEL pMEOUNES 1. — 97 SOME Ta 98 . 
14, We have 


xen 
14x? +24. +> +R) 


where 


3x 2n+1 
|R(x)| < @+D! 
sie 0.1 2n+2 
3(.1)°” 
: IR@)ds 3 Oo a FD! 


the error will already be < 10~> for n = 2. 


0 
e 
ve —|x—t\" dt 


° |x a 


15. 


ix 3t 
[; (x —1)" da] = 
0 


since e* <1 forx <0 


ne 


~ @tDyr 
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16. For —1 <x <t <0 we have 


O<ltx<1+4+1<1, 
1 1 


x n 0 n n+l 
[2 aep eae 
o i+? x l+x Gd+x)m+1) 


17. (a) By hypothesis, 


—M(x — a)" < g(x) < M(x —a)" forx >a. 


So 


It follows from the Mean Value Theorem that 


—M(x — a)"*t M(x —a)"*} 
errs: ia <e(%)-g@s er 


ie., that |g(x) — g(a)| < M(x —a)"*!/(n +1). The case x < a is treated similarly. 


(b) For every ¢ > 0 there is a 5 > O such that |g’(x)/(x — a)”"| < « for |x —a| < 
5. This means that |g’(x)| < e|x —a|" for |x — a| < 4. Part (a) implies that 
|e(x) — g(a)| < elx —a|"t!/( + 1) for |x — al < 8. Since this is true for every 
6 > 0, it follows that 
_ 8(x)— gla) _ 
a (x —a)rtl 


(c) Since 
g(x) = fx) - = PO. —ay', 
we have ~ 
glx) = "x o-L4 f ~ Oe ~ a)! 
= fi) — are i 96 ~a)i 


n—-1 


= f(x) — y F: wit G"'@ | —ayi 


j=0 
= f(x) — Pa-ta,p/@). 


(d) Theorem 1 is true forn = 1, by the definition of f’. Now assume that Theorem 1 
is true for n — 1, and all functions f for which f’(a),..., f@~(a) exist. If g is 
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a function for which g’(a),... , g(a) exist, then f = g’ is a function for which 
f'@, ..., f° %@ exist. Consequently, 
ene! g(x) = Pr—-i,a,¢" (x) 
xa (x — ajr-l 


= 0. 


Since (g — Prag)’ = g’ — Pa—ta,9’, it follows from part (b) that 


lim g(x) — Prag (x) ay 
xa (x — a)" 

18. Suppose | f*| is bounded, by some M, on some interval around a. Then for 

x in this interval we have 


| (+) (¢) 
[Rna()| = Od = gyn, 
n! 
$0 IR ) 
n,a(x)| < M|x —al, 
|x - al" 

sO 

Rnal®) _ 9 | 


xoal(x —a)r 
A similar proof works for the integral from of the remainder and for the Cauchy 
form (see the end of Problem 19), if | f @+| is assumed bounded. 


19. (a) The first calculations are immediate. The Cauchy Mean Value Theorem 
then shows that there is some ¢ in (a, x) such that 
(i-+1) 
S(x)-S@) _ St) _ n! 
A(ix)-h@ WG)” -@4+D@-1" * 
Since S(x) = 0 and S(a) = Rn,a(x), we have 
Rna(x) — FOE) 
(x -—ayt!l ~ (+1)! 
POE E) pc asec 


Ria) = Gap 


or 


(b) Similarly, the Mean Value Theorem applied to S shows that there is some t in 
(a, x) such that 


S(x) — Sa) _ 
x—-a 7 


(n+h) 
—_— — mid OTE — ty”. 
ni 
Thus iy 
0 — Rn,a(x) ae i Ow 


x-a n! 
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or 


fT2@) 
n! 


Rna@) = (x —t)"@ —a). 


20. Problem 13-23 (b) implies that 
x (2+) t 
Rate) = | Oey —ayrat 
- ! 


(n-+1 t 
= POG —1)" —@) 
for some t in (a,x). Similarly, choosing f M+) fp! for f and g(t) = &* —f)" in 
part (c) of Problem 13-23, we obtain the Lagrange form. (In both cases, however, 
we begin with the extra assumption that f “+ js integrable.) 


21, Clearly 
fr) =e@-1)---@-—k+D04x)"*, 


so 
n 


= ® — see —_ 
Hee Oey eee ys 


! k! 
k=0 k=-0 


The Cauchy form of the remainder is 


a(a—1)---@—n7) 


(1 +2)?" 1@ — 1)" - 0), 
ne 


Ryo) = 


and the Lagrange from is 
a(a —1)---(@—n) 


@—n-1lry, _ qyntl 
+) (Lt @ — 0)". 


Rno(x) = 


22. (a) Taylor’s Theorem, with n = 1, gives 


fe th) =f (x) +f GOR + Toe +h—nh,  tin(x,x+h). 


So 
el s dpe +m — so 4 Ole 


2 h 
< —-M —M). 
a 0+5 2 
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(b) The best inequality from (a) is obtained by choosing thath > 0 which minimizes 
g(h) = 2Mo/h + hM?2/2. Thus, we choose h to satisfy 


— M: 
0=g'(h) = aa 
2 
or 
h =2VMo/M2 


gh) = 2V MoM. 
(c) The previous results can clearly be applied to any interval (a, 00); for all x > a, 


we have 
| f(x) | < 20 MoaMo, 


where | f”(x)| < Mo for all x > 0, and | f(x)j < Mo,¢ for all x > a. Since f(x) 
approaches 0 as x > 00, Mo,q can be picked arbitrarily small by choosing a large 
enough. Thus f’(x) > 0. 

(d) Problem 11-34 shows that lim f”(x) = 0, while part (c) shows that lim f’(x) 
z= 0 XO Pte ©, ©) 


23. (a) This follows from 
hi is ) 


fla+h) = fat f@nt On + Roh), 
fa-h=f@-—-foOrn+L t ON ae hy, 
since Roath) Rea(—h) 
P 2,4 _ 4k 2.0. = 
by SP = po, 0 
(b) _ 
fO+hA+ fO-—A)- 2fO) _ sim 2 —h —0_9 
penta h? h—-0 hi? 


and similarly for lim . 
h>07 


(c) For sufficiently small h we have f(a +h) < f(@) and f(a —fA) < f(a) so 
FETUS HOS D2 I) 
h2 


(d) Using the Taylor polynomial of degree 3, we have 


tt ui 3 
fath=f@+ sont Ton + OO + ran) 


ay 3 
fa—h) = f@) - fr@n+L@ oy — LO + Raal-h). 
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Now subtract the second equation from the first. 


24, If f” > 0, then 


fe) = fa@+ s@e-a+ f poled 
> fa)t+ fil@x—a)  forx #a, 
which says that the graph of f at x lies above the tangent line through a. 


25. The proof is almost exactly the same as the proof given in the text for the 
equation f” + f =0. 


26. (a) 
n—2 
ford = (po)! = aj ft) 63 ys yf) + On f™ 
- =0 
n—-1 
2 ap fF tana Ya f 
j=0 j=0 


n-L ; 
= SO @ja1 + aya) f. 


j=0 


(b) Letting a_; = a_2 = 0, we have 
n-1 ; 
FO) = SMG + an—1aj) FO 
j=0 
n-1 

= Gs 1+ Gy- iaj)f UD + (@n—2 + Gn—1 *y aj if 
j=0 j=0 
n-1 ; 

= Yo @-2 + Gn—14j—1 + Gn—24; + an—1aj) f. 
j=0 


(c) From the equation 


n—1 
fared = » bl f 


j=0 
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we obtain 
n—2 ; 
far?) ae DD a okie a bn Ff 
j=0 
n-1 , n-1 : 
= yy Ff ay ees Yas 
j=0 j=0 
n=l 
= SS bf, 
j=0 
where 


bj = bj-1' + bn-1'a;j, 
[bj7| << [bj—t'! + [bn—1'| - lajl < 2N? +.2N3 < AN, 
The general formula is proved similarly, by induction on k. 
(d) Let M = M,+---+ My-1, where 
M; = sup{|f@|:0<1 <x}. 


(e) Clearly f (0) = 0 for all k. Then by Taylor’s Theorem, 
x fork) (t) 
(‘a+k)! 
M «2k yk+2 gente 
(n+k+1)! 
ue I2Nx|ntk+l 
= G@+te+D! 


Since [2Nx|"**+1 /( + k +1)! can be made as small as desired by choosing k (and 
hence n + k + 1) sufficiently large, it follows that f(x) = 0. 


(x — 2)"** de 


If@)| = 


(f) The difference f = fi—/f satisfies the same differential equation, and f (0) = 
0 for0< j <n—1.So f =0. 
[In the case n = 2, the equations 

fO=a+e 

Ff’) = cer + o2€2 
can always be solved if a, 4 ao: 

o = BLO - f’@) ie Ca O= f'O) 
: Q2 —- a , a, — &% : 

The case n = 3 involves more complicated answers, but is equally straightforward. 
The general case, for those who know about determinants, depends upon the fact 
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that the “Vandermonde determinant” 


1 1 Slade 1 
eal a2 On 
det : 
a") ot} oy a," } 


is non-zero if the a; are distinct—in fact, it has the value |] a; — a;.] 
i>j 


27. (a) The second derivative of h(x) = (x — a)(b — x) is h”(x) = —2. Now 
applying Problem 23(c) to g with a maximum point y in (a, b), we have 
0 > Schwarz second derviative of g at y 
= (Schwarz second derivative of f at y) +2e 
=0+2e, 
a contradiction. 


(b) We want to show that 


b 
fe) = f+ P= a - a), 
so we consider the function 
gtx) = fe) - PPO a, 


Then g(a) = f(a) and g(b) = f(a), and the Schwarz second derivative of g is 0 at 
all points of (a, b). So part (a), g is constant. 


28. (a) Clearly f = 0 up to order 2 at 0. The second derivative f”(0) does not 
exist because 
0, x=0 
"x)= 12 12 
Fe) 4x3 sin— —xcos—, x40 
x x 
and : : 
3 . 

4h sin —heos 
does not exist. 


(b) pees x =a+h and then x = a —h in (*) we have 


lim Lp(a +h) ~ f(@) + hf'@)] = 0= him “If (@—h) - f@) -hf'@L. 


It follows that 
RAG hn EI eaH i) = 2f(@) 


= pat h2 
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i.e., the Schwarz second derivative of f is 0. Problem 27 implies that f is linear, so 
f"@ =0=m@) for all a. 


(c) Let g be a function with g” = m. Then the function f — g satisfies (+) with 
m = 0. So f — g is linear, by part (b). So f” = g” =m. 
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1. (a) If @ is a solution of the equation 
(1) AnX" ++ Gy"! + +++ + a9 =0, 
then ./@ is a solution of the equation 


An Xe" + Ana Xet 2 + +++ ay = 0. 


(b) If a satisfies (1), then «+r satisfies 
n(x ~ ry" + ani — r)") +-+++.a9 = 0; 


this equation, with rational coefficients, has the same solutions as the equation with 
integer coefficients that is obtained by multiplying through by a common denomi- 
nator of the various coefficients. 

Similarly, wr satisfies 


an (=) + an =)" res ee) 


2. Since 
(V2 +73) =5 +26, 
(J2+V3)* = (5+2V6)* = 49 + 206, 


it is clear that /2 + /3 satisfies x4 — 10x? +1 =0. 
Since 


[V2(1 + -V3))° =2(4+2V3) =8 +43, 
[v2(1 +¥3)]' = (8 +4v3)? = 112+ 643, 


clearly V2(1 + /3) satisfies x+ — 16x? + 16 = 0. 


3. (a) If f(p/q) = 0, then 
nx” + dnx" ) +--+ +a9= (x _ 2) (Dyyx") + +++ bg) 


for some bo, ... , by-1, which will be rational numbers. Since a — p/q 4 0, we 
have 
bye"! + +++ + by = 0, 


contradicting the assumption about the minimal degree of the original polynomial. 


(b) Clearly f(p/q) can be written as a rational number of the form r/q¢”. Since 
f(p/q) # 0, we have |r| > 1, so |f(p/q)| 2 1/9". 


344 
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(ce) If |« — p/g| < 1, then 
_ Fela —F@) _ 
f(p/q) = =e 
<M, 


f'@) for |x —a| < 1 


so 
la — p/q) > |f(p/9q)|/M > 1/(Mq"). 


4, Ifa satisfied a polynomial equation of degree n, then there would be some number 
c with |w — p/q| > c/q” for all rational p/g. Now 


1 1 1 
rou Tiga Ft Zoe 
can be written as 
i 
for some integer p, and 
O<a— a < iia 


Thus for every k we must have 


c 2 
or 

104+)! 2 

(LOE!) = c’ 
or 

(10K!)F+1 2 

(10!)n = 7 
or 


(10")etI-2 < 2 
c 


which is clearly false for large enough k. 


5. (a) If the elements of A and B can be arranged in the respective sequences ay, 
a2, 43, a4, ... and bj, bz, bs, ba, ... , then the elements of A U B can be arranged 
in the sequence 

ai, hi, a2, b2, a3, b3, once 


(except that repetitions must be thrown away, if A and B have any elements in 
common.) 


(b) Arrange the positive rational numbers in a list by following the arrows (deleting 
repetitions). 
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(c) Follow the arrows in the picture 


a 


0,0) @1) @©,-1) @©,2) (©,-2) 


ae ae a 


ao a) Qa4-) 42 G,-2) 


we 


(-1, 0) (-1, 1) (-1, —1) (-1, 2) (-1, —2) 


29 @D @-) @2) @,-2) 


(d) Let the elements in A; be arranged in a list @;1, aj2, aj3, .... Then the elements 
in Aj UA, UA; U--> can be arranged in the array 


@1) @12 @3 a4 

42) 422 423 24 

43, 432 433 434 
Now use the same trick as in parts (b) and (c), deleting any repetitions. 
(e) Apply part (d) with A; the set of all triples (m,n, i). (A; is countable, by part 
(c).) 
(f) If the set of all z-tuples is countable, then the set of all (1-++ 1)-tuples is seen to be 
countable by applying part (d) with A; the set of all (7+-1)-tuples (a1, a2, ..., ay, i). 


(g) Since every such polynomial function f(x) = a,x" ++ -+---+ a of degree n can 
be described by an (n-+ 1)-tuple of integers (ag, ..., @,), these polynomial functions 
can be arranged in a list p1, po, p3,... . For each pj, let aj, ... , &j,, be its roots 
(if there are fewer than n roots, choose 0 for the remaining a; ;). Then 


QL le sees Olyns Hb. e+ 1 WD ny H3 15 - +1 3s --s 


is a list of all the desired roots. Now delete repetitions. 


(bh) Apply part (d) with A; the set of all roots of polynomial functions, with integer 
coefficients, of degree i. 
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6. If this number were in the list, it would be a, for some n. But it cannot be 
@n, Since it differs from a, in the nth decimal place. (This tricky construction, and 
others modeled on it, is known as the “Cantor diagonal method”.) 


7. (a) Suppose 0 < a, <-+- <a, < 1, and lim, Ff) — lim f(x) > e. Choose 
a—at xa, 


0 < ay’ <a, <a," < ay! < ay < an" <-++ < ay! < ay < ay" <1. 
Then 
f ai") — fai’) >, 
so ‘ 
FQ) — FO > D> Fa”) — fa’) > ne, 

i=l 
son <[f(1) — fO)]/e. 
(b) Let A, be the set of all a in [0, 1] with him. f@)- Jim f(@) > 1/n. Then 
Ay is finite, so by Problem 5(d), A; U A2 U Ay o. - is countable. 


8. (a) There are only countably many such intervals, since each interval is deter- 
mined by a pair of rational numbers, and there are countably many rational numbers. 
Since each value f (x) can be described in terms of these intervals (as the maximum 
value on such an interval), there are only countably many values of f (x). 


(b) If f happens to be continuous, then’ f cannot take on two values, for if it did, 
it would also take on all values in between, and hence an uncountable set of values. 


(c) A minor variation of the proof in part (a) shows that if every point is either a local 
maximum point or a local minimum point for f, then f takes on only a countable 
set of values. So, again, if f is continuous, then f must be a constant. 
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1. (ii) 
1 3 i Eine 
am 243 _ tim BD _ mem _O_ 4 
n>00n3 +4.  n00 hie es 
eer im 1+ 3 


(iv) We have 


(vi) im, (logn)/n = 0 (since lim (log x) /x = 0, by Problem 18-13(b)). So 


lim. fn = im, efogn)/n _ 29 (by Theorem 1) = 1. 
n> 


(viii) Suppose a > b > 0. Then Va" < Va"+b" < Va"+a", ie, a < 
Va" +b" < */2a, and um, %/2 =1, by part (v). 


(x) This problem was originally intended to invoke Problem 2-7, leading to 


n net 
>. kP + An? + BnP1+... 
ti = = ti PE 
n>o0 nPtl noo npr 
: + - + Z tees ae 
n>oop+1 nn? pt+l 


However, the method of Problem 13 can also be used. 


2. @ 


. n n+l . n _ nti 
li = lim i 
noon -+-1 n nooon+1 noo n 
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(ii) 


349 
lim n-—J/n+aV/n+b= lim 
now n-o 


(n—Jutava+b)(n+/iavn +b) 
n+Jn+a/n+b 
Sik n?—(n+a)n+b) 
noo nt J/ntad/n+b 
eee —(a+b)n ab 
N00 yp 4. 


Yntavn+b 7 natJ/n+a/n+b 
= lim -—@+5)- . 
Rn>oOO 


1+ V¥ntarvn+b 


Vn Jn 
m->>oo a b 
ae ae care ae stom 
n n 
__ @+b) 
ae 
Gi 
(=1)" 
2% 4 (—1)" nots 1+ an 28 
antl —[jrtl — ptt! ~ 3° 
noo +(-1) Roepe 1) 
(iv) 


— (-1"J/nsin(n”) . (—1)" sin(n”) 
lim = im —————- .. 
noo n+l 


ASO 


Si 


(v) Ifa = b, the limit is 0. If a = —b, the quotient is undefined for odd n, so the 
limit is meaningless. If |a| > |b|, then 


b An 
a” — h" : i (2) i! 
n->00 a Bf = Nt = 1 a 
1+ (2) 
a 
Similarly, if |Ja{ < |b|, then the limit is —1. 


(vi) Suppose first that c > 0. We have 


lim xc* = lim ¢l8* e*!8¢ = 
xr OO LFW 


xO 


lim 8 x+x loge 
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Now 


| 


lim logx + xloge = lim x (= +loge) 
X00 r7OO x 


lim xloge = —~, 

xO 

so lim xc* = 0. In particular, lim nc” = 0. The result clearly follows also for 
0. now 

c< 0. 


(vii) Since 


a es 


and each factor is > 1, and in fact — oo, the whole quotient > oo. 


3. (a) The sequence {a,} must be eventually constant, that is, there is some N such 
that all a, are equal forn > N. 


(b) All convergent subsequences are of the form 
a,---,4n,1,1,1,1,],... 


or 
Aly sees Gn, —l, —-l, —l, a ee 


where a, ..., a, is some finite sequence of 1’s and —1’s. 
(ce) All convergent subsequences are of the form 
a), vee Gn,M, Mm, M,..., 


where @1,...,@, and m are natural numbers. 


(d) All @ in (0, 1]. 


4, (a) Let {a,} be a Cauchy sequence, and suppose that lim ay, = 2. For any e > 0, 
joo 


choose J so that |! ~a,,| < ¢/2 for 7 > J. Then choose N so that la, —am| < e/2 
for n,m > N. Let No = max(N,n,). Ifn > No, then Jan — @n,,,! < €/2 and 
lan,,, —#| < ¢/2. Consequently, la, —1| < ¢/2. 


(b) Suppose that jim, a, = 1, and let {a,,} be a subsequence of {ay}. If e > 0, then 


there is some N such that |/ — a,| < ¢ forn > N. Since ny < no < n3 <---, 
there is some J such thatnj > N for j > J. Thus |! — ay,| < e for 7 < J. So 


lim ay, =I. 
jroo 


6. (a) Using the inequality Vab < (a + b)/2, it is easy to prove by induction that 


Q, < Gn < Gn4) < Dn4, < dy < by. 
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Thus the sequence {a,} is increasing and bounded by b, and the sequence {by} is 
decreasing and bounded by a). So both converge. 


(b) If? = lim a, andm = lim by, then 
A> OO NOOO 


P= lim @nii = lim Janb 
H-> OO abl Pf te 4) Meek 


= lim Ja,Wbpn 
A> OO 
= Vi Jim, 
som=l. 
7. (a) If 
k 
mara? 
then 
k+2l &+D+1 I ‘——e 1 
sia ea 7 ee 


(b) It is easy to check, first, that 


1 re a+2 « 
ifa? <2 = S. 
ifa° < 2, then tae ra > 


and that the same result holds with the two inequalities reversed. Since a,” < 2, we 
thus have a, < /2 for n odd and dy > V2 for n even. Moreover, 

3a, +4 > adn foran? <2 
2an +3 


ani. = 
<G, fora,” > 2. 


This shows that {a2,+4;} is increasing and < J/2 and {don} is decreasing and > /2, 
so they have limits / and m, respectively. 


To show that 1 = m, we note that for both even and odd n we have 


a an +2 a 2—a,* 
a —- a, = —a, = : 
n+l n Qn +1 n 1+ an 
Hence 

2G. Faw 

Pa = la ma 

neven + an +m 

and also 


moo 1+a, 141" 


m-l= 


352 Chapter 22 


This gives 
i+lm—-—m=2 
m+im—1l=2; 
hence ] = m = V2. 
(c) This is a straightforward generalization of part (b). For convenience, let 
c=a’+b, 
We consider 
eras as A+dn atay’ 


Note that a;? < c. Also, the inequality 
( aa+ =) 
>C 
ata 


(a? —c)a? > c(a —c) 


is equivalent to 


or simply 
a <e 


So we see that 


2 
aa+e 
ifa? Sc then ee ob 
oe (S) = 
So {don41} is increasing and < a? + b and {ap} is decreasing and > Va? + b, so 
they have limits / and m. Moreover, 


adn +c C— Gp? 


n= 
A+ Qn ata, 
for both even and odd n. As before, this gives 


On+1 — &y = 


l+im—m=c 
m+Iim—l=c; 


hence 1 = m = ./c. 


9, (ii) fo eX dx =e? — 1. 
(iv) 0, since 
1 eee ee ee” 
n2 (n+1)? é 
(vi) 


1 
1 
—, dx =n /4. 
loa x=x/ 
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10. (a) Ifa = 1+, then a? = (1 +h)” > 1inh. Since h > 0, clearly 
jim nh = 00. 


(b) lim a” = 0, because lim 1/a* = oo, by part (a). 
noo nO 
(c) If Ya = 1+h, thena = (1+h)" > 1+nh, soh < (a — 1)/n. Thus 
1< Ya<1+(@-—-1)/n,so lim *%/a=1. 
noo 
@) jim Va=1/ (lim V1/a) = 1, by part (c). 


(e) If /n =1+h, then 
n=(1+hy" > oH, 
sO 


80 


2 
1< Yn<it+j—., 
n-l 


11. (a) Suppose that im, a, = 1. Choose N so that Ja, —i| < 1 forn > N. Then 
|@n| < max(|/| +1, |ay],..., [an]) for all n. 


so lim 2/n=1. 
Nw?>OO 


(b) Choose N so that |a, — 0| < a; forn > N. Then the maximum of aj, a2, ... , 
an is the maximum of a, for all n. 


12. (a) This relation is equivalent to 


1 ae | 1 
<| —dx<-, 
n+1 i oO n 


which is true because 
1 


n+1 


1 1 
<-<- for x in (n,n +1). 
x oon 


(b) Since 
1 
_ =lo 1) -1 _~ — 
Gn — Gn+1 = login + 1) —logn n+l 
>0 by part (a), 
the sequence {a,,} is decreasing. 
To prove that a, > 0, add the inequalities 


1 
log(j + 1) —logj < i 
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for j =1,...,n —1, to obtain 


1 
logn <1+-+-+ ‘ 
n-1 


13. (a) Since f is increasing 
i+] 
fO< fo fe@dr < f+) 
i 
add these inequalities fori = 1,...,n—1. 
(b) From part (a) we have 
n 
logl+---+log@#—1) < | logx dx <log2+---+logn 
1 
log(n — 1)! <n logn—n—1 <logn! 
ni 
@—-Dl< 25 <al. 


So 

, (n +1)"7} 

|< ———_., 
.  @F 


etm 
14. (a) The tangent line has slope f’(x9) so it is the graph of 
g(x) = f’'1)@ — 21) + f). 
So Xo is the solution of 


0 = g(x2) = f’ (x1) (2 ~ 1) + f(1) 


_ _ £1) 

ae F' (x1) 
_. _ £1) 
nae f'@) 


(b) From f’(x:) > 0 we immediately have x, > x2. We also know that f is convex 
by Theorem 2 of the Appendix to Chapter 11. So by Theorem 1 of that Appendix, the 
graph lies above the tangent line through (x1, f(1)). So clearly x2 > c. Obviously 
S' (2) > 0, for otherwise the convex function f already has its (unique) minimum 
between x2 and x,, so doesn’t even have a zero. This shows that x2 > x3, etc. 
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(c) We have 
Ok-+1 = Key ~ C= XE— C+ (XE — XK) 
_ 3, - fw 
F' Ox) 
_ FOK) _ f&) 
FER) fx) 
Hence 
ff &x) ; ’ 
i= = 
k+l = Fie) Fie) [f Gr) — fF Ex)] 
& f (Xk) . pl _ 
= Fie) fF’ Ga) f° Xk — Gr) 
Ff" (nk) 
7) 
= ice 
_ fH) 52 
fk) 
(d) If ss 
rr SxXAy-C< vi 
then i 
—s, =a <1, for some a. 
m 
Then from (*) we have first 
b2 < My 
m 
2 
Hs < (Fa) =a? 
m m 
Then 
3 a io? 
m 


etc. Since w < 1 the powers o:* — 0, so 5, — 0, ie., Newton’s method works. 


(e) 
Xp ——, A 
Ant Xn 2 s 


15. To do this Problem you will need a calculator, of course. 
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(i) x = 1, x2 = .7081, x3 = .6055, x4 = .5988 [f (x4) = 7.97 x 107]. 
(ii) xy = 1, x2 = 8382, x3 = 8258, x4 = .8243; [f (x4) = 3.9 x 1074). 
(iii) x1 = 1, x2 = .75, x3 = 68604, x4 = .68234; [f (x4) = 2.9 x 1079]. 
(iv) x, = 1, x2 = .6667, x3 = 6527, x4 = .6527; [f (x4) = 9.13 x 1074]. 


16. If ¢ > 0, pick N so that Ja, —1| <¢ forn > N. Then 


lan +an4i+-++++ anim — Ml| < eM, 


so 

. fan +a teeta ] ms Preiss <é 

Vem NtM’" N+M| N+M 
Choose M so that 

Mi 

om || € and eagle total) <e, 
Then 


1 
a ggla tt avsael—1| < 3e. 


17. (a) Let by = ay41 — ay. Then {by} satisfies the hypothesis of Problem 16, and 


the conclusion says that 
oe cies | - Gnt1 — ay _ &n 
——'————“Ojq€, = lim CU 


(b) The hypothesis lim | F@+1) — f@) =! implies that a, and 5, the inf and 
x 

sup of f on [n, a 1], satisfy nate, Ott — ay, ms a ne Pee : bn, = 1. So by 

part (a), we have im a,/n= im, b, /n = 1, which implies that Jim. fQ)/x =1. 


18. If ¢ > 0, pick N so that [an+1/a, —1| < ¢ forn > N. Then 


I-e< Hite forn > N, 


nh 


so 

An+m Qn+m—-1 Qy-+1 

Cab 2 ee eae, 

Qn+m—-1 Gn+m—2 an 

so 
ayn, 
fo ay a 
ay 

Now 


Qntm 
an Anim — tf | nti lay, 


ay 


( Gata a 
—_ m eee (Pe 
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Since nin. +r/an = 1, it follows that "*%/a,+4. can be made within 2e of J by 
choosing m sufficiently large. 


19. (a) Suppose Jim, @ =1 > 1. Since / ~—1 > 0, there would be some # with 
|i —a@,| <1—1, and hence a, > 1, a contradiction. Similarly, we cannot have 1 < 0. 


(b) a, = 1/n. 


20. Let us denote 
FFF FfO)e0) 
—— 


& times 


by f*(x). Then by Theorem 1, 
FO = f (jim f*@)) = jim Ff (F*c)) 


= lim f¥@) =1. 
k>00 


21. (a) Suppose f(x) > x. Since f is increasing, f(f(x)) > f(x). Consequently, 


F(F(F@))) > f(CF@)), etc. Thus the sequence x, f(x), f(f(x)), ... is increas- 
ing, and bounded by 1, so it has a limit. The proof when x < f(x) is similar. 


(b) There is some m with g(m) = m (by Problem 7-11). According to part (a), 
the sequence f*(m) has a limit /, which is a fixed point for f (using the notation 
introduced in the solution to Problem 20). Moreover, 

f*(m) = f*(g(m)) = g(F*(m)), 
since f og = go f. Hence, by Theorem 1, 


1= lim fm) = lim g(f*(m)) = g (lim f*(m)) = g(). 


22. (a) 


cm ct = OM tet. tet) 
c™(I _ ch—mt1) 
= l-c 
ot — ttl 
l-c ° 


(b) Since |c| < 1, we have lim c™ = lim c”+! = 0, 
n> OO N00 
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(c) 
lXn — Xm| = [Cn — Xnt1) + Ont — Xn42) Fo + Gn-1 — Xm) 
S [Xn — Xntil + l¥n41 — Xn-al e+ + lXm—1 — Xml 
Re rae Ay ae 
so lim |x, —x»,| = 0, by part (b). 


m,N—>00 


23. (a) If c = 0, then f is constant, so continuous. If c ~ 0 and e > O, then 
| f(x) — f(@)| <e for |x —a| <e/c. 
(b) If f@) =/ and fm) =m, then 

|} -—m| =|f@) — f@m)| sell —ml, 
sol=m,sincec <1. 
(ce) If x is any point in R and 

Xn = f"@) = FCF... f@)..-)), 

— 
n times 
then 
Xn — Xn4i1] = |f Gn-1) — FQn)| < clXn-1 — Xn| < glee — Xn-2| 
S++ sc" [x2 — xl. 


Consequently, Problem 22(c) implies that {x,,} is a Cauchy sequence, so converges. 
It converges to a fixed point, by Problem 20. 


24. (a) If f(~) =x and f(y) = y, then by the Mean Value Theorem, for some & 
between x and y we have 


-f@ 

fg) = LOH fO Ly 
y-x 

a contradiction. 

(b) The Mean Value Theorem gives 


If) -—fO|=IlFf'E)-[lx—y| for some & between x and y 
<clx — yl, 


so the result follows from the previous Problem. 


(c) Let f(x) =x4+1. 


25. Since f is continuous at b we have 
f@o)= jim, Ff @n) = dim batt = jim, bn =b, 


Chapter 22 359 


Choose 7 so that by, Bn41,... are all in the interval around b on which | f’| > 1. 
Then , if 
Un SION og gs iDnai — b] > |b, — OI. 
|bn — b| 
Similarly, 


lbn42 — B] > |bn+1 — bl > bn — BI, 
lbn43 — BD] > |b, — BI, .... 
This contradicts the fact that lim by», = b. 
MOO 


26. (a) 


= pli, Baas =. 


(b) If f(x) = x'/* = e08*)/*, then 


1 logx <0 forx>e 
t at yl fe | ne 
Fe) - E x? >0O forx <e. 


Since (logx)/x — 0 as x > co and —oo as x — 0* (Problem 18-34), f(x) > 1 
as x > coand f(x) > Oas x > OF. 
In particular, 0 < f(x) < e'/* for allx > 0. So0 <a < e}/, 


(c) Since 1 < a we have 

a<a’, ie., by < be. 
And if by < by4i, then 

baa =a™ <a = dyir, 
so by induction {b,,} is increasing. Moreover, if b, < e, then 


bn =a™ <a° < (el/*)? =e, 


(d) Choosing f(x) = a* in Problem 25, we see that if b exists then 


If’®)| <1, 
where 
f'(b) = a’ (loga) = bloga = log(a®) = log, 
80 
or 


el<b<e. 
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Since a = b'/> we have 

(e“}yie™ <a< elle 
or 


oe? <a<ellé, 


(e) Since 
log x(log a)a* — a* /x 
(log x)? 


1 
logx loga — — 
ioe oga | 


f'@) = 
a™ 
~ (logx)? 
we need to show that 
logx loga < : on (0, 1) 


or 


Now x logx — ~oo as x > 0* orx > 17, so the maximum of 1/x logx occurs 
for 


1 
O= [+= + tog. 


x=el, 


Thus we need to show 


loga > —é, 


e~llog(e“!) 
which is true since a > e7°. 


(f) We know from part (b) that the graph of g(x) = x1/* increases from 0 to 1 on 
[0, 1] (and then increases further on [1, e] and then decreases to 1 on [e, co)). So 
there is a unique b with a = b'/? (we don’t even need e~* < a for this, just a < 1). 
For 0 < x < 1 we have 1/x > 1 so xV/* < x (the signs reverse since logx < 0), so 


a=b'/b <p, 


For x < b we have 
a*>a’=b 
so 
x 
at <a’=b 
(the inequalities reverse since a < 1). Moreover, part (e) shows that forO < x <b 


we have 
a* a? 


> ————— 
logx  logb 
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sO 
a*logb>a’logx (since logb, logx < 0) 
a* (log(a’) > blogx 
a* bloga > blogx 
a” loga > logx 
log(a®) > log x 
eae 
In particular, 


a 
O<a<b so x<a" <b 


O0<a" <b so at<aq™ < b, etc. 
So the sequence b2,+; is increasing and bounded by b, so has a limit J. Clearly 


i= lim bon+1 = lim bon+3 
n>00 n—>00 


(g) Since a? = b we have a” = a’ = b. Since we also have a” = 1 we must have 
| = b by part (e). 


(h) 


lim bongs 


lim bong = lim at! = gre ag =p, 
> OO N->OO 


27. (a) Clearly {y,} is decreasing, and bounded below (by a lower bound for {x,,}). 


(b) (i) 0. 

(ii) 0. 

Gii) 1. 

(iv) 1. 

(c) ae = im, Zn, Where Z, = inf{%n, Xn41, %n42,...}. Since Zz, < yy for 


each n, itis clear that lim x, < limp—+oo Xy- 
Nno>co 


(d) Suppose first that jim, Xn =1. If e > O there is some N with |x, —1| < ¢ for 
n> WN. Soxn <1 +8, xnq1 <Il +e,...,80 yw <1 +e. Similarly zy >1]—«. 


Since this is true for all e > 0, we have lim x, =i = lim xp. 
n>00 noo 
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Conversely, suppose that lim x, = lim xn = 1. Then for any ¢ > 0 there is 
n 


A->+ OO 
some N with] —¢ < zy < yw </ +6. This implies that] —¢ < x, <1+e for 
everyn > N. 


(e) Let 7 = im, xn = jim, yn. Ifa < 1, then a < y, for all x. Consequently, 
a < Xy for infinitely many x, so a is not an almost upper bound for A. On the other 
hand, if a > 1, then a > y, for all but finitely many n. Consequently, a > x» for 
all but finitely many n, so a is an almost upper bound. Thus, / is the greatest lower 
bound of all almost upper bounds of A. 


28. (a) First choose § > 0 so that | f(x) — f(y)[ < 1 for rational x and y with 
|Ix—y| < 5. Since x, — x, there is some N so that |x, —x| < 6/2 forn > N. Hence 
\Xn—Xm| < 6 form,n > N. So|f@m)—f(4n41)| < 1 form > N. This shows that 
the sequence {f(x,)} is bounded. It follows that it has a convergent subsequence, 
say f (%n,), f(%n,), ... approaches the limit /. We claim finally that the original 
sequence { f (x,)} approaches /. In fact, for any ¢ > 0 we can choose K so large 
that | f (%n,)—1| < ¢/2 fork > K and also choose 6 so that | f(x) — f (y)| < ¢/2 for 
rational x and y with |x — y| < 6. Finally, we choose N so large that |x —x,| < 6/2 
for n > N. Then for n > N we have, for any k > K withn;, > N, 


lxn — Xn, | < |xn ~x| + [Xing —x| 
< 6/2+ 6/2, 
so 


IF Gn) — Fl SIF On) — Fn)! + iF On.) — FI 
<e/2+6/2. 


(b) Given another sequence {y,} with im, Yn = x, consider the sequence x), yi, 
x2, y2,.... This also approaches x, so the sequence f(m1), f(y), f (x2), FOr), 
... has a limit, which must be the limit of the two sequences {f(x,)} and {f(yn)}. 


(c) Given ¢ > 0 choose 6 > 0 so that for rational x and y with |x — y| < 6 we have 


(1) lf) — FO) < €/3. 


Ifz and w are any two numbers in the interval with |z—w]| < 4, then by the definition 
of f we can choose rational x and y so that 


(2) If (x) — F@)| < 2/3 
(3) If) — F(w)| < @/3. 


Moreover, by choosing x sufficiently close to z and y sufficiently close to w, we can 
insure that |x — y| < 6, so that (1) holds. It follows that | f(z) — f(w)| <e. 
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29. (a) Since a” = a’—* - a* we just need that for rational z we have a* > 1 for 
a> l1anda* < 1 fora < 1, and this follows immediately from the elementary 
definitions. 


(b) Problem 10 (c), (d) shows that for large enough n we have 
l-e<a Veg" <c1te a>l 
l-e<aV/" <a" elte a<1. 
So, by (a), for rational x with |x| < 1/n we have |a* — 1| <e. 
(c) For rational x, y in the closed interval [—M, M] we have 
la* —a?| = |a| -|a*-? — 1 
<max(a“,a~) |a*-Y — 1]. 
Since |a*~”—1| can be made < ¢ by making |x—y| sufficiently small, f is uniformly 
continuous on [—M, M]. 
(d) If x, and y, are rational and x, — x and y, > y, then x, + yy > x fs y, SO 
F@+y) = jim FO + Yn) = lim fon) fOr) 
= jim, Ff &n) jim, F On) 
= fx) FO). 


Ifa > 1 andx < y, then we can choose rational x, — x and y, > y with all 
Xn < all ym, so 


f(x) = lim f@n) < lim fOn) = FO). 
To prove strict inequality choose rational x’, y’ with x < x’ < y’ < y. Then 
f@) < f@) = f@) < FO) = fO < FO). 


The proof for a < 1 is similar, 


30. (a) @ 0. 

(ii) 0 and 1/n for each natural number n. 

(iii) —1 and 1. 

(iv) No limit points. 

(v) All real numbers. 

(b) If there are infinitely many points a of A satisfying |x — a| < ¢, then there is 
Surely one such a witha # x. Conversely, if there were only finitely many such 


points @1,...,@, and €, > O is the minimum of all those |x — a;| which are + 0, 
then there would be no points a in A satisfying |x — a] < ¢. 
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(c) For any ¢ > 0, the number lim A —« is not an almost upper bound of A, so there 
are infinitely many numbers y in A with y > lim A + ¢. Moreover, there cannot be 
infinitely many such numbers y with y > lim A + «, for in this case no numbers 
between lim A and lim A+¢ could be almost upper bounds of A, so lim A+¢ would 
be a larger lower bound for the set of all almost upper bounds. This shows that there 
are infinitely many numbers y in A between lim A —¢ and lim A+e. Consequently, 
lim A is a limit point of A. If there were another limit point a > lim A, then no 
number less that @ could be an almost upper bound so a would be a lower bound 
for the set of almost upper bounds, a contradiction. The proof for lim A is similar. 


(d) Choose distinct points x1, x2, x3,... in A. The sequence {x,} is bounded, since 
A is contained in [a,b]. So there is a convergent subsequence {x,,}. Let] = 


lim x,,. For any ¢ > 0 there is some J such that [J — x,,| < for all j > J. Since 
jroo 


the x, are distinct, this shows that there are infinitely many a in A with |] —a| < e. 


(e) Choose a sequence of intervals 1, 2, 13,... with I; = [a, b], and each Jj4; a 
half of J;, such that each J; contains infinitely many points of A. If x is the point in 
all J;, then x is a limit point of A. 


31. (a) Choose x, with f(x,) > n. There is a subsequence Xy; which converges to 
a point x, which is in [@, b]. Thus for every ¢ > 0 there are infinitely many x, with 
|x — Xn; | < €, and consequently f is unbounded on [x — ¢, x + ¢], contradicting the 
fact that f is continuous at x. 


(b) Given ¢ > 0, suppose there is no 6 > 0 such that | f(x) — f (y)| < « forall x, y 
with |x — y| < 5. Then for each a there are points x,, yy such that |x» — yn| < 1/n 
but | f@n) — f(yn)| 2 €. Choose subsequences x,, and y,,; converging to points x, 
y in [a, b]. Then 
Ix — yl] = jim Xn; — Yn; | = 0, 

j>oo 

so x = y, but 
If) — FO)| = lim |f@n;) — FOn;)| 
Jlraw 
2 &, 


a contradiction. 


32. (a) Let #(2) be the number of j for which j/n is in [a, b]. To estimate #(), 

let j/n be the smallest such fraction in [a, b] and k/n the largest. Then (j —1)/n < 
ax j/nandk/n <b < (k+1)/n. 

ij ko kat 

n n n 1 


0 a b 1 
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So 


k jj 1 j- 
aes es ae : 
non 


kK-—j<sn-—a)<k—-—j4+2. 
Since #(n) = k — 7 + 1, we also have 
k-j<#n) <k-—j+2, 


so 
l#(n) —n(b ~a)| <2. 


Adding these inequalities for 1,..., we obtain 
HL) + ---+#() — (1+---+n]@—a)| < 2n. 


Consequently, 
ASE ops us an 
1+: +--+tn 1T+---+n° 


Since im. an/(it+---+n) =0, this shows that 


#(1) + +++ + #(n) 
Of course #(1) + ---+#(2) = N(1+--++; a, b). For an arbitrary number m, let 
n be the largest number with 1+ ---+ <m. Then 


m—(1+t:+:-+n) <n. 


approaches (b-— a). 


Clearly, 

|Nm; a, b) — (#0) +--+ +#)]| Sm — (+--+ $2) <n. 
Consequently 
N(ma,b) — FO) +-+-+#@)]) 


(1) 
m m m 
n 
< ————__ > 0, aanrn—> ow. 

Moreover, 

#0) ++: +#@)  #O) +e +#@) Lt-s- tn, 

m a l+---+n m , 

since 


1T-+--- tan gi ers 2s EERE aay 
lt+--+(4+1)7 m ~ dpe tn 
it follows that [#(1)+- --+#(n)]/m can be made as close to [#(1)+---+#4(2)]/(+ 
-++-+ n) as desired by choosing m (and hence n) sufficiently large. Since the latter 
expression can be made as close as desired to b—a by choosing m sufficiently large, 
it follows from (1) that jim, Nn; a, b)/m = b —a. 


> 
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(b) Consider the special case where s(x) = c for x in [a, b] and s(x) = 0 for other 
x in [0, 1]. Then 
ae Nin: a.b 1 
fig OG eee Se a i s. 
noo n n->OO nh 0 


This holds, in particular, when a = b. A similar proof works when s(x) = c for x 
in (a, b). Any step function s can be written s = s, +---+ 5 where s; is one of 
these special kinds. Then 


[s=ofiu= Stim SH) +211 + 51@n) 
: me gage is 

= jim S(@1) +--+ +5Gn) 

~~ n=00 n : 


(c) Let ¢ > 0. According to Problem 13-16, there is a step function s < f with 
if 4 f —s] < e. Thus for sufficiently large n, 


-+f p< [os < SG)t sy) PSG) 5. eg HO Tn) 


Similarly, since there is a step functions > f with f : [s — f] < &, we have 


b sti b 
Bef pele) fs 


for sufficiently large n. 


33. (a) If there were infinitely many such points a in [0, 1], then the set of all such 
points would have a limit point x in [0, 1]. For every 5 > 0 there would be some a 
with |a — x| < 6/2 and | lim £O) — f(a)| > e. Consequently there would be a’ 
with |a’ — a| < 5/2 (and consequently |a’ — x| < 5) such that | f(a’) — f(a)| > e. 
But since lim f(x) =1 for some /, there is some 6 > 0 such that | f(y) —1| < ¢/2 
you 

for |y —x| < 6. In particular, if |a—x| < 6 and [a’—x| < 6, then | f(a)—f(@’)| < 
| f(a) —l|+|f@’) -1] < ¢, a contradiction. 

(b) By part (a), the set A, of points a where | Jia fQ)—f(@)| > 1/2 is finite. By 


Problem 21-5, the union A; U Az U A3 U--- is countable. This union is the same as 
the set of all points a at which f is discontinuous. 
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1. (ii) Convergent, by Leibnitz’s Theorem. The series is not absolutely convergent, 
since 


ee ae soiRge ak es ae eens 
Be det 3 Ve ag ee to 85D 2°34 
(iv) Convergent, by Leibnitz’s Theorem. (The function f(x) = (logx)/x is de- 
creasing for x > e, since f’(x) = (1 — logx)/x”.) The series is not absolutely 
convergent (see (viii)). 


(vi) Divergent, since 

1 1 
> 3 
3 n2 a 1 = 2n2/3 


(viii) Divergent, since 


ee log x hes (log N)? 
1 x - 2 


> casN > ow, 


and f(x) = (logx)/x is decreasing for x > e (see (iv)). 


(x) Divergent, since 
1 


ee > — 
(logn)k “ n 
for sufficiently large n (Problem 18-13). 
(xii) (Absolutely) convergent, by (xi). 


(xiv) Divergent, since 


_ il 
sin rs > on’ 
for sufficiently large n. ( 
_ xvi) Convergent, since 
eit 1 1 1 
——~ dx = —- ——_ + —~ ——asN : 
7 x(log x)? ° log N " log2 a log2 is 
(xviii) Convergent, since 
i (a+1)3/m+1)"t! — a, Stn" 
aos nln” ~ m>00 (n+ 1241 
. 1 
= lim ——— =-, 
r 


n—>0o ( a 
1+-— 
n 
by Problem 18-17. 
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(xx) Divergent, since 


34am + YVat 1}"+1 a 3(n + 1)n” 
noo 3°n!/n "noo (n + 1041 


lim 


— 3 — 
es “ye 
1+- 

nr 


by Problem 18-17. 


2. (a) According to Problem 22-13, 
e"n! 
nn 


> é@, 
so the series certainly diverges. 


(b) Since 


lim (n+ 1)"H1/a" an + 1)! is (n+ 1"! 
ia>rO0 n®/a™n! ~ noo a(n + 1)n” 


ee | 1\" e 
= lim —-{1+-] =-, 
no gd ht qQ 
the series converges for a > e and diverges for a < e. By Problem 22-13, 
n® n® (n + 1)*+1 n® 


en! (n+ 1 e™n! (n+ 1)"*1 
At ( n ): e 1 _ 1 
ati \n+i1/ — 1\"~ 2e(n+1 
5 a+p(i+5) ern 
n 
for sufficiently large n, so ) 0°. n”/e"n! diverges. 


3. (a) The function f(y) = e”/y” is decreasing for y > 1, since 
17... Per —ey+logy) _ e? 
fMY= Sa yr 08): 


Now the series }°°°.,(e/n)” clearly converges, since (e/n)” < e?/n? for n > 2, so 
the integral also converges. 


(b) Since f(x) = (logx)~'8* is clearly decreasing for x > 1, the series converges 
if ig (log x)~8* dx exists. The substitution y = logx, dx = e” dy, changes this 
integral to 


which exists, by part (a). 
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(c) The substitution y = logx, dx = e” dy changes [°° (log x)~ 8°8*) dx to 
io *) ey 
i cine Oo: 
oe 


= g¥—(logy) _ gy(—(ogy)?/y) 


Now 
e ey 


ylogy ~ Edgy)? 
Since jim, (log y)?/y = 0 (Problem 18-13), it follows that e” /y!2¥ is close to e” 


for large y, so the integral certainly diverges. 


4, Note that 
1 ] 1 


nitiin ~ 7p” nila 


and apply Theorem 2 to a, = 1/(!+/") and by, = 1/n: We have 


lim a,/b, = lim cue =1 (Problem 22-10(e)). 
n> 00 noo 7H {n 


oO 
Since }° 1/n diverges, the given series also diverges. 
a=1 


5. (a) All but finitely many of the a, must satisfy |a,| < 1, which implies that 
lan?| < |a,|, So the series of cubes also converges absolutely. 


(b) No. We obviously can’t simply take a series whose terms satisfy the conditions 
of Leibniz’s Theorem, since the cubes would also satisfy this condition. But the 
series . 

1 1 1 


I 1 1 1 


+ —__s 
V3 373 3473 343 


converges to 0, while 


can be written as 


which diverges. 
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6. (a) Convergence of the sum implies that 0 = jim, an = im, fC/n). Since 
lim 1/n = 0 and f is continuous, we must have f(0) = 0. 
7h 


(b) If 


: an : 
Ue Odin eae 


then by the limit comparison test, 57°, a, wouldn’t converge, since )"?°, 1/n 


doesn’t. 


(c) By Taylor’s Theorem, f(x) = 5 f”(0)x? + R(x), where lim R(x)/x? = 0. So 
ia 
an 


_ lg so ‘ 
dim | Vn re Ff’ (), and the limit comparison test can be used. 


(d) No. Consider f(x) = x sin(@rx), f(0) = 0. 


(e) No. Consider f(x) = x/logx, f(0) = 0. The f’(0) = lim < = 0, but 


h>0 logh 
x | 
y an = — ) = diverges. 


7. (b) Define {a,} inductively as follows: 


a, = [10x], 
an = [10"x — (10" 1a, + +++ 104y-1)]. 


For each n we have 

0 < 10"x — (10" 1a; +++ + 10ay~1) — an < 1, 
so 
(x) 0 < 10"ty — (10"a, + +++ +107a,-1 + 10a) < 10, 
so 0 < @y21 < 9 for each n. Moreover, from («) we have 


0<x—(a,10°'+a,107 +---+107"a,) < 10, 


co 
sox = )° a,10™. 
n=) 
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(c) Leta = 10*a, +---4 10ax_) + ay. Then ~ 


~ a a 
Yrant0* = ie + Toe * Ios to 


a 1 
10% | 1 
ikea 
10 
9a 
~ 10e1 


(d) The number a, in part (b) satisfies 


10"p 


0< — (10? 1a, +++ 10Gn-1 + an) < 1. 


Now 10"p/g can be written as k + r/g where k is an integer and 0 <r'< q—1. 
In this case a,_; = [10r/q]. Since there are at most g different fractions r/q, there 
will have to be some m and n with m > n and anz1 = [10r/g] = ami. It is easy 
to see that we will then have dy+2 = amo, ete. 


8. The proof of Leibnitz’s Theorem shows that if N is even then 


Oo 
sy SY 0-1)" ay < sya, 
n=1 


so pat (-1)"t1a, - sn| < Sv+1 — SN = Gn+i < ay. (Strict inequality holds 
unless sy = Sy41, Of 2v41 = 0.) The proof is similar if N is odd. 


9. (a) Suppose r < 1. Choose s with r < s < 1. There is some N such that 
Van <8 forn > N. Then a, <5", so 


Le < ys" 
n=N 


converges. Ifr > 1, andr > s > 1, then there is some N such that 2/a, > s for 
n> N. Thus a, > s" > 1, s0 pay Gy, does not converge. 


(b) Use Problem 22-18. 


10. We have 


: a fe we DE aes: 1 
O22 peek. katie 
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We can easily obtain estimates on the individual terms in this sum. In fact the 
minimum of /x/n + 1 — x [occurs at the minimum of x(n -+ 1 —x) which] occurs 
at x = (n + 1)/2, so each 


———————— 


] 1 2 
——>_—<—_——_ > =. 
Vedn+1—k ~~ [n+1 /nt+1 ntl 

2 2 


There are n such terms, so 


2 
leg = —— SL. 
n+l 


11. (a) There are 8 numbers in A between 1 and 9, and 8-9 numbers in A between 
10 and 89, with none between 90 and 99, so there are 8 + 8 - 9 between 1 and 99. 
There would be simply 9 - 9 if we were to allow 0 also. We’d better not do that(!) 
because we can’t take its reciprocal. However, for the numbers between 100 and 
999, of which only those between 100 and 899 need to be considered, there are now 
exactly 8-9-9, etc. So the sum of the reciprocals is 


22 Oh 0b: goons ae =8 eee la es = 80 
1 a 100 asks 10 ' \10 ee 


(b) Virtually the same argument works for the collection of natural numbers that do 
not contain an 8, or a 7, etc. So the sum of the reciprocals of all the numbers in 
these 10 collections converges. 


12. The sequence 1, —1, —1, 1, —1,... is Cesaro summable to 1/2. 


13. Say |na,| < M. We have 
ay t Gita) bette tan) _ nat adn tes tGn 


wa n n 
so ( 1) 
n nay n— 1)a2 an 
fel eel ee 
and 
ri) 
ea 


n (n —1) 1 
(1 at (2 tN ante (1-5) 


a+ 2a +++ +Rnay 
n+1 
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(the essentially irrelevant factor n/( +1) was simply used to get this rather than an 
expression with a2 + 243 +--+ in the numerator). So 


Sy 


n Poeiaae 
— 0; ——— ’ 
atl "|~ ntl 


hence is bounded. Since {o,} approaches a limit, |o,| is bounded. Hence |s,| is 
bounded. Since a, > 0, this means that )-°° , a, converges. 


14, (a) Choose m so that a1,..., a, appear among bi, ..., Dm. 


(b) This follows immediately from part (a), since }°°° | a, is the last upper bound 
of all partial sums s»,. 


(c) The reverse inequality }\°° , bn < }°°2, an follows from part (b), since {an} is 
also a rearrangement of {by}. It follows that }°°°, by exists and equals )°°°, ap. 


(d) Let {pn} and {g,} be the series formed of the positive and negative terms, re- 
spectively, of {ay}, and let {pn} and {q,’} be defined similarly for {b,}. Then {pn’} 
isa peerraneemient of {pn} and similarly for {g,}. So by part (c), >> Pn =F De 
and >° gn’ = > gn, the sums on the right existing because {a,} is absolutely con- 


vergent. Therefore, {b,} is absolutely convergent, and S°°°, by = >< pn’ —yvan' = 
DY Pn — Gn = Oy Gn 


15. (a) Let bj; = @n;. Then 
b;| + lbjail os a a [bx| = lan; | tT lan;,,| feeet lan, | 
S |@nj! + l@njsil + lanjtel + +++ + lanl. 


Consequently, lim |bj| +--+ + |by| = 0. 
Jk 00 


oO 
(b) If +) an does not converge absolutely, then either > p, or }> gy diverges, where 
n=] 
> Pn is the series of positive terms, and )~ gy is the series of negative terms. Choose 
the appropriate one as }~ by. 


(c) The series a, +a3+-a5+-+- and a2+a4+ag+--- both converge by part (a). The 
same is true of the series a; +0+a3 +0+a5+--- and0+a2+0+a4+0+ag+::-, 
whose sum is }\P2., Gn. 


16. For every N, we have 


< ) eal = lal 


n=l 


Since 3 a, = lim > Gy, the result follows. 
n=1 N00 n=] 
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17. Choose 6 > 0 so that | sinx| > 1/2 on (kx +7 /2—6, ka +7/2+4+5). Then 


kat /2+6 

sin x ) 

—_| dx > ——————_. 
x ka +7/2+6 

ka-+-x {2-8 
Since the series 
= 
= kr + 7/2 


k=1 


diverges, the same is true for the integral. 


18. Let f be the function whose graph is show below. 


19, For the partition 


2 2 
P= (0, Zt} 


we have 


2 2 2 2 1 1 
UB oe ee oe 
EIS ae One De ese +s) 
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and these sums are not bounded. 


21. (a) 
@) pe 
k+1 _ rate = 1) @-H/E+D! _ ak 
@i  @ AT) @Hk+D/KE +1 
k 
Clearly 
: a—k - 
Pass a Ss 
so 
e kote 
(an 
lim ————*+——. = |r|. 
k->00 a4 rk 
(:) 
(b) 


|Rno(x)| = IC, : ja +1) 


< ( a Vas 
n+l 


—> 0, by part (a). 


(c) We haveO < 1+x<1+4+1 <1. Ifa—1>0, then (1+1)%! <1. Ha-1 <0, 
then (1+ 12)%! < (1+x)*1. So(1+2)%! < M, so |x + 0° "| < |x|. 
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Moreover, since —-1 < x andt < 0, we have 


—t > xt, 


O>x-t>x+xt, 
—t 
Oe. Sree since x <0 
x 
O<1—t/x <1+4, 


et <1, since 1+7 > 0. 


* a-1 (X=t)" 
m+n, 4 )eato =) 


< |xaM|- IC" = Ve 


22. (a) According to Problem 19-36(b), ifm <a,+--++4, < M, then 


Q< 


Thus 


|Rn,o(O)| = 


—>0 by part (a). 


bem < agby +--+ + nbn < byM. 


Since lim b; = 0, this shows that lim azby+--++ a,b, = 0. 
k> 00 k,n 00 


(b) Let a, = (—1)"*!; the partial sums are bounded. So if b} > by > b3 > --->0 
and jim, by = 0, then*> | (—1)"*1b, converges. 


(c) Choose b, = 1/n and a, = cosnx. The partial sums of {a,} are bounded 
because, by Problem 15-33, 


|cosx +++++cosnx| = ee em eg baa 
“| Qsinx/2 -2| =] 2sinx/2 |" 2 
1 1 


<———_. + -, 
* Dsinx/2) 2 


(d) It clearly suffices to consider the case where {b,} is nonincreasing. Then so 
is {b, — b}, and (jin, b, —b = 0. Since pa a, converges, the partial sums of 


{an} are surely bounded, so by Dirichlet’s test }°7°, anbyn — anb converges. Since 
yo) nb also converges, this implies that }-°° , dnb, converges. 


23. Since 
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we have 
a.54+a 
244 < a3 +4 
4ag < as-+a5 +47 + ag, 
etc, 
So 


N 2N oo 
> 2" ay < Yo ax < Soak. 
k= k=l 


n=1 1 


24. (a) By Problem 2-21 we have 
lanDy + +++ + Qmbm| S V an? fered? V by? + et Dm”. 


This shows that the Cauchy condition for {a,,7} and {b,7} implies the Cauchy con- 
dition for {a;,b,}. 


(b) Apply part (a) with b, = 1/n*. 


25. Choose n so that ay +-+:+dm <form > n. Then 
(m — N)am Sdn +++: + am <6. 


Since lim m/(m—n) = 1 and 
IN? OO 
Man = ae, (m —n)am, 
m~n 


it follows that ma,, < 2e for sufficiently large m. 


26. Let {a,} be 


1 
1, ee mere | 
2 2 


27, We can assume a, — 0, for otherwise we will not have a,/(1 + ax) > 0, so 
that divergence will be automatic. We might as well assume that az < 1 for all k, 
so that 1+ a, > 2az. Then 


ak ay” ay? ag 


T+ap 1+a, 2a, 2' 


nh 
: dae 


» ak = 1 
k=l 1+ 4% 2 


ak — 


so 
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Thus, the partial sums on the left are unbounded. 
The converse holds trivially, since a, > ay/(i + ax) (for ag > —1). 


28. (a) Since 0 4] = Jim, Pn we have 


BR es OO asf 


lim by = lim : — 
noo N00 Dy i jim, Pn-1 L 


(b) We have 
id 
log pn = > log dy. 
i=l 
If pn > 1 #1, then 
n wo 
logi = jim, log px = sin, De ahs = 280. 
i= = 
Conversely, if 
foe) nA 
s= D> logb; = fim, Yo log bi exists, 


then 


One eet) 
= lim e 
R->OO 


lim ¢!°8 Px 
n->Oo 


lim py. 
A> OO Pn 


> 


i=1 


log 5; 


(c) We have 
a 
aes S log(] + an) < an, 
by looking at a lower and upper sum for log(1+a,) = f ae 1/x dx. Soif }° a, con- 
verges, then }~ log(1 + an) converges, and hence the product converges by part (b). 
Conversely, if the product converges, then )~ log(1+a,) converges, so )> an/(1+4n) 
converges. It follows from Problem 27 that }° a, also converges. 


(d) Since 
xe x 
log tx) sx—a tae 


we have 
. x —logil+x) 1 
lim ———-——— = - 
x0 x2 2 
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so for sufficiently small x we have 
5x? <x —log(1+x) < 3x? 
which we can also write as 


x 3x? < log(l+x)<x- 5x, 


So, for example, we have 


m m m 
> log(l+ aj) < Da ai — ri x: a;”. 
i=n+1 i=n+l isn+1 
If we know that }° a; converges, so that the second of the three sums approaches 0 
as n,m — oo, then the first sum has this property if and only if the third sum does, 
ie., )'72) Qn converges if and only if }°?°, an? converges. Similarly, for the other 
assertion. 


(e) The sum converges by Leibniz’s Theorem, but )~(1/./n )? diverges, so by part 
(d), the product diverges. 


(f) The sum diverges since 


1 —l1 
1-3 me] 
i cae Vee La ge Cae ee! ee CE a 
mi ae eee a = 4 
11 wedge 5 oe 
set mG. 


But 
[[a+en) 
n=1 
1 1 1 1 
=a+n-(1-5)-(145)-(1-3)--(143) (0-8) 
2% 1 4 3 6 5 
~ 2 3 4 5 6 
= 1. 
29. (a) We have 
1 se a 
N(-e)=T = ee 
k=2 k=2 
SE ene (n—-ND@+}) 
, 2:2 3.3 ion non . 


Each factor (k + 1), except for (n + 1), cancels a k + 1 in the denominator of the 
next fraction, and each factor (k — 1), except for (2 — 1), cancels a k — 1 in the 
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denominator of the previous fraction, so the product is just 
1 n+l 
2 n 


which approaches 1/2. 
(b) Note that 
(+x2)(1 +x4) = 1427 +44 x6 
(1+ x21 +41 + x8) = tx? +24 4 x1 4.x) 
= (14 x2 txt exh py 4 104 ply yt 


and in general 
n 


[fa t2%) = tt a2 tat pe pat? 
k=1 
so the infinite product is 


1 
{itkg4 sh ot ee 
oe a ae Bia i-x 


30. (a) If 1/2 +1) < p/q < 1/n, then np < g and 
p__ 1 _pn+p-q 


q ntl qn+l) 
The numerator pn + p—qis<q+p-—q = p. Of course, the numerator may be 


even smaller when the fraction is expressed in lowest terms. Notice, moreover, that 
p 1 1 1 1 


gq n+l Sn ned a es 
so that p/q — 1/(n + 1) must be a fraction with denominator > n + 1. 


(b) Part (a) proves the result for x < 1. For x > 1, since }“ 1/k diverges there is 
some n > 1 with 


1 1 
1 2 
If either inequality is an equality we are done. Otherwise 


1 
n+1 


1 1 1 1 
tote bt SX Sot ete tot 
2 n 1 n 


1 1 
0 —(it-=+---+- . 
<x ( ae ates 
It follows from part (a) that x —(1+1/2+-+-+1/#) can be written as a finite sum 
of distinct numbers of the form 1/k with k > n, which gives the desired expression 
for x. 
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1. Gi) f@) = jim, Sn(@«) = 0. The sequence {f,} converges uniformly to f (in 
fact, is eventually 0) on [a, b], but does not converge uniformly to f on R. 
(iv) 


1, x=0 
ee ee ee fe 
foe) = ime =| 2D 


{fn} does not converge uniformly to f. 


2. Gi) f(x) = lim f(x) =0, since jim x” = 0 for0 <x <1 and x” = x?" for 
x = 1. The maximum of f, (x) — f(x) occurs when 


nx"—! — Qnx??-1 = 0 


x=1/%/2; 
the maximum is 1/2 ~ 1/4 = 1/4. So convergence is not uniform. 


Gi) We have 
nx 


f@)= ae ee 
Since ne 
PONS TA) eG aes 


is close to x ~ n for large x, convergence is not uniform. 
(iii) f@) = lim f(x) =x. We have 
noo 


F(x) — fae) = Vx? - P+ 
1 


7 2n2/e 
for some & with 


x<é ay, 
n 


hence x < Jé, or 


1/x > 1/Yé. 
So 
1 
f) — fn(x) < = ay 
oes 
2n2a° 


So convergence is uniform. 
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(iv) f() = |x|. As in (iii) we have 


LF@) — fx@1 < x5- on (-00, a] and [, 0). 


l 
If) — fax) < a+ f+, 


< 3a for n large. 


On [—a, a] we have 


So by first taking a small, and then 7 sufficiently large, we can make | f(x) — fn ()| 
as small as desired on ail of R. 


(v) f(x) = 0 and 
| 1 
f@)-fr@) =Vx- AF 
1 


1 
xX<§E<¥4+- 
2nJé : n 


So convergence is uniform. 


(vi) Convergence is still uniform, arguing as in (iv). 


(vii) We have 

(*) Sr(x) =H fae ile =n: : eer eee 
oe n One’ n 

so 


1 
f(x) = Jim, In) = — =. 


2/x 


Moreover, on [@, 00) we have 


Ff) — falx) = - a (++ - vi) 


= Rae a<x<€<x+- 
Ji - i 
NEN LA 

< Vi-vF 4 by (#). 
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So convergence is uniform. 
(viii) For x = 0 we have 


fu(0) =n/t = Jn, 


so lim f,(x) does not exist. Convergence cannot be uniform on (0, 00), for each 
noo 


fn is bounded, so certainly not close to f(x) = 1/2./x near 0. 
3. (ii) log(—a) ---55-5-4- 

1/2 
mo BCP 


4. di) 1/(1 + x). 


5. i) Since 


(—1)"x 2n 
cosx = os : 
ao (2n)! 
the sum is cos(2z) = 1. 
(ii) Since 
e250 
n! 
i= 
lee] 
v (—1)"x” 
a 
a >» n!} 
n=0 
we have 


so the sum is (e + e~!)/2. 
(iii) Since 


Lee, yyirl n 
log(1 +x) = you . . 
n=l 
CO Ln 
log(1 x) =-J*=, 
n 
n=1 
we have 
nti 


= 5 log 1+ x) —log(1 —x)], 


Lar 
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so the sum is 


(iv) If 


so 


so the sum is 


(v) If 


then 


so 


so the sum is 


(vi) If 


Chapter 24 


n=1 n=l 
- ( x ) 1 
oe Gees ame eee) 
x 
fx)= Gx 
(1/2) 
(1 — 1/2)? 


sacl yttl 
xf@) = ) —— =— log(1 — x) 
» n+l 


fa®)=- meth *) 
x 
—log(1 - 1/3) _ 
Ae = —3 log(2/3). 


Loe] 2 n 
f= et 


n=0 
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then 
S (2n + 1)x?" 
i a) er 


n=0 


baed enti f 
a n! 


so 
IQ) Hae he, 


so the sum is 
2. 1 el/2 4 pl/2 — 99l/2, 
2 


7. (a) 


Z a = ON nl 
d+") = 048) Don(*)s 


al 


EC) +o0(2)) 
= Yre(Z)e" = af (x). 


(b) 
egy = LAX) F@) — Fe + x)et 
g(x) = (a4 x =0 


so g is a constant c. Thus f(x) = c(1+-x)*. Since f(0) = 1, we have c = 1. 


by part (a), 


8. If we let f, be 0 on [0, 1] except that f,(1/m) = 1/n = My, then Do, M, 
doesn’t converge, but }°°°, fy, converges to the function f that is zero on [0, 1] 
except that f(1/n) = 1/n, and this convergence is also uniform. One can easily 
make a slight modification that will involve continuous f;,. 
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9. The maximum and minimum of 


x 
8) = ta) 


occur when 
0 =n(1+nx?) — 2n?x? 
x=+t1/J/n 


so the maximum and minimum have absolute value 
I 


9n3/2° 


Since 
Se Al 


LL BR 


n=l] 
converges, by the Integral Test, we can apply the Weierstrass M-test. 


10. (a) For x > @ we have 


Since x > a, and since jim (sinh)/h = 1, for sufficiently large n we will have 
> 


sin ( ! ) 
A 
we) 2: 
3"x 
(actually, we have | sinh/h| < 1 for h > 0, so we could replace the 2 with 1), hence 


6 
<-(=}. 
—~a\3 


ie2) 
Since }* (3)" converges, we can apply the Weierstrass /-test. 
n=1 


2" sin — 
3"x 


(b) For x = 2/(73”) the terms 


od : 1 . 1 
sin 3Nx’ sin BN+1y’ sin BNH2 x” 
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are 


all > 0 with sinz/2 = 1. So 


= 1 2 
>, 2" sin > 2", when x = —7y. 
n=N 

So )-02.y cannot be made arbitrarily small on (0, 00) simply by choosing N suffi- 
ciently large, i.e., the sum does not converge uniformly. 


11. (a) The maximum of x/(1 + n*x?) on [0, 00) occurs at x = 1/n, and the 
function decreases to 0 after that. So if a > 0, then for all but a finite number of n 


we have 
nx na 


pa a a ne 
1+n4x2 ~— 14+n4a?2 ~— n3a 


Since )* 1/n? converges we can apply the Weierstrass M-test. 


on [a, 00). 


(b) For f(x) = 2 nx/(1 +n'x?) we have 


r— 
f (5) > > — since all terms are positive. 
n2zJVN 1+ wa 


Moreover, forn > /N we have 


1 
eel 
so ; 
4 4 
Xe) 
1 
f i > "N. cody 2 
Nj] — Pe 2 n3 
neJN 2n"— n> J/N 
Since 
Ya2/ S- : 
= 37 Jy x3 (22 
we have : . 
1 N 1 N 1 ] 
— | > — —- eer, 
f(aa)2 z das > 2 2N2 2 


Consequently, the series cannot converge uniformly to 0 on [0, 00). 
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(c) This series is much easier. The maximum and minimum of nx/(1 + n°x”) 
occur atn = +n~5/?, and the maximum absolute value is n~*/?. Since }> n~3/? 
converges, the series converges uniformly on all of R. 


12. (a) Problem 15-33(c) shows that for x in [e, 27 — ¢] we have 


[sinx +---+sinnx| < us < ] 
sin | sin 5 
Problem 19-36(b) then shows that 
: sin kx 1 
Shp. (et 


for x in [e, 277 — €]. So we just need the following: 


ies] 

Suppose that }* f,(x) satisfies a “uniform Cauchy condition” on an interval [a, 5), 
n=0 

i.e., for every ¢ > 0 there is some N such that 


(*) lfati(x) +++: + fin) <6 


co 
for all n,m > N and all x in [a,b]. Then >> f(x) converges uniformly to some 
n=0 
f on [a, 5] 
co 
Proof: Certainly }* f(x) converges to some f(x) for each x in [a, ] since (x) 
n=0 
ioe) 
shows that for each x the sum >> f,(x) satisfies the Cauchy criterion. Now given 


n=0 
& > 0, choose N so that (*) holds for ¢/2 and ali x in [a@, b]. Then forn > N we 


have = 
YS fe) 


k=n4+1 


<e 


£0) - > fe 


k=0 


Oo 
for all x in [@, b], which shows that 5° f;(x) converges uniformly to f on [a, b]. 
k=0 
(b) The terms 
sin (k=) k=N,...;2N 
N aeeey 
can be written as 
' a s XK 
sin ([N + k=) = sin (w +4) k=0,...,N 
and hence are the negatives of the positive terms 


ey ne os ee 
7 SiGsococ Ni 
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Now for x = 2/N we have 


sin (7 =) sin ( ) 
N —— — se 
> sin nS a es by Problem 15-33. 


sin id 
4 2N 
For WV large this is 
1 1-1 WN 
> le, 
“2 %F 8 
2N 
So for x = 2/N and N large we have 
> sinkx | 3 — sin kx 
k=N k k= k 
1 oN 
> — —sinkx 
2N 
k= 
N 
> —— 5° sinkx 
2N a 
1 WN 1 
> 
~2N xn 2x 


This shows that we cannot have a uniform Cauchy condition for the series on [0, 27], 
so it cannot converge uniformly. 


13. (a) an = f™(0)/n! =0. 
(b) ag = f(0) = jim, F (xn) = 9, since f is continuous at 0. Thus 


fo a) ~ lo. ¢] 
FO) = rapa" = 103 ays") - (> aniis" 60s: 
n=1 


n=l n=0 


Now g (xn) = 0 (for all x, 4 0), so by the result just proved, a; = 0. Thus 


FQ) =x? Vanyox", 


n=0 


SO a2 = 0, etc. 


(c) Apply part (b) to f — g. 


14. If f is even, then f™ is odd for n odd, so a, = f™()/n! = 0 for n odd. If 
f is odd, then f™ js odd for n even, so a, = 0 for n even. 
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15. The power series for f(x) = log(1 —x) is 37°? 9(—1)"anx”, where 792 9 anx” 
is the power series for h(x) = log(1 + x). Since yp anx" converges only for 
—1 < x <1, the power series )°72)(—1)"anx" converges only for —1 < x < 1. 
Since g(x) = f(x) — h(x), its power series converges only for —1 < x < 1. 


16. (a) Clearly ay; < @,. Hence 


Qn+1 24n, <2 
an an 


(b) 
A 
a <x) <1 for |x| <1/2. 
n 
(c) We have 
foe] 
f(x) = aux” =1]t+xt+2x74+3x74---, 
n=1 
foe] 
xf) = D> anx" = xt+ x7 + 2xP eee, 
n=1 
co 
Xf) = Do anx™t = Pt pee, 
n=l 
so 


f@) =14+xf(x) =x? f(r). 


(d) Let a = (-1 — /5)/2 and 6 = (-1+ V5)/2. Then 


a ee 1/V5 —1//5 
eres oe _ Be ey =f 4/5 
ae a ae) Vi 

v5 1/5 
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(e) Consequently, 


17. If we have 
oO 
fae) = Do cnx”, 


n=0 
then 


1 A 
= g)(0) 


=5 > (f)12O-2%O 
k=0 k 


n! 


1S ! 
ar d He mit -g"% 0) 


“5 _ ©) PPO) 
(n—-bL 
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n 
= zi apbn—k. 


k=0 
18. (a) We have 
n—-l n-1 
|bnxo"| = Y bean—nx0" < S |bexoKan—ex0"* 

k=O k=0 

n-1 
<M Y|bexo"|. 

k=0 


(b) By induction on n. It is clear for n = 0. Suppose true for all numbers < n. 
Then by part (a) 


n—1 
bnxo"| <M >) M7 
k=0 
n—-1 
—M > ary 
k=0 
M2 


{c) We have 


[bpx" | = |bnX0"| + 7 


so if 
we have 


so >> |byx"| converges. 


19. If 0 < x <1, then x > x? > x? > --- > 0. Consequently Abel’s Lemma 
shows that Jan_x" + +--+ a,x"| < € if |a@y +--+-+a,| < &. The latter condition is 
true for sufficiently large m and n. Consequently, |@mx™ + dmiix”t! +---| <e 
for sufficiently large m and all x in [0, 1]. This means that for all x in [0, 1], 


co 
> aux" —@ote-F+ yee aie <€ 


n=0 
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for sufficiently large m. This is precisely the assertion that yo anx” converges 
uniformly in [0, 1]. 


20. Let a, = (—1)". For 0 < x < 1, we have 


o 1 
dia" =lixtxeP-B tes ; 
1+x 
n=0 
sO 
= 1 1 
nt eee ee 
21. (a) @) By Problem 4(iii) we have 
2 3 4 
G2 a) legs Wave a at. foie ea 


21 850.7 443) 
Now the series on the right does converge for x = 1, so by Problem 19, 
1 1 1 


—— ~~~ + ——~ —:-- = 2log2 -2, 

2 Bo aes 28 
(ii) If 

x4 x? x0 

POS Gig a ees 

then for |x| < 1 we have 
1 
ty) — 3,6 19 = 7 
PFO@)=1-x°4+x°-—x' 405-5 ine by Problem 4(ii) 
1 


~@4+DG2—-x4+h 
1/3 —x/3+2/3 

ee x*7—x+1’ 
1/3 x~-1 1 
x+1 Poet o atoe 


1 
oe 
Xe) 

1 1 bes 
f@= 3 lose + 1) — = loge —x+]1) 


4 393 otan 2a 2 , 3¥3 1/3 


+ —— arctan 
16 V3/4 ~—-16 3/4 
= 5 logs +1)— - log(x? —x+1) 
3/3 x-1/2 3V3n 


+ —— arctan 


16 /3/4 6 6 
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Consequently, 


1 1 1 log2 J3 
Lg age = lim f(*) = 3 16% 


(b) Let 


F@)= > oanx™ [xi <1 


n=0 


oo 
gx) =o bpx® [xf <1. 
% n=O 
Then, as on page 513 of the text, 


Sar = (Soon )- (Le) |x| <1. 


n=0 


It follows from Problem 19 that 
foe] oO 
I 
Yen Jim im (Doau" ) (dione ) 
n=0 n=0 
x an bs Ss by . 


n=0 n=0 


. 


22. (a) On [—a, a] the series 
2 3 
x“ Xx 
—log(1 —x) = a a Se ita 
og(1—x)=x+ 5) + 3 + 
converges uniformly and absolutely, so the same is true of the series 


band x2nrl oO y2nt2 


DD vers a“ a ree 


consisting of the odd powers, and even powers, respectively. Hence the same is true 
of 


co 
ght 


z 2n+2’ 
n=0 


which is just the value of the second series at ./x. It is easy to check that because 
convergence is uniform and absolute, we can rearrange the series 


oO 
yenrl yer 


=2n+1 0 2n+2' 
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The odd powers can be paired as 


x2ntl x @nj+t antl 1 
2nt+1 22n)+2 n+l ( -5) 
1 tnt 
~ 2° One’ 
while the even powers appear once as 
itl 1 x2ntl 
(n odd), 


~Int+2~ 2° n+l 


thus giving altogether 1/2 the sum of the terms in the series for log(1+ x). But for 
x = 1 we have 


Se tt 
~2n+1 2nt+2 01273 4°5 6 


= log 2. 


= 2n+1 2n+2 
toa sum }° a, for which a, is the coefficient of x”.) 


ae 
(Although the series a converges, Abel’s Theorem only applies 
n=0 


23. (a) Choose N so that ifn > N, then | f(x) — fn(x)! < 1 for all x in [a, db]. 
Since fy is bounded, there is some M such that | fy (x)| < M for all x in [a, dD]. 
Then |f(x)| < |fy@)|+1<M+1. 


(b) Let f(x) = nx forO <x <1/J/n, and f(x) = 1/x for 1/./n <x < 1. Then 
jim, fn(O) = 0 and im, fax) = 1/x for0 <x <1. 


24. Let futx) = [f(@ +1/n) — f@))]/C/n). 
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25. Let {a,} be the cage 


0,1 2 2 3 hs Oe eS 
$ ds i, 3° 4? 4° 5? 5? 5? 5° 6? Q7eet 


Let fr(x) = Oifx Aay,...,Qp, and let f,(a;) =1forl <j <n. 
26. (a) Given € > 0 choose f, so that 


(*) lfa(x) — fF) < 


for x in [a, b]. 


3(b —a) 
Also choose a partition P of [a, b] such that 
(1) Ua, P)— Ln P) < 5. 
It follows from (*) that 
(2) Un, P)- UF PY S 5, 
(3) Lu P)- LF, PS 5 


From (1), (2) and (3) we obtain 
lUCf, P) -LG, P)| <e. 


(b) The hypotheses of Theorem 3 say that {)} converges uniformly to g, and the 
proof shows that g = f’. Thus, {f/} converges uniformly to f’. Now since 


fe) = f@)+ | fix)ax 


fu(x) = fala) + | fi(x)dx 
we have 


If) — fa < lin @ — FO! +f lfn@) ~ f’@)| dx 


x 
< - + [ TE dx for large enough x 


(c) Since we are still assuming that f? converges uniformly to g we have for any x 


in [a, b] 
[,e=im, [it 
= lim [fn(x) — fn%o)]- 


Since / = lim f,(Xq) exists, it follows that 
u—-> OO 


F&) = lim fax) exists 
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and 


[e=se-1 


so f’ = g. Notice that this proof works even if [a, b] is replaced by an infinite 
interval. 


(d) If 


=, (-1)/ 
Sn (x) —s aa 
X x+] 


then {s,(0)} converges to )*(—1)/ /j. Moreover, 


; 
(-1# 
Sn' (x) = 
it ( ) LX (x + j) 
and {s;,’}, i.e., the series 
eye 


converges uniformly on [0, 00) by the Weierstrass M-test. So by part (c), {s,} con- 
verges uniformly on [0, 00), i.e., the series 


converges uniformly on [0, co). 


27. Since we have ; ; 
lim = ’ 
n-7 00 [ fr 0 
we just have to show that 


N00 Ji tin 


First of all, choose 8 > 0 so that | f(x)—f (1)] < 1 on[1—6, 1]. Then for sufficiently 
large n we also have | f,(x) — f(1)| < 2 on [1 — 64, 1]. Then | f,(2)| < f(1)+2 on 
[1 — 6, 1], so for 1 — 8 < xg < 1 we have 


[ In) dx 


1 
< | fn(x)| dx 
Xo 


1 
< [, fale) dx 


<6-(fG) +2). 


So we just have to choose 6 so that this product is < ¢, and then n so large that 
1—8<1-1/n. 
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This is not true if convergence is not uniform. If {/,} is the sequence of functions 
in Figure 4 on page 500 of the text, then 


n(x) = fn(l — x) 


give a counterexample. 


28. (a) If convergence is not uniform, then for some ¢ > 0 there are arbitrarily large 
n with f,(x) > ¢ for some x on [a, b]. So we can choose distinct x;, x2, x3,... and 
ny <1 <3 <--- with 

Sng (xn) > €. 


Some subsequence of the {x;} converges to a point x in [a, b]; simply by throwing 
away terms from the original sequence and renumbering we can assume that the 
original sequence x; — x. Now f,(x) > f(x) = 0 so there is some v such that 
in(*) < &. Since f,, is continuous we have f,(y) < e for all y close enough to x. 
Hence, in particular, 
Fn) <é 
for large enough k. But if k is also large enough so that ny > n then 
Fry (Xk) S fax) < €, 


a contradiction. 
(b) Apply part (a) to the functions {f;, — f}. 


(ce) The functions in Figure 1 on page 499 of the text give a counterexample on [0, 1] 
when f isn’t continuous. They also give a counterexample on the open interval 
(0, 1), with f =0. 


29, (a) Since x, — x and f is continuous, for any ¢ > 0 for large enough n we 
have 


(1) lf) — f&n)| < €/2. 
Moreover, for large enough x we have 


If) — fr)! < €/2 
for all y on [a, b], and in particular 
(2) If Qn) — fnQ@n)| < €/2. 
Adding (1) and (2) we obtain 

lf) — fa@n)| < &. 


(b) No, in fact, just choose all ff, to be some function f which is not continuous 
at x, and choose x, — x such that f(x,) > f(x) is false. 
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(c) Choose x, as in the hint, so that 


(*) lfn@n) — fGn)| > €. 


By the Bolzano-Weierstrass theorem some subsequence of the {x,} converges. By 
throwing away terms of the sequence and renumbering, assume that x, + x. Then 
by assumption fy (xn) > f(x), so (*) gives 


@< lim |fn@en) — fn)! =1FO) — F@)| =0. 


30. (a) Suppose {uo,..., %m} contains {fo,..., t,}. For each i we have 

ty = Ug <Ug41 <+++ <ug = t41 
forsome ug,..., ug. Then f has the constant values; on each (ug4.j-1, 4a+j). Thus 
the sum 3 Si(t; — G—-1) is the sum 3 sj (uj — uj—1) where 5; is the constant value 
of f on Gat uj). To deal with he seis case, consider a partition containing 
both {%o, ..., 4m} and {f,..., tn}. 


(b) Choose N so that for n > N we have | f(x) — s,(x)| < e/2 for all x in [a, b]. 


(c) From |s,(x) — s(x)| < & it follows easily that 


b b 
a a 


(d) Choose N so that forn > N we have both | f(x) — s,(x)| < ¢/2 and | f(x) — 
Sm(x)| < €/2 for all x in [a, b]. 


<e(b —a). 


(e) For any ¢ > 0, choose N so that ifn > N, then 


b b § 
im, [ nf Sn] <=; 
NO Ja - 3 
; v é 
tim, f nf tnh| < >, 
N00 Ja 7 3 
isn) —tn(2)1 < forall x in a, 5. 


The last equation implies that 


Pas 
3" 


b b 
[»-[ 
a a 


b b 
lim i S, — lim [ th 
A->Oo a > CO a 


It follows that <6& 
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(f)} Let 
A={y:a<y <b and there is a step functions 
on [a, y] such that | f(x) — s(x)| < ¢ for all x in [a, y]}. 


Let v = sup A. Since f is continuous at a, there is a5 > Osuch that | f(x)—f (@)| < 
é for |x —a| <8. There is some y in A witha — 8 < y < a. Thus there is a step 
function s defined on [a, y] with [f(x) — s()| < « for all x in [a, y]. Define 
s(x) = s(x) for x in [a, y] and s(x) = f(@) for y < x < a@. Then 5; is a step 
function defined on [a, w] with | f(x) — s1(x)| < ¢ for all x in [a, w]. This shows 
that w is in A. Similarly, if < b, then pick 6 as before, and let s be a step function 
defined on [a, «] with | f(x) — s(x)| < ¢ for x in [a, o]. If s1(x) is defined as s@) 
for x in [a, vw] and as f(@) fora <x < a +6/2, then [f(x) — s1(x)| < e for x in 
[a,x+6/2]. Soa +6/2 is in A, contradicting the definition of a. So a = b, which 
completes the proof. 


(g) Simple modification of Theorem 2 shows that the uniform limit of functions for 
which oo 5n(x) exist has the same property, and similarly for limits from below. 


The fcicdon f(x) =sin(1/x), f (0) = 0 isn’t regulated on any interval containing 0, 
but it is integrable (see, for example, Problem 13-19). 


31. The function f, is shown below. The length of each f, is 2, since two sides of 
an equilateral triangle have a total length of twice the other side. 


CHAPTER 25 
1. (ii) (3 +47)“ | = 1/13 + 4i| = 1/530 = —argument of 3 + 4i = — arctan 4/3. 
(iv) |¥3+4i| = Vi3+4i| = +/5. One argument is 6 = (arctan 4/3)/7; the 
others are obtained by adding 27/7,...,6+ 22/7. 


2. (i) (x7)? + x? +1=0, 50 


> —-ltV1—4 
on ra 
-14 V3i hs a/3t 
i om or — Hi 


= Pa aa oe Oe i Ax 
= Case, i si 3 or cos isin. 


So x is one of the square roots of these numbers, so x is one of 


cos isin = 2 4 “Sy, 
Sop age ey 
3 3 2 2 
co isin by M3; 
3 3 2 2 
Segoe ete” _i_v3, 
3 3 2 2 
(iv) 
pe 
3 3’ 
1 
yegt2i 


3. (ii) All z with |z| = 1. 
(iv) The ellipse consisting of all points the sum of whose distances from a and b is 
c, if c > |a — b|; the line segment between a and b if |a — b] = c; B if |a— bl > c. 


6. For one value of /—i the point z-/—i is obtained by rotating z by an angle of 
—z/2, so the diagonal goes into the real axis under multiplication by /—i. Simi- 
larly, for one value of Vi, multiplication by Vi is rotation by 2/2. So Vi +» z/—i 
is obtained by rotating the plane until the diagonal lies along the real axis, then re- 
flecting through the real axis, and then rotating back by the same amount. Hence 
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zand Vi - z/—i are reflections of each other through the diagonal; we obtain the 
negative of this answer for the other choices of /—i and 


7. (a) Since ap,..., @n—) are real, we have 
= (a+bi)" +a,1(a bi)” +--+ +49 
= (a — bi)” + ay-1(a — biy" | +++ + ap. 
(b) Since a + bi and a — bi are roots, 2” + a@,_-1z""' +--+ + ap is divisible by 
z—(a+ bi) and z — (a — bi), and by their product 
[z — (a + bi] - [2 — (a — bi)] = z* — 2az 4+ (a? +b”). 


8. (a) Suppose that a + b/c =a’ +b'Jc. If b = b’, then alsoa =a’. Ifb AD’, 
then we would have ./c = (a —a’)/(b — b’), contradicting the fact that ./c is 
irrational (Problem 2-17). 


(b) The proofs are almost exactly the same as parts (1)-(6) of Theorem 1. 
(c) Since ag, ..., @,—1 are integers, we have 
= (a+bve) + On-1 (atbJe)" sets apy 


9, The 4" roots of i are 
cos@ +isin@ 


for 
x KR XK 
6=%> gt s+, a 
We have 
u FE 
COs 7 =sinz a a3 
using Problem 15-15(b) we then have 


1+V2/2 _ V¥24+ 72 
2 2 


sin = = = 


1-2/2 _ ee 
2 
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sO 


es 2- v2 


10. (a) Ifo" = 1, then (w*)? = w™ = (@")k = 1, 


(b) There are two primitive 3“ roots and 4 primitive 5" roots (in each case, all roots 
except 1); there are two primitive 4th roots (i and —i) and six primitive 9" roots 
(if is the root with smallest argument, then 1, w°, and w® are not primitive). [In 
general, the number of primitive n™ roots is the number of numbers from 1 ton — 1 
that have no factor in common with 7.] 


(c) By Problem 2-5, 


Ito+---+o0*) = i 


Ss 


11. (a) The assertion is clear if the line is the real axis, because in that case the 
imaginary parts of z,,..., zx are either all positive or all negative, so the same is 
true for the sum. In general, let @ be the angle between the line and the real axis, 
and let w = cos@ +isin@. Then z;w!,...,z,w! all lie on one side of the real 
axis, so the same is true of z}3w7!+---+z,w7! = (z,; +---+z,)w7!, which shows 
that z; +----+ zx lies on the corresponding side of the original line. 


(b) z7! is above the real axis if and only if z is below the real axis, and conversely. 
This proves the assertion when the line is the real axis. The general case then follows 
as in part (a). 


12. The hypotheses remain true when each z; is multiplied by the same w. So we 
can assume that z) is real, in fact, that z} = 1. It follows that z2 + z3 is real, so 
22 =a+ bi, z3 =a — bi. Moreover, 2a +1 = 0, s0 a = —1/2; since a* + b? = 1, 
we have b = /3/2. The points 1, —1/2 + iV/3/2, and —1/2 —iV/3/2 do lie on the 
vertices of an equilateral triangle. 


CHAPTER 26 
1. (a) If |x — xo| < 6, then |a(x) — a(xo)| < 5. Similarly, if |y — yo| < 4, then 
IBC) — BOo)| < 6. 
(b) g=foa;h= fof. 
2. (a) g is a continuous real-valued function on [0, 1] with g(0) = f(z) and g(1) = 
f (w). So g takes on all values between f(z) and f(w) on [0, 1). 
(b) Let f(x +iy) =x+ily +x”), on [0, 1] x [-1, 0]. 


Biieied 


3. (a) There is, by the Fundamental Theorem of Algebra, some number z; such that 
21" + Gy-1z1"-! +--+ +49 = 0. Then 


2" tage} tes fag = (2 — 212" | + paz”? + ++ + Bo) 
for some numbers bo, ..., bn—2 (as in Problem 3-7). Using an inductive argument, 
we can assume that 
tia 
Ze) 4 by oz? + by = [[e — Zi) 
i=2 
for some numbers Z2,..., Zn- 


(b) According to Problem 25-7, the non-real numbers Z1, ..., Z, from part (a) occur 
in pairs which are conjugates of each other, and (z — z;)(z —Z;) has real coefficients. 


4, (a) is obvious. 
(b) If f = SL, Ai? and g = 77, &,’, then 


fe= do Giky. 


i=1 j=l 


(c) If f(a) =0, then f(x) = (x — a) fi) for some polynomial function f;. Then 
fi@) = 0 forx > a, and f,(x) < 0 forx <a. So fi(@) = 0. Thus every root of 


404 
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f is a double root, so f(x) = tl (x — a;)*g(x) where g(x) > 0 for all x. Since g 


has no roots, y obietn 3 shows that g is a product of quadratic factors x? + ax +b 
without roots. Thus a? — 4b < 0, so we can write 


x tax+b= («+$)'+ (vo—@7a)’, 


which is a sum of squares. So f is a product of sums of squares, so f is a sum of 
squares. 


5. (a) Follow the procedure given in the hint, to obtain a decreasing sequence of 
rectangles [a;, bj] x [¢;, d;], each containing infinitely many points of A. By the 
Nested Intervals Theorem (Problem 8-14), there is a point x in all [a;, b;] and a 
point y in all [c;, dj]. Then z = (x, y) = x +iy is in all [a;, b;] x [c;, d;]. If e > 0, 
then for some i the set [a;, bj] x [c;, d;] is contained in {a : |z — a| < 6}, so there 
are infinitely many points of A in {a : |z—a| < }. 


(b) If f were not bounded on [a, b] x [c,d], then there would be points a, in 
[a, b] x [e, d] with | f (@n)| > N. If z is a limit point of {a, : n in N}, then for every 
& > 0 there are points a, with |a, —z| < ¢, so f(a,) > N. This contradicts the fact 
that f is continuous at z. 


(c) Let w = sup{ f(z) : z in [a, b] x [c, d]}; this exists by part (b). If « 4 f(z) for 
all z in [a, b] x [c, d], then g(z) = 1/(f (z) — @) would be a continuous unbounded 
function on [a, b] x [e, d]. 


6. (a) Ife =o + Bi, then z =a + bi satisfies 2? = c if and only if 
a’—b’ =a, 
2ab = B, 
which can be solved to give 


= ¥ 2a + 2Va* + p? a= —V 20 +2Va? + p? 


Hees E % b= ad 


2 2a + 2V a? + p? 2y 2a + 2Vea? + 6? 


(b) If n = 2k, then a solution of z* — ./c = 0 will be a solution of z2" —c — 0. df 
kK is even, we can continue until we reach an odd number.) 


(c) For this f we have 
8%) = F(Z + 2) = Z+ 20)” —c = (Zp"” — x) + (nzo)z t+: 
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(d)} Suppose, for example, that -c = a + fi witha, B > 0. If 6" < a, then 
| —¢ —6"| < |-c|. The same argument works for all other cases. 


7. (a) 


k 
f'®) = Yi ma( — 7M Z— Zaye 2 (Z— ZR 


a=1 


k 
= So mele — 21) «2. Za) «0 (@ — EY — 2a) 
a=1 
k 
=(z—2)™...(2— ey)" . Yo male Za). 
asl 


(b) If zi,..., 2% did all lie on the same side of a straight line through z, then 
Z—Z1,++-,% — Ze would all lie on the same side of a straight line through 0. The 


same would then be true of mz = 21) sides mz — zy), since m,,...mz > 0. 
By Problem 25-11, this would imply that g(z) 4 0, a contradiction. 

(c) If z satisfied f’(z) = 0 but z were not in the convex hull of the set {z1,..., zx}, 
then there would be a straight line through z containing the points z1,..., zx. This 


contradicts part (b). 
8. The proof is exactly the same as for real-valued functions defined on R. 


9. (a) Let 29 = x9 + iyo. Since 
: ; Zoe) — 7% 
z30 4 
it must be true, in particular, that for real 6 we have 


. f(%o +8) — fo) 


Sie 5 
airy jeer — (Xo) 4 oot? =e) 
630 mY ) 


= g'(xo) + ih’ (xo), 
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So a = g/(xq) and 8 = h’ (xp). 
(b) We also have 


o+iB = lim f Zo + di) — f Zo) 


bi 
— lim + is K(yo) a ;100 + ave al 
50 bi bi 
— £00) 


so l’(yo) = @ and k’(yo) = a 


(c) Part (b) shows that u and v are constant along horizontal and vertical lines. 


10. (a) 


(—1)*k! (-1)¥k! 
fe =5 (oa - Sa). 


(b) 
arctan (0) = f*-") (9) 


-Oe( 1 -#) 
a Ps (-1)k — ik 


—1)-lyp 
= rE (194), 


[If k is even, then arctan = 0, If k = 2/ +1, then arctan@+)(Q) = (21)!(-1)! ] 
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1, (ii) Absolutely convergent. 
(iv) Absolutely convergent, since |1/2-+i/2| = 2/2 <i. 


2. (ii) The limit 
[eee /@+ 1): — 


a rr = 2 lim = Iz| 
is < 1 for |z] < 1 and > 1 for |z| > 1. 
(iv) The limit 
izJ?*1(n + 14278!) ai 7 n+1+4+27--1 | 
n—>0o |Z]? +27") ~ noo |= on + 278 = 
is < 1 for |z| < 1 and > 1 for |z| > 1. 
3. (ii) Since 
fal fal 
Vat tel _ \z| lim Mn! _ (el (by Problem 22-13), 
n->co a/yn no Rn é 


the radius of convergence is e. 


(iv) Since 
_ Va z| _ (Yay {el 
im, “aR = |z| im, ar aa 2 (by Problem 22-1(vi)), 


the radius of convergence is 2. 


4. (a) Since lim 7/|a"| |z| = tim ¥/ |a@nz"|, Problem 23-9 shows that the series 
ROO ot 
Yr. 2nz" converges (absolutely). 
(b) If lim 2/la,z"| = 1+ 6 fore > O, then there are infinitely many n with 
RO 
¥ lanz”| = 1+6/2, so |a,z”"| > (1 + ¢/2)” for infinitely many 7, so the terms a,2” 
are unbounded. 


(c) Since the terms +/|a,| are unbounded, the same is true for ~/|a,z"| for z # 0. 
This is all the more true for |ayz"|, so }-°°, anz” diverges. 


5. If zis on the unit circle, then |z"/n?| < 1/n?, so °°, |zn|/n* converges by the 
comparison test. 


The series °° , z” certainly diverges for z = 1. If z # 1, then by Problem 2-5 
N 


_N 
vas — 


n=1 


408 
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If lim eae z” existed, then lim z% would exist, which is impossible, since 
Noo N00 


!= lim 2% wouldimply that J = lim 74+! =], 0rz=1. 
N- oo Noo 


The series )°°° | z”/n diverges for z = 1 and converges for z = —1. 


6. (a) We have the absolutely convergent series 


Theorem 23-9 holds just as well for complex series, so e? - e” is given by any sum 
containing all pairs of products. In particular, we can choose the Cauchy product 
oo on, Where 

n zk werk 
a: kak! 


Crh = 


But this is exactly the power series for 


ans n! 
since 
NY ky nk 
(z-+w)" = (;)s is 
pee ne ae ear ee 
n!} ray n! 
oo zk wii-k 
rar a _ Ty n! 
ao zk wrk 
k=0 kt Kab! 
(b) 


sinzcos w+ cos zsin w 


eiz _ ez giv + eww ez + ez eiw _ eWiw 
(BH Sars 


e (z+w) _ ei G+w) 


a = sin(z + w) 
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cos ZCOs w — Sinzsin w 


= giz _ et giv + ea iw elz + ez giv a eiw 
7 2 2 2i 2i 


ei Gtw) 4 ei G+w) 


as) = cos(z + w) 


7. (a) Since e¥ = cosy + isiny, the problem is just a restatement of Prob- 
lem 15-22. 


(b) 


jer H| = |e* - e!?| = |e*|-| cos y +i sin y| = |e*!. 


8. (a) If z 4 0, then z = r(cos@ +isin@) for some r > 0. Then exp(logr + i6) 
=, 


(b) We have sinz = w when 


age 
(e'%)? — 2iwe'’* ~1 =0, 
_ 2iwt J/—4w +4 
2 
=iwtvV1—w. 
This equation can always be solved for z, by part (a), since iw += Ji-w £0. 


e 


9. Gi) We have 


2 ad 


z 
cosz=l-s tac 
and if we write 


1 
—— = 1+ a2” + agz4+--- 
COs Z 


then we find 


leading to 
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Hence 


(ii) If we write 
Vi-z=1l+aiztacz* +: 


then 
1—z=142a1z+ (2a, +.4;2)z7 +->- 
so 2a, = —1 and 2a; + a;? = 0, hence 
1 1 
l—-zg=1——z-—=7*+.. 
zZ 7° get 
Then if we write 
1 
=1+4+d,2+ boz* + 
1-z 
we have 
1 
ar 
b, 1 
-—--=0 
b> 5 a : 
so 
: =1+ +2224 
Vv1l-z 8 


We could also get this from the binomial series (Problem 24-7), which holds for 


iz| < 1: 
(1-27? = 14 C - Veat (ee 


C1/2-1/2- 1) 


=1+5 z+ 5 


see, 
Finally, we have 


1 3 
el—zy setae tee be. 
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(ii) 
3 2 
z 
. acces) 
sinz 1 _ = ( 6 (Z- ») 
: 1=(: 67 )+ 2 Magee 
3 2 4 3 
z Zz z z 
=e gt oo Be 
2 4 
zZ Zz 
ae aes 6° 
so 
esme _ z rag 
=]+--——4.. 
Zz 5 rags 
(iv) We have 
geiae a 
logd +z)=z2-ytQo 


(we know there will be some power series for log(1 + z), so it must be this one, 
since this works for z real). Hence 


log -2)= -2- 5 -E-... 
Se) 
og 2) = - 2-5-2... 
(v) 
3 5 3 5 
site = (2 tip o)\(e- 54+ 5+ ) 
‘ sin 2 924 
z nga 
(vi) From (i) we have 
2 
meat he Set 


so 
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so 


sin(z? ne 2 
= =(--$+ 5+) (1424544...) 
ZCOS* Z a 


1 
ool fe ie ee 


(vii) We have 


I 1 
z4—27243 3 277 gt 
po {se a = 
3 3 
1 422 4 972 4\ 2 
ed ire ee ae he ee 
3 3 3 3 3 
1 22 7 
Tag og 


(viii) We have 
Vi4z=(1+2)¥# =14 (1) e+ (P)e+ (Pe spose 


= 1 1, 1,3; 5,4 
=1+5% g* + 762 128” epee 


so 
1 1 5 
(Vitz-) ~ f+, 4.2, 4.73 9 4 
e (52 ge + 762 108° + ) 
ts Mr . 1 ilay : 
- 3% a 3° 3° ‘ 
2 6 
_1 + sta ee Bae 3 
= 5% ga) N46, 16 4er” 
Ps, Ee es 
128" 128 64)< 
Ce CE Oe 
= 5et 78% ae 
me 1 1 1 3 
£[ vte-)] 2 +2 8 
“le at ag" ~ 64 tT 


10. (a) This follows from Problem 26-9 with yp = 0. 
(b) This follows from (a) by induction. 
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(c) Applying (b) we have, with a, = 1, for real x, 


3 an [Ae +150 | =; 


k=0 


Since 7 and 3 are real, the real and imaginary parts of the left side are 


n n 
am ari (x) and > ad (x), 
k=0 


k=0 
so these must both be 0. 


(d) Ifa = b+ ci is a complex root of 2” + ay_1z""! + -++ + ao = O, then as in 
Problem 18-42, the function f(z) = e% = e®% coscz + ie” sincz satisfies (+). So 
(assuming the a; are real) it follows from (c) that g(x) = e* coscx and A(x) = 
e* sin ex also satisfy (*). 


11. (a), (b) e* = e* +’ = e* (cos y + isin y) = w means that e* = |w|, sox = 
log|w|, and y is an argument of w. In particular e*t?¥ = e**): if yp and y; are 
arguments for w (for example, e® = e**'), so exp is not one-one. 


(c) Suppose that there were a continuous function log defined for |z| = 1 such that 
exp(log(z)) = z for all z with |z| = 1. Then we could write log(z) = a(z) + iB(z) 
for continuous real-valued functions a and 8. We must have w(z) = 0 for |z| = 1, 
and 8(z) an argument of z for |z| = 1. This contradicts the fact that there is no 
continuous argument function. 


(d) If @ is an argument for a, then one logarithm of a is 
log|a| + 7. 


It is easy to see that 
eMog|a|+i8) 


is indeed the product of e!8!4I+#6 with itself m times, i.e., a. Moreover, any other 
logarithm of a is 
log |a] + i@ +i -2kx 
for some &, and 
eMlloglal+i6-+i-2ka] _ ym , etka 
=a", since m is an integer and e?” Ped, 
(e) As we know from the proof of Theorem 25-2, the n™ roots of a have absolute 
values +/|a| and arguments 


1 
30 takai, k=0,...,n-1. 
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So they are 
glee Vial+} (O+2kr)i _ en lloglal+(O-+2ke)é) k=0,...,n—1. 
The logarithms of a consist of 
log |a| + (6 + 2k7)i. 
So a™/" consists of all values 
ei lloglal+(0-++2k)i) 
where we can clearly consider only k = 0,...,” — 1. Then these numbers are b” 


for ; 
b= en logla|+@+2kr i) | 


ie., for b an nth root of a. 


(f) The logarithms of a are 
2kxi, a>0Q 
(2k+1)zi, a <0. 
So the values of a? are |a|? times the numbers 

erkbri (or gee 


loglai+{ 


Since b is irrational no two exponents differ by an integral multiple of 277i, so all 
these numbers are distinct. 


(g) The logarithms of i are numbers of the form i(2km + 2/2), and the values of i? 


are the real numbers 
7 (ki +1 /2) 


(h) 1! has the values e! 2&7) = go, The logarithms of these real numbers have 
the values —2kx + 2i7i. So (1')' has the values 
ei (—2kr+2izi) = etn, 


But 1~ has only the values e~ 2") = 1, 
(i) The elements of a? are e”°*, where z is a logarithm of a, so that 
=a. 

But then 

e% == (e%)? =a?, 
so bz is a logarithm of a?, so e = e%¢ is an element of (a”)°. It is not generally 
true that a? = (a>)° n (a*)?, attractive as that hypothesis might seem. It fact, part 
(h) shows this is false when a = 1,b =c =i. 


12. (a) |x+i] = 1+.x?, and an argument for x +i is arctan 1/x = 2/2 —arctanx, 
while an argument for x — i is arctan(—1/x) = — arctan 1/x = —(7/2 — arctan x). 
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(b) From part (a) we obtain 


1 . Cee: | (i 
3 Lose —i) —log(x +7)] = a —2i ¢ arctan x) 
= arctanx — 7/2, 


which differs by a constant from the usual answer, arctan x. 


13. (a) Since a, — 4m = (bn — bm) + i(en — Cm), we have |b, — bm| < lan — Qm| 
and |¢, — ¢m| < |@n — Gm, so {by} and {c,} are Cauchy if {a,} is. Since we also 
have |@n — @m| < |by — ¥m| + len — Cm, it follows that {a,} is Cauchy if {b,} and 
{cy} are. 


(b) If {a,} is Cauchy, then {b,} and {c,} are, so {b,} and {c,} converge to aw and 8, 
respectively. Thus {a,} converges to a + if, by Theorem 1. 


(c) The hint is the answer. Since Cauchy sequences of complex numbers are the 
same as convergent sequences of complex numbers, there is a Cauchy criterion for 


convergence of complex series: }-°°., a, converges if and only if lim |an41 + 
Mino 


---+4a,,| = 0. Now write down the proofs for the first halves of both Theorems 23-5 
and 23-10, interpreting all numbers as complex numbers. 


14. (a) We have 


n n—-1 
> elkx =@¢it. ey 
k=1 k=0 
inx 
= ix . 1 2 
1 — eix 


einx/2 : e7inx/2(1 = eit) 
— Zix 
i eix/2. e-#x/2(] = eix) 


—inx {2 inx /2 
7 git/2ginx/2 . é Pp é / 
eaix/2 _ gix/2 


n 
sin (Fx) 
— gift )x/2 , 2 


sin — 
2 


7 


by the formulas on page 564 of the text. 
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(b) The real and imaginary parts of this equation give 


n 
sin (Fx) 1 
cosx -+:--++cosnx = af + Cos (+) 
sin — 2 
2 


_ fh 
sin (5) ~ Spas 
SsInx -- +--+ sinnax = ee | ed 

sin — 2 

2 
To transform the first, we note that by Problem 15-14 we have 
_ fn n+l _ { In+ 5)x +[-4] [n + 41x —[-2] 
2sin (5*) COs ( x) = sin (BREE cos —— 


: 1 _ * 
= sin(x + 5)x — sin 3 


so 
: n : 1 r,s 
sin (+) n+1 sin(n + 5)x — sin 3 
ge OS ke Sr 
sin 3 2 sin 5 
sinfn+5)x 1 
i phi cake ts a 
Sain 2 
sin 5 
15. (a) 
a a a a 1 
RO cas nel + A (a 
Gn+1 Gant Gn+] Tn 
(b) Ifr = lim ry exists, then 
ROO 
‘ ’ 1 1 1 
r= limr, = lim 1+ = 1+ —— =1+ -, 
n->00 noo rn-1 lim 7ry-1 r 
n>OO 


sor = (1+ /5)/2 (clearly r > 0). 


(c) If rn < (1+ V5)/2, then r,? — ry —1= ran — 1) —1 <0, 80 


2r,z+1 
Tn < =rpn42. 
Tn 4 n+ 
Thus 7) < 73 < rs <-+- < 2, 80 lim ron+1 exists. Similarly, lim roy, exists. 
noo Rn >0O 


Moreover, the equation r,4-2 = (2rn + 1)/(rn + 1) leads, as before, to the fact that 
both limits are (1+ V5) /2. 


418 Chapter 27 


(d) The limit 


n-l 1 5 
lanqiz"""| = lim On+-1 pe +/5 


n>o0 [ay | ~~ p00 ay, 2 


is < 1 for |z| <2/(1 +-V5) and > 1 for |z| > 2/(1+ V5). 


|z] 


16. (a) 
zz etl gz +1 
— 4 . 
~ gems ht 
ott etre re. +1 
et—-1 (e*-Det 1-e& e&-1 


These formulas show that z/(e* — 1) = —z/2+A(z) where h is even. Consequently, 
the power series for / contains only even powers of z. Thus —1/2 = by is the 
coefficient of z in the power series for z/(e* — 1), and b, = 0 for oddn > 1, 


(b) If > 1, then the coefficient of z” must be 0. But this coefficient is 7775 (")bi. 
(c) 


cote = 20082 = (ef + e!2)/2 
BONe = Tene (ele — eH) /2 


~2iz e2iz/2 4. g—2iz/2 
Q | ediz/2 — -2iz/2 


bon nen 2n 
= Loh yD 7a 


(d) From the formula tan2z = 2tanz(1 — tan? x) (Problem 15-9) we have 


1 l—tan?z tan*z 
cotz — 2cot2z = —— — ————- = 


= = tanz. 
tan Z tanz tan z 


(e) 


tan z = cotz — 2cot2z 


a bon (—1)"228 220-1 _ as ban 7h (W822 z2n—1 , g2n 
(2n)! (2n)! 


roa) bo 
= a ; a Cpr = De, 
n=l (2n)! 
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17. (a) Applying («) to f we obtain 
fe (x) 
fe+)—-f%@) = o—™. 


n=1 


re) (k+n) 
YA w+) - -@I= pap Re af) 


tao * k=0 a” 
The coefficient of f(x) is 7 = 1. The coefficient of f(x) for j > 1 is 
j-l 


GB AIG bl ae | x =o, a by Problem 16(b). 


(b) 


oo 


fO+ +f M= (e rae @+1)-f® 1) 


k=0 


= ae pe 4 1) — FOC) 


k=0 kt x=0 


= Pa +1) — f@). 


ino * 


(c) Let f be a polynomial function with f’ = g. Then f(n +1)~ f) = ft" g. 
Since bo = 1, part (b) becomes 


n+l 
g(0) ++ +260) = f a).dt-+ Steen 41) — gO 
9 | 


(d) g(x) = pixP-* /(p —k)! for k < p, so part (c) applied with n — 1 instead of 


n gives 
n-1 
P P p-k+1 
a, ie a+ Gm a" 
P 
Sisk re ge P\ np, 
pt+l rare 3 k-1 
Thus 
Pbk Pp p-k+1 
De P Pp on - 
2 7tH + bin a t(,? a 
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18. (a) Clearly ¢,,(0) = b,. Ifn > 1, then 
2 nh z n n n 
ox(1) = >> (j) Pet = au since (7) = (, . ) 
k=0 k=0 
= > He ou +by=bn, by Problem 16(b). 
k=0 


n - 7 
on’ — Doe) Ont : 
k=t 
n-1 
= k+ Ds i 1 )Pn-tsext 


k=0 


= -Sn n(" 7 *) nse 
= ay 


To prove the last equation, note first that 
2 1 2 1 
g2(1 — x) = (1- x) i a! a al ~2xt1—ltxte 
1 
=x +2 = n(x). 


Now suppose that ¢,(x) = (—1)"@,(1 — x) for some n > 1. Then the function 
&(X) = Gn4i(1 — x) satisfies 
g'(x) = —n4'(1 — x) = -@ + 1)ga(1 — 2) 
= (-1)"*! (+ Den(x) = (-1)"*" bn’). 


Moreover, g(0) = ¢n41(1) = Dnt = G41), 80 g(x) = (-1)"**Gn4i(x) for 
all x. 


(b) Substituting from (*) we have 


nd (k+n) 
VA e+y- f@ = eo ty oe 2 pe 7 Rye). 


k=0 0" imo © wa © 


The coefficient of f’(x) in the double sum is bp/0!1! = 1. For 1 < j < N, the 
coefficient of f Y (x) is 


j-l 

be 
Y eee aH) : 
a kG —b! by Problem 16(b) 
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(c) The term Ry_,*(x) is the remainder Ry—,x (x +1) for the function f®. Thus 
x+1 fe Ney (t) 


(wom & + 1 =e" at. 
x : 


Ry-«*(x) = 


So 


N x 

yk ky) = es 3 (4 1 = Nk TD Gy Ge 
~i ‘ re i)! 

*+1 on(x +1—1) 


a 7 fey (t) dt. 
x ! 


(ad) From parts (b) and (c) we obtain 


N 
PG) bet etn) = Oe tnt) SOQ 
k=0 
Ls fe one +j+1—1 


FAD) dt. 
Li N! 


j=0 
Applying this to g = f’ we obtain the desired formula. 


(e) Iftisin[x+j,x+j+1], thenx—t isin [—j—-1, —j]. Therefore, by definition, 
vn —t) =oy@+j+1-2). 


19. (a) Apply Problem 18(d) with g = log, x = 1,n—2forn and N = 2. We 
obtain 


log(n ~ 1)! = log1+---+ log(n — 1) 


t by bo [1 
-[ loge dt + 7+ogn — log) + 32 (~~ 1) 


n 
Yat) — 1 
~1y) ONE. eed 
+ Gel) 1 2 at 
1 
-[ logt dt — + logn + = € = 1) x "HO 4 
1 
7 : 4 * Walt) 
=nlogn-—n+1 jlosn + (5-1) + od 
(b) Consequently, 
* Y(t) 
‘— — t —_ * i Re 
loga! = log(a —1)!+logn = (n+ 5) logn — nt aw = oe ay. 


So 


n! " valt) 
log (aaa) = st ; my 2 
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(c) Since 2 is periodic, it is bounded. Thus Jc wo(t)/2t? dt exists, since 
{7° 1/t? dt exists. So we have 


nl 11 © afo(t) © Walt) 
ls (met) = 12+ 20 arf 22 4 


a-gelt_ [Pe 
| a 
© y(t) 
= loga — ars dt, 
or 
oe ( nt ) wasp 20s 
antt/2g—nt1/12n - mya 4 


(d) Part (c) implies that 


. ° a(t) . n} 
O= lim — oP dt = lim log onttl/2e—n-+i/l2n 
sO 
i n!} 7 n! 
1= lim. anttifiga~nrifian — pk, onatlize—a 
Thus 


: iy, 
au 2n2ntl e—2n Pe ete 
Replacing n by 2n and taking square roots we have 
: Qn)! 
so 
tim 0? 
im 
n>00 (Qn)! Yn 
2 2ntl p—2ng2n 


= lin, Cc 


x= 


nantl/2 2n 
=a lim ee ne 
noo 2n.f2 n2t1/2, fy 
os ie4 
wey 


(e) By Problem 18(a) we have $3’ = 3@2. Also $3(0) = b3 = 0, and 
$3(x) = —3(1 — x), 
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from which it follows that 
$3(1) =0 
$3(5) = 0. 

It follows immediately that 
1/2 


galt) dt = [ go(t) dt = 


Since the roots x9 and x; of g2 are symmetric around } 3» it follows that 
= x >0 forO<x<1/2 
Wa) = [ volo) dt | <0 forl/2<x <1, 
with %(n) = 0 for all n. 


(f) Obviously v (x) will increase from 0 to a positive value at } , and then decrease 
to 0 at 1. 


(g) We have 
1 
[no pad ral “+f” HO) at 
ea 1 
= 5 WO) zat 
= 1|° oo. 1 
= 80) al +3 ‘ we): Gat 
CO - | 
=3/ Wega 
> 0. 


(h) The minimum of ¢2(x) for x in [0, 1] occurs atx = 1 /2, where do(x) = ~1/12, 
and the maximum occurs at x = 0 and x = 1, where ¢)(x) = 1/6. So 
ve ay 1 1 
—, dt= —_. 
= J, 1222 12n 
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(i) From parts (c) and (d) we have 


1 n!} 
0A" log (=>) — 


' 
-1/12n ne 
é < <1 
[Ax nBti/2_—nt1/12n 


lox nrtl/2e—n <ni< /27x nrtl/2g—ntl/l2n 


50 


or 
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1. It is clear that a + b = b +, since the table for + is symmetric. Clearly 
a +0 = a for all a, and condition 2(ii) is satisfied because each row in the table 
contains 0. To check that (a + b) +c = a + (b +¢) it suffices to consider only 
cases where a, b,c #0. Because x + y = y + x, this equation clearly holds when 
a =c. This leaves the cases 

(+b) +2=1+ 6 +2), 

2+b)+41=2+ (+1), 
which are equivalent to each other, either of which can be checked by letting b = 1 
and 2. Conditions (4)-(6) are checked similarly. Finally, (7) is clear if a = 0 or 1. 
For a = 2 we can assume b,c ¥ 0 and the condition is clear if b = c = 1. This 
leaves only the cases ag = 2,b = 2,c = 2 anda =2,b=1,c =2anda =2, 
b = 2,¢ = 1, the last two being equivalent. 

F cannot be made into an ordered field because 1 = 12 would have to be positive, 

but 1 + 14-1=0, 


2. F will not be a field because we will have 2 +2 = 0. 
3. As in Problem 1, conditions (2), (3), (5), and (6) are clear. Condition (1) can be 
checked case-by-case. To check (5) we can assume that a, b,c #0, 1. This leaves 


only the cases (@ + 8) +a = (a+ B) +a and (w+ B)-B = a+ (B+). 


4. (a) a+a=a-14+)])=a-0=0. 
(b) 0=a.0=a7a+ta)=1+1. 


5. (a) The assertion is obvious when n = 1. Suppose it is true for n. Then 


Att) Ct += C4: Ft FY $0) 


m times n-+1 times m times n times 
=(A1+---+1)-A+---+D+4+ oo 
mi times n times m times 


= he eb D = a a ae 
A+: tD+1+--- +1) = 1+. + 
mn times m times mni+m=m(n+1) 
times 
(b) If m were not prime, so that m = kl for some k,/ < m, then 
O=1+--- FD =1+---+¢D-1+--- 4+) =a>d, 
——— — a an! 
m=kl times k times 7 times 


Therefore either a = 0 or b = 0, contradicting the assumption about m. 
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6. (a) If this were not true, then P would have infinitely many distinct elements, 
namely, those of the form 
je peer | 
a 
n times 


for all x. 


(b) Suppose m > n. Then 


1+---b1=(14---+D-O4+---+1 =0. 


m—n times mt times n times 


7. The solutions are 
x + (ad — Bb) + (ad = be)“, 
y = (we — Ba) + (be = ad)". 


8. (a) One, namely 0. 


(b) If a has one square root b, then it also has the square root —b. Moreover, if 
c? =a = b’, then (c —b) + (c +b) = 0, soc =b orc = —b. Consequently, b and 
—b are the only square roots; these are distinct precisely when 1+ 17 0. 

9. (a) is a straightforward check 

(b) 2=1-+1, which is 0 in F; the solution in part (a) is correct only if1 +1 ¥ 0. 
10. (a) Most conditions require only a straightforward check. The element (0, 0) 
will play the role of 0 and (1, 0) will play the role of 1. To verify 5(ii), note that if 


(x, y) # (0, 0), so that x # 0 and y ¥ 0, then x? — ay? $ 0, since a does not have 
a square root. Then 


(x, 9) © (ap a5) = (1,0). 


x2 — ay?’ x2 —ay? 


(b) is a straightforward check. 


(ce) (0, 1) is a square root of a. 


IL. (a) The inverse of (a), a2, a3, a4) is 


(“ _@ a3 “*) 
yoy oy yf? 


where y = ay? + ay? + a3? + ag’. 
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(b) Each entry in the following table is the product a - b where a is on the left and 
b is above. 


[If we denote 1, i, j and k by vj, v2, v3, and v4, then the definition of multiplication 


can be written 
4 4 4 
(Sram) : (S24) — oz ajb;(v; vj). 
j=l 


ist i,j=l 
This allows a simpler proof that multiplication is associative, by first checking that 
it is associative for +1, ti, +7, +k.] 


CHAPTER 29 


Since the detailed examination of other constructions of the real numbers was 
recommended only for masochists, detailed answers to the two problems in this 
chapter will not be given. 
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CHAPTER 30 


1. (a) fO) = FO +0) = £0) + fO), so f(0) = 0. Since f is an isomorphism 
and 0 + 1, it follows that f(1) 4 0. Consequently, the equation f(1) = f(1+1) = 
f+ fQ) implies that f(1) = 1. 


(b) 0 = f0) = f@ + —a) = f(a) + f(—a), so f(—a) = —f@). Similarly, 
1= f(1) = f(a-a™) = f@)>+ f@7), so f(a) = f@7. 


2. As an example, a proof for (a) will be given. If a? +1 = 0 for some @ in F,, 
then by Problem 1,0 = f(0) = f(@@? +1) = f(w-a) + f(1) = f@)? +1, so 
f (@) is a solution of the equation x? + 1 = 0 in Fy. 


3. 1) Ifx # y, then f(x) A f(y), so g(f@)) # a(f()), 80 (go f(x) F 


(g 0 f)(y). 
(2) If z is in F3, then z = g(y) for some y in F, and y = f(x) for some x in F. 


Then z = (g o f)(x). 
(3) 


(go f\x+y) =a(f@+y) =8(f(%) + FO) = 8(f@) +8(fO)) 
= (g 0 f)(x) + (g 0 f)Q), 
(go f)\@-y) = g(f@-y¥) = 8(f@)- FQ) = e(F@)) - 8(FO)) 
= (g 0 f)(x) - (g 0 f(y). 
(4)Ifx < y, then f(x) < f(y), so g(f(x)) < g(f0)), Le, (gof)@) < (gof)(y). 


4, g-!o f is an isomorphism from R toR, so g-!o f =I, sog=f. 


5. Let f(x +iy) = x —iy. [Since i? = —1 we must have f(i)? = f(-1) = —1, 
so f(i) = i or —i, which suggests the answer. This particular isomorphism is 
the only one, aside from the identity, which any one can write down, but there are 
actually infinitely many others. This is one of those facts which requires, aside from 
a knowledge of algebra, some of the sophisticated theorems from set theory which 
will be found in references [6] and [7] of the Suggested Reading. ] 
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APPENDIX 


KEY FOR USE WITH 
THE THIRD EDITION OF CALCULUS 


The Combined Answer Book, while written with the Fourth Edition of Calculus in 
mind, can also be used for the Third Edition by noting the following correlation 
between the problem numbers in each Chapter. There are also accompanying com- 
ments, which correct many of the problems, and which also include corrections to 
a few of the answers that appear in the back of the text. Note that in a few cases the 
answer to a problem refers to specific Problem numbers, or to specific pages of the 
text, which may be different in the fourth edition. 


The notation 3 — 4 means that Problem 3 in the Third Edition is now Problem 4 in 
the newer edition, so to find the answer for Problem 3 you should look at the answer 
for Problem 4 in the same Chapter. Notation like (11,...,20) - -+1 means that 
Problems 11 through 20 all now have numbers that are 1 higher. 


Chapters 1-4, including Appendices. There are no changes to Problem numbers 
in these Chapters. 


In Chapter 1, Problem 4(xiii), the answer in the back should be simply 0 < x < 1. 


In Chapter 2, Problem 3, it should be explicitly mentioned that we define the bino- 
mial coefficient to be O fork < Oork >n. 


In Problem 12(a), the answer should end: for some rational number r. 

In Problem 17, the factorization at the end of the first paragraph should read 28 = 
4-7=2-2°7. 

In Problem 19, it should be understood that n is a natural number. 

Problem 22(c) should ask for a proof that G, < Ay. 


In Chapter 3, Problem 6(a), the hint should say: the product of all (x — xj). 


Problem 8 should end: satisfy f(f(x)) = x for all x (for which the equation makes 
sense). 


In Problem 21, the answers in the back labeled (i)—(iv) should of course be labeled 
(a}-(d). 

In Chapter 4, the answer to Problem 1 (iii) in the back should be (a —¢, a+), and 
the answer to 1(v) should be [—2, 2]. 


Problem 16 should say that the set is: either a parabola, an ellipse, or an hyperbola 
(or a “degenerate case”: two lines [either intersecting or parallel], one line, a point, 
or 8). 


The problem now also asks when we have a circle. 


Problem 21(b) is stated more explicitly: Given a horizontal line L, the graph of 
g(x) = y, and a point P = (a, 8) not on L, so that y ¥ 8, show that the set of 
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all points (x, y) equidistant from P and L is the graph of a function of the form 
f(x) = ax? + bx + c. What is this set if y = B? 


In the Appendices to Chapter 4, note that in the fourth edition we use radian mea- 
sure exclusively right from the beginning. 

In Appendix 1, Problem 1(a) it should be mentioned that we should really write 
Re (C1, 0)), ete. 

In Appendix 2, Problem 3 should read: Similarly, use Figure 9(a) to prove geo- 
metrically that the intersection of a plane and a cone is an ellipse when the plane 
intersects just one half of the cone. Similarly, use (b) to prove that the intersection 
is an hyperbola when the plane intersects both halves of the cone. 


Figure 9 has now been changed to the following. 


Chapter 5, 
For Problem 3(i) the last line of the answer in the back should read 


1 & 
= Min | ————., —___________ } = jj, 
(saa +1) 4(lal? + 1)(laj + 7) 
For 3(iii) the answer should end with 


Sinn |e 
<j 4°32)" 
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3(iv) no longer appears, the answer is: Let 6 = é, since |x/(1 + sin? x)} < |x|. 
3(v) > 3(vii) 

3(vi) — 3(viii) 

Problem 15(i) has changed slightly, but the answer is very similar. 

The answer in the back for Problem 17(a), should end: ... namely, any x < 
min(6, 1/(|/| + ¢)). Such an x does not satisfy |(1/x) —1| <e. 

Similarly, for 17(b) the second line of the answer should be: namely, any x < 
min(1 + 6, 1+ 1/(|l[+ ¢)). Such an x does... . 

In Problem 32 it should be explicitly stated that a, 4 0 and Dy, # 0. 

In Problem 36(a), the a° should be ap. 

Problem 37 should mention that even when lim f(x) = 00 we may still say that 
Jim F(x) “does not exist” in the usual sense. 


Problem 38(a) should mention only the first two limits, since the third was defined 
in the previous problem! 


41 —> 42 
The newly inserted 41, useful for Problem 13-4, is the following: 


(a) For c > 1, show that clin Ue approaches 1 as n becomes very large. 
Hint: Show that for any ¢ > 0 we cannot have c!/" > 1+ for large n. 
1/n 


(b) More generally, if ¢ > 0, then c’/” approaches 1 as n becomes very 


large. 


Chapter 6. 
Problem 9(a) should say: Suppose f is defined at a, but is not continuous at a. 


Problem 10(b) should say: Prove that every function f continuous on R can be 
written... . 


(15, 16) > +1 


Chapter 7. 


In Problem 1(v), (vi) it should be said that we assume a > —1 so that -a—1 < a+. 
The answer in the back in the third edition needs correction, but it will not be given 
here since the correct answer also appears here in this Answer Book. 


For Problem 2(a) the answer in the back should read: Since A 4 @, there is some x 
in A. Then —x is in —A, so —A # @. Since A is bounded below, there is some y 
such that y < x for all x in A. Then ~y > —x for all x in A, so —y > z for all z 
in —A, so —A is bounded above. Let w = sup(—A).... 

For Problem 3(i), the answer in the back should read: If f(x) = x!” + 163/(1 + 
x? + sin? x) — 119, then f is continuous on R and f(2) > 0, while f(—2) <0, so 
f(x) = 0 for some x in (—2, 2). 
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(16,...,20) > +1 


Chapter 8. 


Problem 3(a) should read: The proof of Theorem 7-1 showed that there is a smallest 
x in [a, b] with f(x) = 0. If there is more than one x in [a, b] with f(x) = 0, is 
there necessarily a second smallest? ... 

(Similarly, in 3(b), “Theorem 1” again refers to Theorem 7-1). 


Problem 20 has been changed to outline a different proof. The answers for the 
original problem are: 


(a) Notice that we must have f(x) < f (sup A), because f is continuous at 
sup A and there are points y arbitrarily close to sup A with f(x) < f(y). 
(A simple e-5 argument is being suppressed.) Now suppose that sup A < b. 
Then f(b) < f(x). Moreover, sup A is a shadow point, so there is some 
z > supA with f(z) > f{sup A) > f(x). We cannot have z < b, for this 
would mean that z isin A. Soz > band f(b) < f(x) < f(z), contradicting 
the fact that b is not a shadow point. 


(b) Since f is continuous at a, and f(x) < f(b) for all x in (a, b), it follows 
that f(x) < f(b) (either by a simple e-5 argument, or using Problem 8-6, if 
you prefer). 

(c) If f(a) < f(b), then a would be a shadow point, so f(a) = f(b). 


Chapter 9. No changes. 


Chapter 10. 

In problem 9, the second line should say f(x) = —V3x. 
(17,...,end) > 42 

In Problem 18 (now 20), the final term should read g(a). 
In Problem 28 (now 30) the last line should read 


= ota" a Bake for x <0. 


Chapter 11. 
(6,7) > +2 
8-57 

(9,10, 11) > 41 
(12, 13) > 43 
14> 13 

15 > 14 
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(16, 17) > +1 
(18, ..., 23) > 42 
Problem 24(b) should read: For each n, show that if n — k is odd, then there is a 


polynomial function f of degree n with exactly & critical points, at each of which 
f” is non-zero, 


(24,...,31) > +3 


Note that Problem 27 (now 30) had a part (c) added: Suppose that f(a) = g(a), 
that f’(x) > g’(x) for all x, and that f’(%o) > g’(xo) for some xp > a. Show that 
F@) > g(x) for all x > xo. 


(32,...,53) > 43 
Note that Problem 32 (now 35) was corrected as follows: 


Suppose that f and g are two differentiable functions which satisfy fg’ — 
f'g = 0. Prove that if f(a) = 0 and g(a) 4 0, then f(x) = 0 for all x in 
an interval around a. Hint: On any interval where f/g is defined, show that 
it is constant. 


Problem 35 (now 38) can be strengthened to require that x is in (0, 1). 


In Problem 38 (now 41), part (b) is now part (c), since a new part (b) was inserted: 
(b) Prove the same for the function f(x) = x? — sinx — cos? x. 


In Problem 39 (now 42), the hint should read: Prove that either f(x) > 4 for some 
x in [0, $] or f(x) < —4 for some x in [}, 1]. 


Problem 43 (now 46) should begin: Let x1, ...,%n41 be arbitrary points .... In 
addition, the reference to page 49 is clearer as a reference to Problem 3-6. 


(54, ...,57) > +6 
Problem 58 was removed. The old answer is: 
The tangent line through (a, a”) is the graph of 
g(x) =na"(~ — a) +a" 
=na""xy + (1 —n)a”. 


If g(xo) = f (xo) for some xo 4 a, then Rolle’s Theorem may be applied to 
g — f on the interval [a, xo], or [xo, a]: 


0= g(x) — f(x) =na™! —nx™! for some x in (a, xo) or (Xo, a). 


This is impossible, since x 4 a and n — 1 is odd, so a“! 4 x"—!, 


59 > 58 
(60,...,67) > +4 


In Problem 66 (now 70), part (b) should begin: Suppose now that every point is 
either a local maximum or a local minimum point for a continuous f ... . 
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Chapter 11, Appendix. 

Problem 3 is now handled better in the new Problem 12. 

(4,...,12) > =—1 

Problem 9 (now 8) should add the hypothesis that n > 1, and in the statement of 
Jensen’s inequality in part (c), the < sign should be replaced by <. 

For Problem 10 (now 9), in part (a) the second sentence should be: The proof of 
Theorem 1 actually shows that f{ (a) and f’ (a) always exist if f is convex on some 
open interval containing a. 

Also, a new part (b) has been inserted for later use: 


(b) Conversely, suppose that f is convex on [a, b] and g is convex on [b, c], 
with f(b) = g(b) and f’ (6) < g'.(b) [as in (a) of figure shown below]. If 
we define h on [a, c] to be f on [a, b] and g on [b, c], show that h is convex 
on [a,c]. Hint: Given P and Q on opposite sides of O = (b, f()), as in 
[(b) of the figure], compare the slope of O Q with that of PQ. 


& 
£ 
=.= <<=—$|~—=] 
a b c 
(a) 

Chapter 12. 
(10,..., 19) > +43 
20> 11 


21 — 12. This problem should read: Prove that if f'f"@) # 0 and 
f(f-!(x)) exists, then (f~1) (x) exists. 
(22,...,26) > #1 


Chapter 12, Appendix. 

In Problem 2, “c’(0) = 0” should be “‘c’(0) = (0, 0)”; and “c’ never 0” should be 
“c’ never equal to (0, 0)”. 

Problem 3 should say: Suppose that x = u(t), y = v(t) is a parametric represen- 
tation of a curve and that u is one-one on some interval. Part (b) should say: If u 
is differentiable on this interval and u/(t) 4 0, show that at the point x = u(t) we 
have... 
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Problem 6(b) should say: Show that if f(@) = 0 and f is differentiable at @, ... 
Problem 7(a) should begin: In Problem 8 of Appendix 3 to Chapter 4... 


Problem 8 has a new part (c) inserted: (c) Show that the tangent lines of the cycloid 
at the “vertices” are vertical. 
a—y a—y 


In part (d) (now part (e)), the fraction should be a 


Problem 9 should have P = (u(a), v(a)) and Q = (u(b), v(b)). 


Chapter 13. 


For Problem 4(c), a comment was added: (You might find Problem 5-41 useful). The 
new 5-41 is given on page 432. One can also use the much later Problem 22-10, 
obviously not as good a reference. 


Problem 15 should begin: For a, b > 1 prove that... 
Problem 25(g) has been restated, and part (h) has been added: 


(g) Let Lx) be the length of the graph of f on [a, x], and let d(x) be 
the length of the straight line segment from (a, f(a)) to (x, f(x)). Show 
that if V1-+ (f’) is integrable on [a, b] and f’ is continuous at a (ie., if 
lim f’(x) = f’(@)), then 
x-at 
L(x) 
x at d(x) = 


Hint: It will help to use a couple of Mean Value Theorems. 


1. 


(h) In [the figure below] the part of the graph of f between i and 5 is just 
half the size of the part between } and 1, the part between } and } is just 
half the size of the part between + and 3, etc. Show that the conclusion of 
part (g) does not hold for this f. 


11 1 ] 
68 ¢@ 2 


Problem 40 should begin: Suppose that f is integrable and... 
Chapter 13, Appendix. No changes. 


Chapter 14. 
3—> 19 
(4,5, 6,7) > =1 
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Problem 4(ii) (now 3(ii) should have x in (0, 2/2). 


Problem 7 (now 6) has been corrected and changed to: 


(a) Find all continuous functions f satisfying 
x 
[ f=()+C — forsome constant C 40 
Jo 


assuming that f has at most one 0. 


(b) Also find a solution that is 0 on an interval (—o0, b] with O < b, but 
non-zero for x > b. 


(c) Finally, for C = 0 and any interval [a, b] witha < 0. < b, find a solution 
that is 0 on [a, b], but non-zero elsewhere. 


8 > 22 
9 —> 20 
(10,...,21) > -3 


In Problem 15 (now 12), parts (a) and (b) remain the same, but are then followed 
by: 


(c) If f’ is periodic with period a and f(a) = f (0), then f is also periodic 
with period a. 


*(d) Conversely, if f’ is periodic with period a and f is periodic (with some 
period not necessarily = a), then f(a) = f (0). 


22 > 21 


In Problem 26(iii), the lower limit on the integral should be 1, rather than 0. 
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Chapter 15. 
Problem 29(c) needs to be corrected as follows: 


(c) For —z/2 < x < 2/2, define tanx = o—'(x), and then define sinx = 


tanx/¥v1-+ tan?x. Show that 


(i) lim sinx=1 
xm /2- 
(ii) lim sinx =—1l 
x->— /2* 
sin x 
(iii) sin’(x) = 4 tanx’ —n/2<x<n/2andx 40 
1, x=0 
(iv) sin”(x) = —sinx for —2/2 <x < 72. 


In the hint for Problem 31(b), the 27 should be z. 
In Problem 32(b) the conclusion should be 


[¢1’(b)$2(b) — $1'(a)b2(@)] — [61(b) 2" (b) — 1 (a) 2’ (a)] > 0. 


The final sentence of the paragraph after the Problem, beginning with “The net 
result” should be: As a particular example, any solution of the differential equation 
y"+@+Dy =0 


must have at least one zero in any interval (nz, (n -- 1)z). 


Chapter 16. No changes. 
Chapter 17. No Problem set. 


Chapter 18 

The notation in Problem 1(v) was somewhat ambiguous, and has been changed to: 
f(x) = (sinx)@n™, 

For clarity, Problem 2(a) now begins: Check that the ... 

(6,...,24) > $1 

In Problem 7 (now 8), part (c) should read: sinh(x+-y) = sinh x cosh y-+cosh x sinh y. 
For Problem 9 (now 10), in part (b) the condition for the second integral should be: 
fora,b>1lora,b <—1. 

Problem 25 was a hopeless mess, and has been deleted. 

Problem 28 has been restated: 


(a) Let f and g be continuous functions on [@, b] with g nonnegative. Sup- 
pose that for some C we have 


rays | fe, peep 
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Prove Gronwail’s inequality: 
fa) < Cela 8. 


Hint: Consider the derivative of the function h(x) = (C + f* fae Sa oe 


(b) Let f and g be nonnegative functions with g continuous and f differ- 
entiable. Suppose that f’(x) = g(x) f(x) and f(O) = 0. Prove that f = 0. 
(Compare [old Problem 20, new Problem 21].) 


In Problem 32(d) the displayed equation should be: 


1 n I x 1 n+l 
1+—~] <(1+-] <{14+- . 
(tsa) s(+z) s(t) 


In Problem 35(b) it should also be assumed that all z; > 0. 
Problem 40 has been changed to: 


Prove that if f(x) = eV" for x # 0, and f(0) = 0, then f(0) = 0 for 
all k (you will encounter the same sort of difficulties as in Problem 10-21). 
Hint: Consider functions g(x) = e~!/ * Pd /x) for a polynomial function P. 


In Problem 46(a) g should be defined by: g(x) = f(xo + x) f (%o — x). 
In Problem 47, the last sentence before part (a) should be: 


For example, for any polynomial function P with lim | P(*) = 0 (ie, P 
x~> 

is non-constant and has positive leading coefficient) we have exp >> P and 

P > log” for any positive integer n. 


Chapter 19. 
(7,...,48) > +1 
For Problem 7 (now 8), change the denominator in (ii) to (1 + x7)*. 


In Problem 9 (now 10), for examples (vi) and (vii) there are obvious substitutions 
to try, but integration by parts is much easier; comparing the answers obtained is, 
perhaps, instructive. 

In Problem 34 (now 35), in the final displayed equation a dx is missing in the integral 
on the left. 

For Problem 40 (now 41), in part (d) the displayed product is easier to understand 


if it is written as: 
1 2:4-6-....  2n 


Jn 1-3+5+...:(2n—1) 


For Problem 42 (now 43), in part (c), the limit should be jim 
—s 
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For Problem 46 (now 47), in part (b) the displayed formula should be 


nh? fi N;h? 
= SS — P: > —-—. 
Te gaeae et “MZ “a5 
In part (c), we can conclude that there is some c in (@, b). 


In Problem 47 (now 48), P should be described as the polynomial function of degree 
< 2 which agrees with f at 0, 1, and 2 (Problem 3-6), 


In Problem 48 (now 49), part (b) should state: Prove that if f is defined on [a, b], 
then for every x in [a, b] we have ... . And € can be chosen in (a, b). 


a: should be g mE 
6n 


In the statement of Simpson’s rule in part (d), the fraction 7 


and ¢ can be found in (a, b). 
Chapter 19, Appendix. 


In Problem 7, the final sentence now reads: Prove this analytically, using the formula 
for f f —' from Problem 19-15, or more simply by going through the steps by which 
this formula was derived. 


Figure 16 for Problem 8 has been replaced with the following: 


In Problem 11, part (c) has been added: 


(c) A circular mud puddle can just be covered by a parallel collection of 
boards of length at least the radius of the circle, as in [(a) of the Figure below]. 
Prove that it cannot be covered by the same boards if they are arranged in 
any non-parallel configuration, as in (b). 
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@) (b) 


Chapter 20. 
In the table for Problem 3 the value of 8! should be 40,320. 
Problem 5(a) has been changed to: 


(a} In [old Problem 11-38, new Problem 11-41] yous showed that the equa- 
tion x? = cosx has precisely two solutions. Use the third degree Taylor 
polynomial of cos to show that the solutions are approximately + /2/3, and 
find bounds on the error. Then use the fifth degree Taylor polynomial to get 
a better approximation. 


7—> 21 The specifications “t in [0, x] or [x, 0]” can be replaced by: ¢ in (0, x) or 
(x, 0). 
(8,9) > —1 
(10, 13) > 45 
In Problem 12 (now 17), the numerator g(x) of the displayed equation should be 
g(x) — g(a). 
In Problem 13 (now 18), for the third edition disregard the phrase “(see the end of 
Problem 19)” in the answer. 
14 > 20 
(15,...,21) ~ 47 
For Problem 15 (now 22), parts (a) and (b) have been changed: 
(a) Suppose that f is twice differentiable on (0, 00) and that | f(x)| < Mo 


for all x > 0, while | f”(x)| < Mp for all x > 0. Use an appropriate Taylor 
polynomial to prove that for any x > 0 we have 


2 
lf’ (x)! < pte + = Ms for all h > 0. 


(b) Show that for all x > 0 we have 


If’ @)| < 2Y MoM. 


Hint: Consider the smallest value of the expression appearing in (a). 
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For Problem 16 (now 23), in part (d) the numerator on the right side should be 
fa+h)— f(@—h) —2hf'(). 

For Problem 19, part (c), the last line should end with |b ;*| < 2*N*+!, And in part 
(d) the first equation should start with | f “+” (x)]. 


Chapter 21. In Problem 3(c), next to last line, “c = max(1,1/M)” should be: 
c = min(1, 1/M). 


Chapter 22. 
In Problem 1 (iv) ignore the hint! There are easy estimates. 


Problem 7 has been restated with different letters to avoid confusion later: 


In Problem 2-16 we saw that any rational approximation k// to /2 can be 
replaced by a better approximation (k + 21)/(k +1). In particular, starting 
with k =] = 1, we obtain 


No] Go 


7 
1, 9 pr teene 
3 


In Problem 22(b), the hypothesis can read: Suppose that im, a, = 0, and that some 
a, > 0. 


In Problem 14, in order for the indices to correspond properly to Figure 7, x 9 should 
be replaced by x), and x; by x2, etc. 


In part (c), in the formula after “Conclude that”, the term f”(7) should be f”’(nx). 


Part (d) should read: Let m = f’(c) = inf f’ on [c, x] and let M = sup f” on 
[e, x:]. Show that Newton’s method works if x; —c < m/M. 


In Problem 16, the parentheses in the numerator are superfluous. 


Problem 17 has been augmented to read: 


(a) Prove that if lim @yj41 — a, = 1, then lim a,/n = 1. Hint: See the 
A >CO Nn >OO 
previous problem. 
(b) Suppose that f is continuous and lim | F@+1) —f() =. Prove that 
x 
Jim, f()/x = 1. Hint: Let a, and b, be the inf and sup of f on [n, n+ 1]. 


In Problem 18 the hint has been expanded: This requires the same sort of argu- 
ment that works in Problem 22-16, except using multiplication instead of addition, 
together with the fact that im. */a = 1, fora > 0. 


Problem 22(c) should specify 0 < ¢ < 1. 


In Problem 25, the conclusion | f’(b)| < 1 needs the proviso: (provided that we 
don’t already have b, = b for some n). 
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Problem 29 is slightly revised as follows: 


(a) For rational x < y, show that a? < a” fora > 1 and a* > a? fora <1. 


(b) Using Problem 22-10, show that for any ¢ > 0 we have |a* —1| <¢ for 
rational numbers x close enough to 0. 


(c) Using the equation a* — a¥ = a” (a*-» — 1), prove that on any closed 
interval f is uniformly continuous, in the sense of Problem 22-28. 


(d) Show that the extended function f of Problem 22-28 is increasing for 
a > 1 and decreasing for a < 1 and satisfies f(x + y) = f(x) f(y). 


In Problem 32 it makes things much easier to let N(n; a, b) be the number of integers 
j <n such that a; is in (a, b), rather than [a, 5]. 


Chapter 23. 
In the hint at the end of Problem 1, example (ii) should not be included in the list 
for the comparison test. 


In Problem 3(a) the lower limit of the integral should be 1 instead of 0. 
(5,...,8) > #2 
Problem 7 (now 9) now reads: 
we 
(a) Prove that if a, > 0 and jim, Yan =r, then da converges if r < 1, 
and diverges if r > 1. (The proof is very similar to that not the ratio test.) 


This result is known as the “root test.’ More generally, a, converges if 
y; 8B 


n=1 oe) 
there is some s < 1 such that all but finitely many %/a, are < s, and Yo an 
n=1 


diverges if infinitely many %/a, are > 1. This result is known as the “delicate 
root test” (there is a similar delicate ratio test). It follows, using the notation 


fo@] 
of Problem 22-27, that Yo an converges if Tim 2/ay, < 1 and diverges if 
i> 
n=l 
7 n a ’ . . - i... n _ 
Jim, /ay, > 1; no conclusion is possible if jim, Ray = 1. 
(b) Prove that if the ratio test works, the root test will also. Hint: Use a 
problem from the previous chapter. 
It is easy to construct series for which the ratio test fails, while the root test 
works, For example, the root test shows that the series 


1\3 
g+54+GYt+GP+GP+Qyrt- 
converges, even though the ratios of successive terms do not approach a 


limit. Most examples are of this rather artificial nature, but the root test is 
nevertheless quite an important theoretical tool. 
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(9,...,27) > $3. 
Problem 22 (now 25) should begin: Suppose {a,,} is decreasing and each ay > 0. 
Problem 25 (now 28) has been rewritten: 


ive) 
For b, > 0 we say that the infinite product I] b, converges if the sequence 
n n=l 
Pn = [12 converges, and also Jim, Pn # 0. 
f=1 Lo.¢] 
(a) Prove that if I] b, converges, then b, approaches 1. 


n=1 
i,¢) 


lo) 
(b) Prove that I] by, converges if and only if es log b, converges. 


n=1 n=1 


foe] Loe] 
(c) For a, >= 0, prove that [Ja + a) converges if and only if So an con- 


nol n=1 
verges. Hint: Use [old Problem 24, now 27] for one implication, and a simple 
estimate for log(1 + a) for the reverse implication. 


The remaining parts of this Problem show that the hypothesis a, > 0 is 
needed. 


(d) Use the Taylor series for log(1 +x) to show that for sufficiently small x 


we have 
tx? <x —log(1+x) < 32°. 
ie,e] 
Conclude that if all a, > -—1 and > an converges, then the series 
n=1 


oe] oO 
Slog -++ d,) converges if and only if Yan? converges. Similarly, if 


n=1 A=] 


co CO 
all a, > —1 and > ay? converges, then DD log(1 + ay) converges if and 


n=1 n=l 
co 
only if ‘> a, converges. Hint: Use the Cauchy criterion. 
n=1 
(e) Show that 
~ aye 
Jn 


converges, but 


diverges. 
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(f} Consider the sequence 


Pe, ee Cope WE Seco: a ele) Oe OR Cans CR | 
{an} = > 2939 4? 37 4? 39” 49 5% 69 59 695% Gree 
a ee 


1 pair 3 pairs 5 pairs 


foe) 
(compare [old Problem 23, now 26]). Show that x ay, diverges, but 


n=1 


[[a +4) = 1. 


n=1 


Chapter 24, 


Problem 2(vi) should be considered on [0, 00) and (viii) on both [0, oo) and (0, 00). 
The hint at the end for (iii) can just be “Mean Value Theorem”. 


Problem 3(ii) should have a < 0. 

Problem 4(ii) should specify for |x| < 1. 

(8,...,17) > +1 

For Problem 10 (now 11), in part (b) one should show that f(1/N 2) > 1/4. 
In Problem 11 (now 12) part (a) should read: 


(a) Use Problem 15-33 and Abel’s Lemma (old Problem 19-35, now 36]) 
to obtain a “uniform Cauchy condition”, showing that for any ¢ > 0, 

ys sin kx 
k= k 
can be made arbitrarily small on the whole interval [e, 27 — e] by choosing 
m (and n) large enough. Conclude that the series 


oO ‘ 
> SIN nAX 
n 
n=1 


converges uniformly on [¢, 27 — ¢] for e > 0. 


For Problem 17 (now 18), in the formula of part (a), x” should be xo”, and similarly 
for x*. 


Part (b) should say: Choose M so that |anxo"'| < M, and also so that M/(M?—1) < 
de 


18 — 22 
(22,...,30) > +1 


In Problem 28 (now 29), the Hint for part (c) should say: If not, there is an ¢ > 0 
and a sequence x, with | fn(xn) — f(n)| > e for infinitely many distinct xp. 
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Chapter 25. 


Problem 6 adds the following before the hint: (Note that there may be more than 
one answer, because Vi and /—i both have two different possible values.) 


Chapter 26. 


k 
The hint for Problem 4(c) should be: First write f(x) = [[e —aj)’g(x), where 
i=l 


g(x) = 0 for all x. Then use Problem 3(b). 
Problem 7 should specify that 711, ..., mx > 0. 


Chapter 27. 


Problem 3 has added the remark: (In some cases, you will need limits derived in the 
problems to Chapter 22.) 


Problem 12(a) now reads: 
(a) For real x show that we can choose log(x + i) and log(x — i) to be 
log(x +i) = log(/1 +2?) +i (5 — arctan x) ; 
log(x —i) = log(V/1 + x?) —i (5 — arctan x) ‘ 
(It will help to note that 7/2 — arctanx = arctan1/x for x > 0.) 
Problem 15(b) has expanded to parts (b) and (c), with the old (c) becoming (d): 


(b) Show that ifr = jim, r, exists, then r = 14 1/r, so thatr = (1 + 
J5)/2. 


(c) Prove that the limit does exist. Hint: Ifr, < (1 +15 ) /2, then rz? — 
rn —1<Oand ry < rp42. 


In Problem 16(b) the first equation should read: 


In Problem 17(d) the first equation should read: 


+1 P 
Siw = id yo PY prket, 
pri “k\k-1 


In Problem 18(a) the hint should simply say: Prove the last equation by induction 
on 7”. 
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In part (c) the ¢, in the equation should be ¢y, and in part (d) the S, in the first 
equation should be Sy. Similarly, in the paragraph after part (e), the S, on the first 
line should be Sy. 


In Problem 19(b), the equation can be written less ambiguously as: 


n} 11 f® w(t) 


with a similar change in part (c). 
The parts from (e) on are now: 


(e) Show that 


1/2 1 
[ palt)dt = i wap: 
0) 0 


(You can do the computations explicitly, but the result also follows immedi- 
ately from Problem 27-18(a).) Conclude that , 

>0 forO<x<1/2 

<0 forl/2<x <I, 


W(x) = [ Yo (t) dt | 


with #(n) = 0 for all n. Hint: Graph ¥ on [0, 1], paying particular attention 
to its values at xo, bs and x,, where xo and x; are the roots of g2 (Figure 9). 


*0 x1 


FIGURE 9 
(f) Noting that %(x) = —W(1 — x), show that 


V(x) = ie y(t)dt >0 on [0, 1), 
0 


and hence everywhere, with v(n) = 0 for all n. 


(g) Finally, use this information and integration by parts to show that 
foe] 


2(t) 
a2 dt >0. 


(h) Using the fact that the maximum value of |g2(x)| for x in [0, 1] is i 
conclude that 
© volt) q 1 


0 t 4 
> 22 = 12n 


(i) Finally, conclude that 
[rxq yBt2——m ent cS Iq nPtM2—~n+1/C2n) 


448 APPENDIX 


Chapter 28. Problem 7 is now more clearly stated: 


7. Leta, b,c, and d be elements of a field F withha«d—b+c #0. Show that 
for any a and f in F the equations 


arex+bey=a, 
cox td-y=f, 
can be solved for x and y in F. 
Problem 9 is more clearly stated as follows: 
(a) Consider an equation x* + b+ x + c = 0, where b and c are elements 


of a field F. Suppose that b? — 4-c has a square root r in F. Show that 
(—b +1r)/2 is a solution of this equation. (Here 2 = 1-41 and 4 = 2 + 2.) 


(b) In the field F» of the text, both elements clearly have a square root. On 
the other hand, it is easy to check that neither element satisfies the equation 
x? + x +1=0. Thus some detail in part (a) must be incorrect. What is it? 


Chapter 29. No changes. 


Chapter 30. No changes. 


